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subsystem coupled to another system subsystem + noise + dissipation
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subsystem coupled to another system subsystem + noise + dissipation
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subsystem coupled to another system subsystem + noise + dissipation
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Spatio-tempo

o
subsystem coupled to another system

subsystem + noise + dissipation
O Langevin eq.: mZ + & = F(z) + on(t), < nt)nt’) >x 5t —¢), %2 =7
O Fokker-Planck eq.: &P = —3,(F(x)P) + %02, P
O noise <= Fluctuation-Dissipation Relation (FDR) = dissipation
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Spatio-temporal correlations _
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subsystem coupled to another system
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subsystem coupled to another system
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o single signal, ((t) and (') are related

«Or «Fr «=>» QA



o single signal, ((t) and (') are related
o Generalized Langevin Equations:

o I'(t —t") - memory kernel

/_ AT (¢ — )i(t) = F(a)+ C(t), < () >ox T(t — )
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o multiple signals i MWWWWWWWW
o &(t) is realted to &;(t)

o ...but &(t) independent
of fi(t/)
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o multiple signals

o &(t) is realted to &;(t) ...

o ...but &(t) independent
of fi(t/)

i=10

Langevin dynamics with SCN

> T(mi—z5)d; =) Flai — ;) + &(2)
J J
< {i(t)fj(tl) >X h(CL'i — .73j)5(t — tl)

I'(z; — x;) - collective dissipation
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o non-correlated noise vs. SCN on a grid:
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o non-correlated noise vs. SCN on a grid:
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o Nearby vs. distant probes:
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qn - N heath-bath particles (oscillators), z; -
N
Mi; = (z;

ZF -y +Zczn(qn_
J

N observed tracers
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Solve for q(t) = effective dyn. of z;(t)

e

5) + Feps] — Z/ dt'Tij(t )i () + &(t)
f: CinCj
_ nCin

cosw(t —1
mw? w( )
n

/
=< &(t)g(t) >
M. Majka, P. F. Géra, J. Phys. A: Math. Theor., 50, 5, 054004 (2017)
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o Over-damped eq. of motion, F(r) = —9,U(r) and + is const:

yi1 = F(x1 —x2) + &

Yig = —F(r1 — 22) + &2
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o Over-damped eq. of motion, F(r) = —9,U(r) and + is const:

yi1 = F(x1 —x2) + &
Yig = —F(r1 — 22) + &2
(o)

vi=2F(r) + & — & YR =3(& + &)
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o Over-damped eq. of motion, F(r) = —9,U(r) and + is const:
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SCN-driven 2-particle dynamics

o Over-damped eq. of motion, F'(r) = —0,U(r) and -y is const:

YX1 = F(l’l — .732) + &
iy = —F(z1 — 22) + &2

Cvvs

NREE

G

blés: R=(z1+z2)/2 and r = (x2 — x1)/2:
Vi =2F(r)+ & —& YR =1(&+ &)

o Change of varia

Noise recombination
replace correlated noise with multiplicative non-correlated noise

2+ & = V20/1 £ h(r)ne = V20g:(r)nx(t)
where ni comes from the normal distribution and:

<n+n-(t') >=0 <t (B0t (') >=<n-(t)n-(t') >=8(t — t')
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noise:

o (z1,x2) dyn. with SCN = (R, r) dyn. with multiplicative

vi-=2F(r) + V20g_(r)- YR = %gm")m

it
-

«0» «F»r « =) 4 Q™



o (z1,x2) dyn. with SCN = (R, r) dyn. with multiplicative
noise:

. . g
i =2F(r) + V20g_(r)n-  YR= Noiaddka
o corresponding Fokker-Planck Equation (FPE):
aP = —0, (L(T)P> +0%0, [g‘—(’")
Y Y

(200

1 9% (r)OrrP
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SCN-driv
o (z1,x2) dyn. with SCN = (R, r) dyn. with multiplicative
noise:

. . g
i =2F(r) + V20g_(r)n-  YR= Noiaddka
o corresponding Fokker-Planck Equation (FPE):

OP = -0, (%(T)P> + 020, [g‘—(r)ar (g_T(r)Pﬂ +

v
o Stationary 0;P = 0 solution of FPE:

P(r,R) = exp <i—g/ dr
0
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SCN-driv
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noise:
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o corresponding Fokker-Planck Equation (FPE):
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v
o Stationary 0;P = 0 solution of FPE:

P(r,R) = exp <i—g/ dr
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SCN-driven 2-particle dynamics

o (z1,z2) dyn. with SCN = (R, r) dyn. with multiplicative
noise:

vi=2F(r)+V20g_(r)n-  yR= \%L‘“(’“)’”

o corresponding Fokker-Planck Equation (FPE):
2
OP = —0, <2F(T) P) + 020, [9‘ )5, (g‘m Pﬂ + 2 g2 (r)Opr P
2l v v 4

o Stationary 9, P = 0 solution of FPE:

P(r,R) = exp (iz /07‘ dr’ glg((i’)) —In gry) + C’) # exp(—BU(r))

For g_(r) # 1 this solution cannot be equal to Boltzmann distribution.

Problem with SCN!
No thermodynamical consistency! I
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Postulate:

Thermodynamical consistency for SCN requires friction coefficient

that depends on the distance r
now, our equations of motion read:

D(r)i = 2F(r) + V209 (r)n_-
1 .
2

\/59+(7')77+
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Postulate:

Thermodynamical consistency for SCN requires friction coefficient

that depends on the distance r
now, our equations of motion read

L(r)i = 2F(r) + V209 (r)
1 .
2

N/§g+(r)ﬂ+

again, write down FPE, solve it

F /
P(r,R) —exp< /dr ) ) —1 J
r

—(r)
I'(r) tC)=

) = exn(-a0(r)
I'(r) can compensate for g_(r) = we can restore Boltzmann dist.

