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Axial anomaly

In massless QCD there are two conserved currents

a(p )y u(p) u(p )y ysu(p)

We will show that when loop corrections are included
only one current remains conserved. We now from
gauge invariancde that the vector current must be
conserved, so it is the axial-vector current that is not
conserved.

This phenomenon is called axial anomaly

symmetry of lagrangian broken by quantum corrections



Conserved currents

quj" (@) = q.u@ )" u(p)
=7(p")(p — p)u(p)
—0
Vs = iy Yy 51 =



V5 = iy Yy

Chiral symmetry {441 =0

Dirac equation in chrial representation for gamma matrices

o_| 0 1 i 0 o -1 0
T = 1 0 s = —0; 0 s U5 = 0 1

splits into two equations

(zi(‘),. — 10 - V) '¢’L B m.'g[)R = 0, (z’ﬁ, + 10 - V) YR — m.-¢)L = O,

0
where Y= [ :i; ] . Note that for massless fermions these eqs. are independent.
Projection operators:  P; = %(1 — ), Pp= %(1 +75) project solutions of

given chirality (eigen value of 75)

o= [5) we(]



Chiral symmetry and
the Lorentz group

Lorentz group SO(1,3) has six generators (plus translations)
J = (J2‘3 ,]31 Jl?) K = (JOI JOQ JO‘B)

(2,07 = ik gk, [JL K =i KR

Define: J. = 1 (J* £iK")

[K* K]

_ _Zgz_ykjk

r

Commutation relations read then

—
i Jx

k_

S
Ji: Jx,

7k )
1€k,
0.

J

and imply isomorphism:

SO(1,3) ~ SU(2) ® SU(2)



AXI d | dnNomad |y pseudoscalar

density
Gauge invariance of QED (and QCD):  ¢,7"(¢) = ¢ u(®")y*u(p) =0

divergence of axial-vector current:  4uJ5 (@) = quu(p')y*ysu(p) = 2mu(p’)ysu(p)
Axial current is conserved for massless fermions: chiral symmetry

It is not possible to maintain both symmetries when loop corrections
are included. This is called: AXIAL ANOMALY

photons are
bosons and they

are not distinguishable
hence

amplitude has to be
symmetrized




Naive current conservation

q = k1 + ko

Skipping coupling constants (charges) the amplitude reads:

Tyr = / P onl i, Y
wr = 7 e = s c/>—m = fm—m

/ d*p T l
—j : e y
(2m)* [y — m A S — (/) —m ( — 17/2) —m '

Naively we expect:

k?frm/)\ — kJQ/Tm/A =0 qATu/)\ — 277177&1/




Naive current conservation

Vector current, first diagram:

B Tun ~ Tt | gy —
e [“ =) —m G—H) —m —m
use trick: - )

by = —m)—((#—F)—m)

|




Naive current conservation

Vector current, first diagram:

KT s ~ T , ' i i
A 1[’“ - qo—m 7 — /fl —m Jf—m]

Ky =W—m)— (¢ —k)—m)

use trick:

) ) 2
— 11Tr v~ / — 3
2 1[“’”%z/—d)—m”"(zf—%)—m] { [“ == 1/—772]

same trick with the second diagram gives

i T i T |
p— / " — 1 r
(S ey WS



Naive current conservation

4.
T
154 (2n)?

(

I ~ NNV ~/ l o ~A. l ~/ l
Tr {7\ 75 T—q)—m " G—H)—m| Tr {y\7s d—H)—m " g—m
( 1 (7 = F)
change variable in the first integral p — p + £k

qg = ky+ ko It seems we get zero



Naive current conservation

q = k1 + ko

Skipping coupling constants (charges) the amplitude reads:

Tun = / e [ —
wh = T @mE T g —m M= c/)—m (- m—m _

, d*p )
—1 Ir | ——7,\ 7> Y,
i T g m N =g —m - 6/2) —m ]
Naively we expect:

qA 1, 70 N 277?’7—:&1/



Axial current

To calculate q)‘Tm/)\

we use the following trick:

s = =759
= s [(l/— q) — m] — V5 [17(— m]
= Y5 —q) —m| + [ — m]v5 + 2mrys

and for the first diagram we obtain

(

J—m (- w—nz

) )

= 2m

N 7 o )
q ]/—mﬁymf)(#—q')—m

I

p( ’75"—575(17 (f)—ﬁl



Axial current

Sum from the two diagrams q)‘TIW/\ — QW'ZT#,, + AE}U) 4+ A(Q)

A(l) + A (2)

1% Nz

_/d4 | ' S 0 | 0 N
B (27)4 ' p—m 757 (p }( ) —m " 7’5@_ )—m%’(p— ') —mw“_

N / d*p T ( i L i N ) N
(2m)4 ' P — m 5 (p— k) — m v (p—d)—m " (p—"HFy)—m '




,Axial current

d*p ) 1 l )
1 TI‘ Y 57, YWY, Y o ,7.-5,\’,” / . Y L
Gy = ) —m T Gy —m =g —m

/ d*p Tr L 7 o 7 - 7 N

@y = m =) —m T =) —m = —m .

