QCD lecture 6b

November 19



Formulation of QCD in terms of functional integrals:

* Path integrals in QM <- this lecture

* Functional integrals, Grassmann variables

e Chiral anomaly by Fujikawa

e Atiyah-Singer theorem

 Topology of gauge fields, instantons in QM and in QCD
 Quantization of QED and QCD, ghosts




QM - reminder
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propagates solution from a =(x, ,t,) to b=(x;.,1;)  W(x,t,) = e—%H(tb_tG)\D(x, ta)
(remember H is an operator)

Schrodinger eq. ih = HV(x,tp)

Define propagator: K(b,a) = <x| ¢~ #H(tv—ta) 2o >
recall Dirac notation U(x) =<z|¥> and plane wave solution <z[p>= NerP®
complex conjugate <plz>= Ne #P?
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We shall use the following normalization: <ply>= 4/ 57 ¢ RPY



Path integral for the propgator
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Path integral for the propgator
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Decompose hamiltonian H = 2p— +V(x)=K+V
m

and use: 6—’i€H — e—’iE(I(—{—V) — e—ieKe—iGV + 0(62)
which is true only for small ¢

Baker-Cambell-Hausdorff: define C  e?eP = ¢

1

1
S [A, B]) + {4, B, B] +

then C = A+B+ - [A B] + T

A, B]| +
Therefore
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= / <;1:b|e_i€K|:r,N_1 > e VEN-) gy <;17N_1|e_i€K|:r,N_2 >

x e VEN-2) gy o . daq <II.71|€_Z€A |zq > o€V (Ta)



Path integral for the propgator
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We need to calculate < :r|e_ﬁ€K|y> = /dp <:1:|e_ﬁgj2%|p >< ply >
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Path integral for the propgator
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Define functional integration measure
integration over all traiectories from £ poom 7T \ e
lN Tl \ \"\\\
atob Det)] = d p m \ 2" t —
()| =dr1...drN_ : -7 e
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and use definition of action to AVl
Taq = 20
tp
hm eL = dt L(z(t), z(t)) = S[x(t)]
. 6_)0 t
to arrive at a

K(b,a) :/[D’F(t)] enSr )] special role of the classical trajectory
i.e. stationary point of action



Euclidean path integral

Change t— —i7
. _H
then K(IL'b,Ia, _ZT) — <:I"b|6 ﬁT|xa>
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for large 7 only the ground state survives

h
Feynman-Kac formula  Ep = — lim { In (K (zp, x4, —z'T))}
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In Euclidean one can perform computer simulations
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