[m]

=

RN Ge



D(r)i = 2F(r) + V2og-(r)y-  TR= %gm)m

g—(r)e AU

I(r) =

f+°° dr’ F_(’;') e—BU(")

(r")
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. . 2
o classical relation v = ﬁ% holds

o for non-correlated case I'(r) = =, as expected

o for huge r, I'(r) — v = ordinary Langevin dynamics
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g—(r)e P

+ F(r _ I
%_ o%f'r Oodr,g_((rr/))6 Ut

I(r) =

o classical relation v = %’2 holds

o for non-correlated case I'(r) = =, as expected

o for huge r, I'(r) — v = ordinary Langevin dynamics
o I'(r) = collective dissipation in (z1,x2):

2 +2F(T)g'c1 +7 _;(T) by = —F(r) + &




K(r)

['(r) can become singular for certain critical
r = r. satisfying:
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L(r)

K(r)

['(r) can become singular for certain critical
r = r. satisfying:

i
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-‘rOO / U’ :rc r
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o a region of propulsion emerges

o linearized dynamics in the vicinity of r. gives:
4B8F2(r.)
<r) >=rc+(ro—r exp(—t
(&) >=re+ (o = re) 792 (rc)

This result bifurcates, for ry < r. we get decreasing < r(t) >
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2 surface-
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2 surface-charged spher
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M. Majka, P.F. Géra, Phys. Rev. E, 94, 4, 042110 (2016)
Collective effects embedded in SCN!
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Experimental confirmation?

Studies of transient effects are rare, but = E. Nagornyak, H. Yoo, and G.
H. Pollack, Soft Matter 5, 3850 ( 2009)

1 min 5 20 min

Fig. 3 Growth and propagation of low pH zone formed around negatively charged beads. pH scale shown in left panel.
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motion:

o N particles in volume L, p = N/L, F(r) = —0,U(r), eq. of
N

N
Zl"(wi —xj)i; = ZF(% — ;) + &

J

Hij = oh(z; — x;) = PZ hQinQjr & = Z Qi phamie
k %
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SCN-driven N-particle dynamics

o N particles in volume L, p = N/L, F(r) = =0,U(r), eq. of

motion:
N N
Zf(a:i — .I'j).’i‘j = ZF(HJZ — .%'j) + &
J J

Hij = o?h(zi —2;) = p Y mQuQix & =Y Que\/ phumi
k !

What are we looking for?

SCN-driven diffusion qualitatively resembles dynamic
heterogeneity. Can SCN induce glass transition?

M.Majka Model&effects of SCN



o Stationary FPE:

V=2 (01 Fp) ——Z
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o Stationary FPE:

0=>"0, ([P-IF] P) ——Z

o (T7'HT ' Py)
o Assumptions: Boltzmann dist

P=exp(—B3;U(wi— x])) and molecular disorder (so
> QikQir = Opir)
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o Stationary FPE:

0=>"0, ([P-IF] P) ——Z

o (T7'HT ' Py)
o Assumptions: Boltzmann dist

P=exp(—B3;U(wi— :I?j)) and molecular disorder (so
> QikQir = Opir)
o FPE defines I'(z; — z;)
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o Stationary FPE:
0=3"0, (07" F:P,) - —Z

2 ([T7THD Y55 Py)
o Assumptions: Boltzmann dist

U
> QikQir = Opir)

P=exp(—B3;U(wi— mj)) and molecular disorder (so
o FPE defines I'(z; — z;)

Solution in the limit N — +00,L — 400, N/L =p

B2+ S0 (k)] cos b — )
0 1+ h(k) + BpU (k)
M. Majka, P. F. Géra, https://arxiv.org/abs/l70£.070%]6 (2017) _
" MMajka  Model&effects of SCN
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i / R+ BpU (k)
22 ﬂ-p i

= { -
1+ h(k) + U (k)
1+ h(k) +¢U(k) = 0 (non-integrable singularity) = T';; — 400

i
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P (V74 /—’" e B2+ BpU ()]
K43 ﬂ'p o

= = Y =P5p
1+ h(k) +9U(k)
1+ h(k) +¢U(k) = 0 (non-integrable singularity) = T';; — 400
p=0

4R +pUG

..... )
sm

ooth I(k,0)
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%
riizm—H/ dk
0

h(k)[2+ 8pU (k)] o= B
o 1+ h(k) +U(k)
1+ h(k) +¢U(k) = 0 (non-integrable singularity) = T';; — 400
p=0 y yp>o
1+R )+ TS 1R+
U

smooth I(k,0)

k
e
o
e U(K)

I(k, ) develops a finite peak
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o _ e /T’” e B2+ BpU ()]

TP Jo 1+ h(k) +9U(k)

1+ h(k) +¢U(k) = 0 (non-integrable singularity) = T';; — 400
lpc>lp>0

= 0Bp

1+R () +pUCK; 1+ UGS

s b N
smooth I(k,0) I(k, ) develops a finite peak
=y

A N
1+h()+pUCKS




correlations: h(r) = e~ "/*, Ty o (e — p)~1/2
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o critical packing vs. corr. length
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 Glassike transition i 1

o critical packing vs. corr. length o o
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o Non-diagonal I';; behaves as:

T, _r
—Y ~ e b coskor
L

0 o (P — o) ~H/?
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SCN - let's summarize

Langevin dynamics with SCN

ZI‘( — Gy iy = ZF = ) A Gy & ey = il = )
J

SCN = collective dissipation = collective effects
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