
QCD
Calculation of the winding number

Winding number of the SU(2) gauge transformation U is defined as

Nw =
1

24π2
εijk

∫
d3r Tr

[(
U †∂iU

) (
U †∂jU

) (
U †∂kU

)]
. (1)

Calculate (1) for U = exp (i n⃗ · τ⃗ P (r)) where n⃗ = r⃗/r. What are the boundary conditions
for P (r) that ensure that Nw is an integer?
SOLUTION:

First decompose

U †∂iU =
i

2

3∑
a=1

ξai τa

We have

T = εijk Tr
[(
U †∂iU

) (
U †∂jU

) (
U †∂kU

)]
= − i

8
εijkTr

[
τaτ bτ c

]︸ ︷︷ ︸
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b
jξ

c
k

=
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4
εijkεabc ξ

a
i ξ

b
jξ

c
k.

Due to the symmetry of U , elements of matrix ξ can be decomposed in the following
way:

ξai = Aδia +Bnina + Cεiamnm.



Expression for T has therefore 27 terms

T =
1

4
εijkεabc

{
A3δiaδjbδkc

+ A2B (δiaδjbnknc + 2 permutations)

+ AB2 (δianjnbnknc + 2 permutations) ← zero from asymm.

+ B3 (ninanjnbnknc) ← zero from asymm.

+ A2C (δiaδjbεkcmnm + 2 permutations) ← zero from δkc

+ AC2 (δiaεjblnlεkcmnm + 2 permutations)

+ BC2 (ninaεjblnlεkcmnm + 2 permutations)

+ B2C (ninanjnbεkcmnm + 2 permutations) ← zero from asymm.

+ ABC (δianjnbεkcmnm + 5 permutations) ← zero ∼ εnlmnnnlnm

+ C3εiannnεjblnlεkcmnm

}
← zero ∼ εnlmnnnlnm

but only 4 (up to permutations) are not zero. We shall use the following identities:

εijkεabcδia = δjbδkc − δjcδkb,

εijkεabcδiaδjb = 2δkc,

εijkεabcδiaδjbδkc = 6.

Check zero:

ABC : εijkεibcεkcmnjnbnm = (δjbδkc − δjcδkb) εkcmnjnbnm

= −εbjmnjnbnm = 0

We get

T =
1

4

{
6A3 + 6A2B

+ 3AC2εijkεabcδiaεjblεkcmnlnm

+ 3 BC2εijkεabcεjblεkcmninlnanm

}
.



Two expressions are more difficult:

AC2 : (δjbδkc − δjcδkb) εjblεkcmnlnm = 2n2 = 2.

Next (flipping indices):

BC2 : εjikεjbl εcabεckmninlnanm

= (δibδkl − δilδkb) (δakδbm − δamδbk)ninlnanm

= (δimδal − δamδil − δilδam + 3δamδil)ninlnanm

= 2.

Finally we get

T =
3

2

{
A3 + A2B + AC2 +BC2

}
=

3

2

{
A2(A+B) + (A+B)C2

}
=

3

2
(A2 + C2)(A+B).

Next we have to calculate A,B and C. To this we expand

U = cosP + i(n · τ ) sinP

and use

∂ir = ni,

∂ink =
1

r
(δik − nink).

We have

∂iU = ∂i cosP + i(n · τ )∂i sinP + i(∂in · τ ) sinP

= niP
′
(
− sinP + i(n · τ ) cosP

)
+ i

1

r

(
δik − nink

)
τ k sinP

= niP
′
(
cosP + i(n · τ ) sinP

)
i(n · τ ) + i

1

r

(
τ i − ni(n · τ )

)
sinP

= niP
′
Ui(n · τ ) + i

1

r

(
τ i − ni(n · τ )

)
sinP.



Next

U †∂iU = ini(n · τ )P
′
+ i

1

r

(
cosP − i(n · τ ) sinP

)(
τ i − ni(n · τ )

)
sinP

= ini(n · τ )P
′

+i
sinP

r

(
τ i cosP − ni(n · τ ) cosP − i(n · τ )τ i sinP + ini sinP

)
.

Note that
Tr

(
U †∂iUτa

)
=

i

2
ξbi Tr (τ bτa) = iξai .

We use

Tr (τ kτa) = 2δka,

Tr (τmτ iτa) = 2iεmia = 2iεiam.

Hence

ξai = 2P ′nina + 2
sinP cosP

r
δia − 2

sinP cosP

r
nina + 2

sin2 P

r
εiamnm

which gives

A = 2
sinP cosP

r
, B = 2

(
P ′ − sinP cosP

r

)
, C = 2

sin2 P

r
.

Substituting this to T we get

T =
3

2
(A+B)(A2 + C2)

=
3

2
2P ′ 4

sin2 P

r2
(
cos2 P + sin2 P

)
= 12P ′ sin

2 P

r2
.

Finally the winding number is equal to:

Nw =
1

2π2
4π
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=
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π
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=
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π

(
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2
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)∣∣∣∣P (∞)
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.



For boundary conditions P (0) = n0π and P (∞) = n∞π we have.

NW = n∞ − n0.

Note that in order to nullify sin(2P ) entering Nw above, we could in principle choose
n0,∞ half-integer. However, in this case sinP ̸= 0, and the U matrix would have an angle
dependent (due to i(n · τ ) sinP ) limit, that is not a unique limit at the boundaries.

Typical boundary condition is n∞ = 0 and n0 = −Nw.


