QCD

Calculation of the winding number

Winding number of the SU(2) gauge transformation U is defined as
1 .
Ny = msw’f / &r Tr [(UTOU) (UT9;U) (U'OLU)] . (1)

Calculate (1) for U = exp (i7 - 7 P(r)) where 77 = 7/r. What are the boundary conditions
for P(r) that ensure that IV, is an integer?
SOLUTION:

First decompose

Uto,U = % aiggra
We have
T = T [(UTQU) (UTo;U) (UT9U)]
= Ty [t et
2i€abe

1 i a c
= 15 ]kgabc fz gggk
Due to the symmetry of U, elements of matrix £ can be decomposed in the following
way:
g? = A(Sm + Bnina + C’Emm’nm.



Expression for T' has therefore 27 terms

T

_I_

+

15 { A%

A?B (8;40 pnpn. + 2 permutations)

AB? (0ianjnpngne + 2 permutations) <— zero from asymm.

B3 (ningn;npngn.) < zero from asymm.

A%C (000 jbEkemMm + 2 permutations) <— zero from dg,

AC? (0:0€ joiEkemMm + 2 permutations)

BC? (NiNGE jpiTUEkemMm + 2 permutations)

B*C (NN NpE femMm + 2 Permutations) <— zero from asymm.

ABC (8;anjnpEkemMm + D permutations) <— zero ~ €My,

3
C giannngjblnlgkcmnm} = ZeIo ~ EpimMnMNm

but only 4 (up to permutations) are not zero. We shall use the following identities:

Check zero:

We get

ijk
e 5ab05ia = 5jb5kc - 6j05kb7
ijk
e Eabcéiacsjb = 25/607
ijk
e 8abc(siafsjb(skc = 0.
ABC : €Y EibcCkem MMMy, = (5jb5k:c - 5jc(5k:b) Ekem MM m

= —EpimNiNyNy, =0

1
T = -{6A4%°+6A%B
1647+

2 _ijk
JAC=eY 8abcéiagjbl<€l~ccm77fl7flm

+ +

2 _ijk
3 BC“eY 6abc6jbl5kcmninmanm} .



Two expressions are more difficult:
A02 . (5jb6kc — 5j05kb) Ejbl€kemMNm = 2%2 = 2.
Next (flipping indices):

BC? &™) e eapEekmNiiNalim
(0ib0ki — 6it0kb) (0akObm — damOpk) NN
- (6im6al - 6am5il - 6il5am + 35am5il> Mg Ny,
= 2.

Finally we get
T = ;{A3+AQB+A02+BO2}
— % {A*(A+ B)+ (A+ B)C?}

_ g(ﬁ +C2)(A+B).

Next we have to calculate A,B and C'. To this we expand
U=cosP+i(n-7)sinP

and use

Ong = —(dix — nyng).
r
We have

;U = 0icosP+i(n-7)0;sinP+i(On-T)sin P

1
= niP’< —sin P +i(n - 7) cos P) + 11— ((Lk — nmk) T sin P
r

/ 1
= n;P (cosP—|— i(n-T) sinP) in-1)+i- (Ti —n;(n - 'r)) sin P
r

, 1
= nPUi(n-7)+i- (Ti —n;(n - 7')) sin P.
r



Next

/ 1
UoU = inin-71)P + i—(cosP —i(n - 7T)sin P) (Ti —ni(n - T)) sin P

-
= ingn-1)P
sin P . . S
+i (Ti cos P—mn;(n-1)cos P —i(n-7)r;sin P+ in; sin P).
r

Note that .

1 Leb . ~a

Tr (U &-UTG) = ifz Tr (TbTa) = Zgi .
We use
Tr (747a) = 20k,
Tr (TiTiTa) = 2i€mia = 2iEiam.-
Hence
€4 = 9P'ny, + 2sin P cos P5m _ ,sinPcosP N— 2sin2 Pé‘mmnm

r r r

which gives
. . )
A ZSmPcosP, B_o (P’ B smPcosP) = oSN P'
r r r

Substituting this to T we get

3

T = §(A + B)(A% 4+ C?)
3 in? P
= §2P’ 4% (cos® P + sin® P)
_ 1 P,sinZP.
T

Finally the winding number is equal to:

1 sin? P
Ny, = —Arn [ drr*P——
272 / r?
0
P(o0)
2 .9
= — dP sin® P
T
P(0)

P(0)

~ 1 (r L)

P(0)



For boundary conditions P(0) = nom and P(00) = n,m we have.
NW = Nso — No-

Note that in order to nullify sin(2P) entering N,, above, we could in principle choose

N, half-integer. However, in this case sin P # 0, and the U matrix would have an angle

dependent (due to i(n - 7)sin P) limit, that is not a unique limit at the boundaries.
Typical boundary condition is n,, = 0 and ng = —Ny,.



