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Overview

 Motivation 

 Hamiltonian Lattice Gauge Theory 

 Spectral form factor and energy diffusion 

 Two-step thermalization 

 The “Magic Barrier” 

 SU(3) lattice gauge theory 

 Minimal truncation scheme 

 Quantum chaotic properties 

  and  potentialQQ̄ QQQ
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Motivation
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How do gauge fields thermalize?

 General consensus: Thermalization RHI collisions is driven by gluons 
 We have descriptions at 

 Weak coupling: Effective kinetic theory 
 Strong coupling: AdS/CFT 

 Real-world QCD coupling is in the range of coupling constants where neither 
approach is reliable 

 Possible universal approach: Real-time lattice gauge theory (RT-LGT) 
 RT-LGT is much harder than euclidean LGT because there is no classical 

(stochastic) algorithm that can evaluate the path integral 
 Ultimately, quantum computers promise to be the solution, but in the meantime let’s 

start and push classical digital computer to their limit 
 Issue: Exponential growth of the Hilbert space dimension (current limit: DH ~ 105)
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(2+1)-D SU(2) Lattice Gauge Theory
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Kogut-Susskind Hamiltonian:

Byrnes, Yamamoto, quant-ph/0510027

<latexit sha1_base64="ISpF9mhZusO2sVWdSPlDbzP0xGU="></latexit>
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Gauss’s law: Every vertex transforms as a 
singlet for a state to be physical

Electric basis on links:
<latexit sha1_base64="d7qELvYQpw5EZMYm5Ah3dw69OO8=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYkBVgipgrGBhYCiIPqQmihzXaU1tJ7IdpKrtwK+wMIAQK7/Bxt/gphmgcKR7dXTOvfL1CRNGlXacL6uwsLi0vFJcLa2tb2xu2ds7TRWnEpMGjlks2yFShFFBGppqRtqJJIiHjLTCweXUbz0QqWgs7vQwIT5HPUEjipE2UmDvje+9Y8iD66zfQk8i0WMksMtOxckA/xI3J2WQox7Yn143xiknQmOGlOq4TqL9EZKaYkYmJS9VJEF4gHqkY6hAnCh/lN0/gYdG6cIolqaEhpn6c2OEuFJDHppJjnRfzXtT8T+vk+ro3B9RkaSaCDx7KEoZ1DGchgG7VBKs2dAQhCU1t0LcRxJhbSIrmRDc+S//Jc2Tintaqd5Uy7WLPI4i2AcH4Ai44AzUwBWogwbAYAyewAt4tR6tZ+vNep+NFqx8Zxf8gvXxDS6qlPE=</latexit>

|j mL mRi
<latexit sha1_base64="6jeb24f+KaVpnMFWPBeknczvVJM=">AAACJHicdVDLSgMxFM3UV62vUZdugkWoKGWmFBVEKIrgwkUV+4C2lkyaadNmMkOSEcrYj3Hjr7hx4QMXbvwW02kX2uqBezmccy/JPU7AqFSW9WkkZmbn5heSi6ml5ZXVNXN9oyz9UGBSwj7zRdVBkjDKSUlRxUg1EAR5DiMVp3c29Ct3REjq8xvVD0jDQ21OXYqR0lLTPD6/zcH7bn0fes3LuF/DukC8zQg8gd1Md8/e/c9vmmkra8WA08QekzQYo9g03+otH4ce4QozJGXNtgLViJBQFDMySNVDSQKEe6hNappy5BHZiOIjB3BHKy3o+kIXVzBWf25EyJOy7zl60kOqIye9ofiXVwuVe9SIKA9CRTgePeSGDCofDhODLSoIVqyvCcKC6r9C3EECYaVzTekQ7MmTp0k5l7UPsvmrfLpwOo4jCbbANsgAGxyCArgARVACGDyAJ/ACXo1H49l4Nz5GowljvLMJfsH4+gZTdKD3</latexit>

