QCD lecture 9

December 10



Anomaly of the axial current

Remember that the free lagrangian changes due to the anomaly in the following way

L(x) — L(x) + «(x)A(x)

But also the lagrangian changes
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Anomaly of the axial current

Remember that the free lagrangian changes due to the anomaly in the following way
L(x) — L(x) + «(x)A(x)

But also the lagrangian changes

L(x) = L(x)+ x(x)A(x) — ]g(x) 0, x(x)

We need to integrate this to get the action, integrate last term by parts and require
that the total change of action is zero:

2
(au]g(XDA = ]g?euvpcr FEV (x) FgU[X) r {tutbt]

where (), is an average over the fermion fields, in a fixed gauge field configuration.



Atiyah-Singer theorem

Dirac matrices: ,}jo = 10 . nﬁ — 0 o
0 —1 |’ —0o; 0
hermitean antihermitean

Dirac operator is neither hermitean not antihermitean. Let's go to Euclidean space

0 0 .
Fo = 020~ opt —i0y AY = A Y = it
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is hermitean becuse all gamma matrices are antihermitean.



Atiyah-Singer theorem

Dirac operator in Euclidean space can be therefore diagonalized in an orthonormal
basis of eigenfunctions ¢«

Dxdr(x) = Acdr(x) Zfbk(X]CbL(U] = 5(x —y)
[ a*xe @l 100 = z

2
Anomaly function  A(x)=-2  lim {Y5 tF (w" ) } S(x —y)

y—x,M—+o00 M2
fort=1
can be rewritten as: . 02 T




Atiyah-Singer theorem

We can connect this result with the previous one, rewritten in Euclidean metric

3 [t A= i X (_—) [ atx alixpyonix)

We can relate eigenvalues of dx(x) to eigenvalues of ¥ dx(x)
since {y>, B} =0

Sohave Dx(Y’di(x)) = —Ac(¥ dx(x)) This means that for Ay #£0
functions ¢ =¥ dx and ¢« are different eigenfunctions of B« hence

Jd“xE &L ()Y i (x) = J d*x, b () (x) = 0

Therefore only eigenfunctions with Ay =0 so called zero modes contribute
to the anomaly.



Atiyah-Singer theorem

Anomaly expressed in terms of the zero modes

2
—Sgﬂz Jd4xE eijit F (x) FRu(x) r(t9t°) = Z Jd4xE b1 (x)y° i (x)
KIAk=0

Since {y°,x} =0 zero modes can be chosen to be also eigenstates of v’
so called left and right zero modes

qu)k [X] =0 ) Y5¢R [X] - +¢R [X]
Did (x) =0, v’d, (x) =—d,(x)

Because zero modes are normalized
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J d*x, eijkt Fij(x) Fo (x) tr(tt?) =n, —n,

where n; and n, are numbers of right and left zero modes. The difference
is an integer. This formula is called Attiyah-Singer index theorem.

There exist nonperturbative, nontrivial configurations of the gauge field
with the above property — instantons.



O term and strong CP problem

. 1 5 L _
Recall QCD Lagrangian: = == Tr [FWF“ |+ Z [C]f " Duqy — mgqy C]f]

f=1

In principle we could add a new term that has the same dimension as F, F"

2
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P
= 302
called the B6-term. This is precisely the anomaly multiplied by a dimesionless coupling
constant 6. This term, however, can be expressed as a total derivative and therefore

does not contribute to the equations of motion:

1
0K = 5e"YPT B T,

where (exercise)
KM = eh¥07 |ASFg, — 2 f9P° ASABAS

v'po 3
5
or KH = 2eHYPO [Avag + %Ampﬂg}
2
. 0 : : : : .
and Lo = J 0,K" This term is Lorentz and gauge invariant but violates CP.
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O term and strong CP problem

O term is related to the neutron electric dipole moment: 9] < 107'°
Why is it so small? One would naturally expect © ~ 1. This is called a strong CP problem.

Relation to the quark masses

Py — e Y5 Xf

This transformation is anomalous

[DYDY] — exp (— 2;2 Jd“x VPR FS, Y i) DYDY
f

The same effect would be caused by a change of coupling 6
(if we add theta term to the lagrangian) 0—-0-2 ; ot



O term and strong CP problem

Let's allow for the complex fermion masses: this would violate P and CP

;Mfwf 5 mpf+;Mfwf b

Transformation ¢ — €Y>*"¢ results in (exercise)

1 —s
2

1 4+vs5

> Py

Y M B o 4 3 e
f f
which is equivalentto Mg — e*** My

Since any change of 6 can be undone by a chiral transformation of quarks,
physical quantities cannot depend separately on 8 and M¢ but on the combination:

el [ Mm:

f
which is invariant. So 6 term would have no efect if at least one quark mass were zero.

Possible solution to the CP problem — axion (not discussed here)



Topology of gauge fields

Since Lg is a full derivative, we can apply Stokes' theorem to calculate the action

2 2

. g-o g0
Jd4xE o = 32m? Jd4xE 9, KH = 32m? Rh—)moo J 45, K

3‘R

3-dim sphere of radius R
Recall non-Abelian gauge transformation (now we use Q rather than U ):

Aulx) = AZ() =07 (%) Au(x) O(x) +§o—1 ) (0,Q(x))



Topology of gauge fields

Since Lg is a full derivative, we can apply Stokes' theorem to calculate the action

29 29
Jd4xE Lo= 2 Jd4xE 0, K" = 27 fim J ds, K"

327‘[2 327‘[2 R—eco
3.r

3-dim sphere of radius R
Recall non-Abelian gauge transformation (now we use Q rather than U ):

1

Aunx) = AZ(x)=Q '(x)Aulx) Qlx) -+ 3 Q%) (0,.Q(x))
pure gauge

If all color sources are placed in a finite region of space time, we can assume that

the gauge fields on the 3-sphere are pure gauge plus a small correction:

X | Y rect ! dxt  |x| oxH

1
A, — Tl for |x| — oo
T




Topology of gauge fields

1
if A, — Tl for |z| = oo
i
then ) .
2 4
KH = 2eHVPOT (1 !AVFF,O- + %AVAF,AU} = %e‘”p“ tr(AyA,Ag) ~ [x| 72
x| —+o00

One can show that F,,(x) for pure gauge goes to O faster than [x[~?

Therefore Jd4xE£e = lim J dS X, e"vPe

2472 R—>co
83,5

xtr (Q1(0,0)Q1(0,0)Q1(3,Q))

Since dS ~ R? the integral is finite and we can drop lim Therefore the integral depends
only on Q(X) - unitary matrix that maps a 3-dim sphere in Euclidean space-time onto
the gauge group

Q 83 — 9



Topology of mappings

Consider baby-model: mapping of

1 dim sphere (circle) onto U(1) group,
which is also a circle.

One can characterize these mappings by

a winding number.

Mappings from one class cannot be deformed
into a mapping of another class. They are called

homotopy classes:

T (U(1))

7,

¢c)n=+1

d) n=-1
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Topology of mappings

Some mappings can be always shrunk
to a point.

/( OU WA




Homotopy classes

We have a mapping  S7 ... — SU (3)

color

To discuss topology it is convenent to restrict discussion to an SU(2) subgroup of SU(N)

For U € SU (2) we have the following parametrization U = ug + iu,Tq
with uq real satisfying u% + u,u, = 1 Butthisis equation of a 3-sphere!

So in practice we have the following mapping

space group

It is known (generalization of our 1 dim example)

70 (89) = Z



Homotopy classes

Mapping of a 3 dimensional sphere is characterized by homotopy class 73(9)
So for SU(N) where N> 1

m3(SU(N)) = Z
We see now that anomaly, that is an integer
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J d4xE €ijkt Fij(x) Fo (x) tr(t2t®) = n, —n,

is related to the topology of gauge fields.

2
Now we can understand notation (d.J5(x)), = 127%@0 FAY (x) FO7 (x) tr (tt°t) |



Instantons - preliminaries

Consider QCD in temporal gauge Aj = 0 There are still residual time-independent
gauge transformations possible that preserve this condition denoted by U

We shall assume that they approach a constant at spacial infinty, chosen to be unity
(vacuum):

—

U (%) — 1 for 7| — oo
This means that all points at spacial infity correspond to the same value of U, so we
can identify them (squeeze to a point), which means that R3 compactified to a sphere,
so that we have a mapping

space

Sgpace — SU (3) color

These mappings fall into a distinct tolological classes characterized by an integer »

[J(n) (z)
For pure gauge field :
PHIE 8akE A — _pmg ot
7 7
g
(field tensor is zero! — exercise) in a given class n we cannot penetrate to another
class m within a pure gauge configuration



Instantons - preliminaries

In order to continously deform AS‘) — Aﬁf‘) we have to consider field configurations
with nonminimal action Sg > 0

T Hilmar Forkel A Primer on Instnatons
/N
|
cl
,"/ /"""
g -
A(O) A(l) A(Z) A(3)
— 1 3« ijk T t t
= / x ¢ [(UTo,U) (U0, U)(UT0,U)]

Example (hedgehog) U =expli(r-7)/r P(r)] P(0)=nn, P(oco) =0
Exercise: calculate 72
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