E2|j mL mRi = j(j + 1)|j mL mRi

<latexit sha1_base64="qrSR9/RSufBm16xJxu24visKTv4="></latexit>

[Ea
i , U(n, ĵ)] = ��ijT
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<latexit sha1_base64="DoV6iUiyAG0PUJTpQ3ZdjuDOc+M=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFF1IS8bYRiiK4rGAvkKblZDpph04uzEyEEvIEbnwVNy4UcevanW/jtM1CW38Y+PjPOZw5vxdzJpVlfRsLi0vLK6uFteL6xubWtrmz25BRIgitk4hHouWBpJyFtK6Y4rQVCwqBx2nTG16P680HKiSLwns1iqkbQD9kPiOgtNU1y85NN2VZB47wFDwXX2Lmd1LwSJZ7pGuWrIo1EZ4HO4cSylXrml/tXkSSgIaKcJDSsa1YuSkIxQinWbGdSBoDGUKfOhpDCKh008k5GS5rp4f9SOgXKjxxf0+kEEg5CjzdGYAayNna2Pyv5iTKv3BTFsaJoiGZLvITjlWEx9ngHhOUKD7SAEQw/VdMBiCAKJ1gUYdgz548D43jin1WOb07KVWv8jgKaB8doENko3NURbeohuqIoEf0jF7Rm/FkvBjvxse0dcHIZ/bQHxmfP9wdm2I=</latexit>
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<latexit sha1_base64="WmYGLz1nZi5264LtaTrxInnf9Wg="></latexit>

⇤(n) = Tr[U†(n, ŷ)U †(n+ ŷ, x̂)U(n+ x̂, ŷ)U(n, x̂)]



         
(2+1)-D SU(2) on Periodic Plaquette Chain
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……
Each vertex has three links: singlet is 
uniquely defined by the  values on 
the three links

j

Matrix elements between 
physical states (singlets) 
expressed in 6j symbols
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bc

d

: initial

: final

j
J

Klco, Stryker, Savage, 1908.06935

<latexit sha1_base64="iVZs2KfFSjHCoUy+GTxM8isAnUA="></latexit>
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Also for honeycomb lattice (2307.00045)



         
(2+1)-D SU(2) on Honeycomb Lattice
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On square lattice each vertex has four links and singlet is not unique

Solution: use honeycomb lattice

<latexit sha1_base64="bHqQgwWci5TSqdlLaECZ6U6THCQ="></latexit>
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hJi| |jii
= product of six 6j symbols

between physical states

<latexit sha1_base64="fJ7joFZkhMLJMcQwUawqyC/HSrE="></latexit>
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BM, X. Yao, PRD 108 (2023) 094505



Non-abelian gauge theories 
are chaotic
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SU(2)/SU(3) is classically chaotic
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hSU(2)(E) a ≈ 0.17g2E a

hSU(3)(E) a ≈ 0.10g2E a

K-S entropy rate

h = ∑
i

λi θ(λi)



         
Eigenstate Thermalization Hypothesis (ETH)
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For most non-integrable systems, matrix elements of “typical” local operators for “typical” energy 
eigenstates can be represented as

Diagonal part close 
to microcanonical 
ensemble average

Correction suppressed 
exponentially by 

system size

Gaussian (?) 
random 
matrix

Spectral function decays with ω

<latexit sha1_base64="7rQgZKOVnneiP6QFTfTdeJPYOnU="></latexit>

hn|O|mi = hOimc(E)�nm + e
�S(E)/2

f(E,!)Rnm

<latexit sha1_base64="4XQ8XLlIfoQBHqal5cn0KtnJQA4=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahItSkFPUiFKXgsYL9gDaGzXbTLt1swu5GKaX/w4sHRbz6X7z5b9y2OWj1wcDjvRlm5vkxZ0rb9peVWVpeWV3Lruc2Nre2d/K7e00VJZLQBol4JNs+VpQzQRuaaU7bsaQ49Dlt+cPrqd96oFKxSNzpUUzdEPcFCxjB2kj3NXRZrHnipOaFx6dlL1+wS/YM6C9xUlKAFHUv/9ntRSQJqdCEY6U6jh1rd4ylZoTTSa6bKBpjMsR92jFU4JAqdzy7eoKOjNJDQSRNCY1m6s+JMQ6VGoW+6QyxHqhFbyr+53USHVy4YybiRFNB5ouChCMdoWkEqMckJZqPDMFEMnMrIgMsMdEmqJwJwVl8+S9plkvOWalyWylUr9I4snAAh1AEB86hCjdQhwYQkPAEL/BqPVrP1pv1Pm/NWOnMPvyC9fENrJ6QsQ==</latexit>

E = (En + Em)/2
<latexit sha1_base64="05CSN2fYa/BqT0+jmELF14w9qsQ=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HxYtiVoF6EoAQ8RjAPSJZldjKbDJnHMjOrhJhP8eJBEa9+iTf/xkmyB00saCiquunuihJGtfG8b2dpeWV1bT23kd/c2t7ZdQt7DS1ThUkdSyZVK0KaMCpI3VDDSCtRBPGIkWY0uJn4zQeiNJXi3gwTEnDUEzSmGBkrhW6hIznpIXh8BauhOK2GPHSLXsmbAi4SPyNFkKEWul+drsQpJ8JghrRu+15ighFShmJGxvlOqkmC8AD1SNtSgTjRwWh6+hgeWaULY6lsCQOn6u+JEeJaD3lkOzkyfT3vTcT/vHZq4stgREWSGiLwbFGcMmgknOQAu1QRbNjQEoQVtbdC3EcKYWPTytsQ/PmXF0njrOSfl8p35WLlOosjBw7AITgBPrgAFXALaqAOMHgEz+AVvDlPzovz7nzMWpecbGYf/IHz+QNAxZK2</latexit>

! = En � Em

Deutsch, PRA 43, 2046 (1991)
Srednicki, PRE 50, 888 (1994)

L. D’Alessio, Y. Kafri, A. Polkovnikov, M. Rigol,

Adv. Phys. 65 (2016) 239 [1509.06411]



         
SU(2) gauge theory is quantum chaotic
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Wigner-Dyson

Distribution

Nearest-neighbor level statistics exhibits 
GOE characteristics at g2a = 0.8

a

Mean restricted gap ratio shows GOE behavior 
at weak coupling and Poisson at strong coupling



         
N = 3 Chain with : Off-Diagonal Partjmax = 7/2
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Plateau disappears when system is non-chaotic

Off-diagonal elements of  
are Gaussian distributed

Hel
Spectral function at small |ω| exhibits a plateau



Entropy
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Entanglement entropy
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Entanglement entropy of subsystems first grows with size and then declines when the 
subsystem exceeds half the size of the full system [D.N. Page, PRL 71 (1993) 3743].

Ebner, BM, Schäfer, Seidl, Yao, 2401.15184

SA = TrA(ρA ln ρA) with ρA = TrĀ |ψ⟩ ⟨ψ |

{jL} {jR}

j1L j1R

j2L j2R<latexit sha1_base64="k8MN2KtaRcKNYUFBbH3CA7qLmGk=">AAACCHicbVDLSsNAFJ34rPUVdenCYBFchUS0uiy6cVnBPqAJZTK9aYdOHszcCCV06cZfceNCEbd+gjv/xmmbhbYeuNzDOfcyc0+QCq7Qcb6NpeWV1bX10kZ5c2t7Z9fc22+qJJMMGiwRiWwHVIHgMTSQo4B2KoFGgYBWMLyZ+K0HkIon8T2OUvAj2o95yBlFLXXNI09AiF7uyUxA7rBonLt2VTdP8v4A7a5ZcWxnCmuRuAWpkAL1rvnl9RKWRRAjE1Spjuuk6OdUImcCxmUvU5BSNqR96Gga0wiUn08PGVsnWulZYSJ1xWhN1d8bOY2UGkWBnowoDtS8NxH/8zoZhld+zuM0Q4jZ7KEwExYm1iQVq8clMBQjTSiTXP/VYgMqKUOdXVmH4M6fvEiaZ7ZbtS/uziu16yKOEjkkx+SUuOSS1MgtqZMGYeSRPJNX8mY8GS/Gu/ExG10yip0D8gfG5w/SVJna</latexit> 8 > > > > > > > > < > > > > > > > > : <latexit sha1_base64="I/L98XFm4+/2IHCxvhoMhxC1Zko=">AAACCHicdVA9SwNBEN2L3/EramnhYhCsjrtTE+1EG0sFYwK5EPY2c8mSvQ9254RwpLTxr9hYKGLrT7Dz37inEVT0wTCP92bYnRekUmh0nDerNDU9Mzs3v1BeXFpeWa2srV/pJFMcGjyRiWoFTIMUMTRQoIRWqoBFgYRmMDwt/OY1KC2S+BJHKXQi1o9FKDhDI3UrW76EEP3cV5mE3OHROHftmmm+Ev0B2t1K1bGPDmvegUcd23Hq3l6tIF5939ujrlEKVMkE593Kq99LeBZBjFwyrduuk2InZwoFlzAu+5mGlPEh60Pb0JhFoDv5xyFjumOUHg0TZSpG+qF+38hZpPUoCsxkxHCgf3uF+JfXzjA87OQiTjOEmH8+FGaSYkKLVGhPKOAoR4YwroT5K+UDphhHk13ZhPB1Kf2fXHm2W7MPLvarxyeTOObJJtkmu8QldXJMzsg5aRBObsgdeSCP1q11bz1Zz5+jJWuys0F+wHp5BzVMmh4=</latexit> 8 > > > > > > > > < > > > > > > > > :

A Ā

Page curve:



         
Page curve
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c
3
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c
3 [ln[sinh(c−1

1 NA)]θ ( N
2

− NA) + ln{sinh[c−1
1 (N − NA)]}θ (NA −

N
2 )]

Volume law

(thermal)

Surface law

No low-EE states

= no QMBS

Ebner, BM, Schäfer, Seidl, Yao, Phys.Rev.D 110 (2024) 014505 [2401.15184]

jmax =
3
2

g2a = 1.05

N = 6



         
Two-step thermalization
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Step 1: Entanglement entropy introduced by local observation - depends on initial state


Step 2: Approach to micro-canonical (thermal) entropy - independent of initial state

L. Ebner, BM, L. Schmotzer, A. Schäfer, C. Seidl,  X. Yao, Commun.Phys. 8 (2025) 368 [2411.04550]

Initial 
product state


 → SE = 0

Energy uncertainty 
of initial state

General 
initial state


 → SE > 0



“Magic”
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What is “Magic”?

19

Unitary evolution of a quantum state can be expressed as a sequence of 
elementary quantum gates acting on qubits: 

Bloch sphere of a qubit

Rotation operators

Clifford set: {CNOT, H, S} is not universal

Requires an additional gate, e.g. T-gate



         
Gottesman-Knill theorem (1998)
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Quantum circuits consisting solely of operators from the Clifford group (Pauli matrices I, X, Y, Z) or 
equivalently the Clifford gate set {CNOT, H, S} can be perfectly simulated in polynomial time by a 
probabilistic digital computer.

Such quantum circuits are called “stabilizer” circuits. The amount of non-stabilizer quantum resources, 
such as T-gates, required to implement a unitary evolution is called non-stablizerness or “magic”.

The quantitative determination of the “magic” resources required by a quantum evolution is difficult. 

A lower limit is provided by the stabilizer Rényi entropies, i.e. Clifford averaged Rényi entropies:

Mn(ρ) =
1

1 − n
log ∑

P∈𝒫N

2−N |Tr(ρP) |2n Linearized:     M2(ρ) = − log[1 − Mlin(ρ)]

Anti-flatness of the entanglement spectrum of a subsystem A:    ℱA(ρ) = Tr(ρ3
A) − [Tr(ρ2

A)]2

⟨ℱ(ρ)⟩𝒫 ∝ Mlin(ρ) [E. Tirrito et al., PRA 109 (2024) L040401 [2304.01175]



         
Anti-flatness
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The entanglement spectrum of a density matrix is the spectrum of its entanglement Hamiltonian:

ρ = e−H̃ ↔ H̃ |ν⟩ = ων |ν⟩

Examples of flat entanglement spectrum:        Pure state:    


                          Maximally mixed state:    

ρ = |ψ⟩⟨ψ | → ω1 = 0, ων>1 = N

ρ =
1
N

IN → ων = log N

During (local) thermalization of a pure state, the 
reduced density matrix  first steepens and later 
flattens out again as the reduced density matrix 
becomes quasi-thermal and maximally mixed.


Maximal anti-flatness is reached during period of 
maximal entanglement entropy growth = time of 
most rapid thermalization.

ρA Pure state

Thermal state

Max ℱA



         
Results for SU(2) plaquette chain

22

SU(2) on 7-plaquette chain

External links of subsystem act 
like surface charges; they give 
incoherent contribution to SE.

[L. Ebner et al., 2510.11681

PRL 136, 230403 (2026)]

Initial state: Highly excited product state 
of electric energy on links obeying Gauss 
law. Can be thought of strong coupling 
eigenstate. 


Anti-flatness peaks precisely where the 
growth rate of the entanglement entropy 
is maximal, i.e. when quantum 
correlations are rapidly rearranged.



         
Results II
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(b) Rescaled time evolution, where the time t is replaced by κ log(t/t0) with state-dependent parameters 
κ and t0, such that the thermalization of different states is synchronized.

(c) Joint distribution of magic barrier time tMB and time of maximum entanglement entropy growth tEE on 
a logarithmic scale for all 18389 electric basis states satisfying the Gauss law.



         
Results III
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Coupling dependence of entanglement dynamics

(c) Parametric dependence of  on SA for different ergodic couplingsℱA

The behavior seems to be universal for ergodic quantum systems; it is seen also in the transverse field 
Ising model.



SU(3) LGT
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SU(3)
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KS Hamiltonian: 
Square lattice nl = 2, Σ = 1

nl = 3, Σ =
3 3

2
Hexagonal lattice

Representations: Singlet

quark3 =

quark3 = di-quark6 =

di-quark6 =
gluon8 =

Minimal truncation of SU(3) gauge group

With this truncation, SU(3) on linear square plaquette chains or hexagonal (“honeycomb”) lattices 
can formulated as a quantum theory of qutrits (= a type of N = 3 Potts model).



         
SU(3) LGT is chaotic
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Energy gap ratio:

GOE prediction:

GOE

SU(3) is quantum chaotic in the physically 
relevant regime of weak coupling, even for 
for truncated theory on a short chain.



         
Ground state energy gap and  potentialQQ̄
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The ground state energy gap (“glue ball mass”) 
has a well defined large volume limit.

Plaquette chain

The quark-antiquark potential  is linear 
and has finite coupling corrections from quantum 
fluctuations that increase at weak coupling 

VQQ(r) = σr



         
String “melting”

29

 drops rapidly with excitation energy (or micro canonical temperature) for excited states. 
For high temperatures the potential becomes independent of  distance!
VQQ

QQ



         
Proton toy model
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Q Q

Q

Three static quarks (QQQ) at 
the corners of a triangle lattice

Gauge field energy distribution

hep-lat/0501004



         
Gluon entanglement entropy
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Gluons in proton are entangled 
with valence quarks: how to 
measure their entanglement 
entropy? 

Kharzeev & Levin [1702.03489]: 

     


= density of partons resolved in 
deep inelastic scattering

Sglue = − ln[xG(x)]

Problem: Deep inelastic scattering 
destroys the proton state - to which 
extent does this reflect the proton 
or some highly excited state?

0 5 10 15 20
t

0.2

1.0

4.0

S
Q

Q
Q

A
(t

)
°

S
va

c
A

NA = 1

NA = 3

NA = 5

NA = 7

Model calculation: Suddenly remove all three 
quarks and calculate the entanglement 
entropy of regions of gauge field in the highly 
excited state [Horn, BM, Yao, 2605.11171

Initial entropy



         
Summary

 First studies of thermalization behavior on small SU(2) lattices are encouraging 
 Strong evidence for quantum chaos 
 Evidence for two-step thermalization for local observables 
 First results for SU(3) gauge theory on small lattices 
 First studies of confining  and  potentials and string melting 
 Proton toy model with static quarks 

 Future plans: Higher SU(3) representations; tensor network calculations 
 In process: Thermalization on IBM quantum computer; glasma formation 
 3-D lattices still look very hard; will require different QC architectures and better error 

correction at hardware level

QQ QQQ
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