The question is: are Af,ly’g) equal zero? ﬁ

Changing variables p—p+ ko

seems to nullify A,(,l,,’g) . p—p+ ki
o0 1 o0

However, Al ~ / dpp’ 2~ / dpp are UV divergent

Due to the minus sign the divergence is only linear

The same applies to vector current conservation.




Axial and vector current
conservation
@ p—=pth
2= (% " [W (- g% —m (- SRR = 3k m'p . m]

dp [ i i i
A(l) — / T A/~ ~/ —_ ey /
W (27_[_)4 r _p_,nl/f)/l/(p_kl)_?n/# (p_kg)_‘nl}O}V(p_ >—77l /,u._

d*p [ i i i
AN — Tr | ——— _
= / @y g =) —m T =) —m =g —m
ng ntegration variables B 271"
It seems that by changing integration variables Dotk

one can nullify all three Deltas. However, because
all these integrals are linearly divergent, change
of variables may result in a finite value for the difference

of two infinities.



Mathematical diggression

Consider the integral that is naively zero:
oo

[ @l +a) - s(a)

— 00
However, if

f(#o0) # 0.

we can calculate this integral by Taylor expansion:

oo

aQ
/ dz [f(x +a) — f(z)] = a[f(00) — F(=00)] + - [f(00) = f'(~0)] + .

—00
it may happen that # 0



Mathematical diggression
[ @715 +a) - 1)

expand in a _ /dnf-’a’.ﬁf(f')-l-...

apply Gauss theorem

Consider Euclidean integral: ~ A(a)

= @-iiS.(R) f(R)

. R
where n=—= and S,(R) isasurface of the n sphere, R is regulator.

e

R
9n/2 2rR  for n=2
For evenn Sn(R) = Rl —
(n/2 —1)!
| ' 2m2R? for n=4
In Minkowski space
4 D
Ala) = 2im*a” I%l_l}lgo R*R, f(R)
. J




Shift in full amphtude

[odYy ' -
Tm/)\ - = /(Qﬂ—) T :p/—vynq)\fm(]f—(])—?n (]/ 1)/1)—771

_i/ d’p Tr [——,y ’-
(2m)* Jf—m TP f/)—m - %)—m ”
define shift vector a = aky + (o — )k

and amplitude difference:
Apr(a) =Turx(p — p+a) — T
Strategy: / \
¢ Tun(a) = ¢ (Tur(a) = Twa(0)) + ¢ T (0)
= q)‘AW,\((I.) +2mT,, + A 4+ AGQ)

Qv J0%

k1 Twx(a) = K (Twa(a) = Tuwa(0)) 4+ kT (0)
— kﬁtAm/)\(a) T AI/)\

o - J

chose a in a way that vector current is conserved
and see what comes out for the axial current




Shift in full amplitude

Calculate

Y N[ dp . 1 1 1
aisgie-) S = - [ {1 [pﬂf m Vg ) m g F) - g

1 1 L
—Tr [}b mzws(p d) — m T (1/5 k) —m #]}

+(p+— v,k & ko).

avaYalle N
P k1 P J_)-’Jkl
- oY - kY
k S Yk
ENA NN Vv




Shift in full amplitude

R N S R S
Calsulgte Apr(a) = /(2w)4{T [p+¢—m”ﬂ5(p+¢—g) m (Pt d—fy) —m “]

(all i’s give -)

- [p—lm“’”"’uﬂ—;) m " (p - AET ”

+(u— v,k < ko).

. d4p ., O ‘ 1 1 1
Expand ina A,uu)\(a) — _/ (27r)4a' ('l‘)pa I |:1b —-m ”\,}5(}4 — g) 7n (p k ) m #:|
+(p— v, ki < ko).




Shift in full amplitude

Y B 2 £ I SV S
Calg'ulate Aua(a) = /(27r)4{T [p+¢—m’”5(p+¢—g)—m Wrd—F)—m’ “]

(all i’s give -)

+(p+— v,k < ko).

. (l4p ., O ‘ 1 1 1
Expand ina A,uu)\(a) — _/ (2ﬂ)4a ('f)pa I |:1b —-m ”\,}5(14 — g) — 7n (p k ) —m #:|

+(p— v, ki < ko).

large p limit — Tt (P15 )



Shift in full amplitude

S A9 (% IR S 1
Calgulate Apwa(a) = /(27r)4{T {p+¢—m/ﬂ5(p+¢—§l)—m ik -m “]

(all s give - )
- [lb_lmm@_;)_m - AETL ]}

+(p+— v,k < ko).

. B dp ,0 [ 1 !
Expandina Aui(a) = _/(27r)4a op°® E L/)—m ”\75(,75 ﬂ)—m -k )—m #}

+(p— v, ki < ko).

_ 1
large p limit = Tr [P Avsp Yl

1
272a° lim P3 Tr [P Vs Py, P "/u] p6

apply expansion Apa(a) = — @) s

+ (1 +— v, ky <> ko)

A(a) = 2ir*a* lim R°R, f(R)

R— o0



Shift in full amplitude

Y B 25 ) I SR :
Calc-:ula.te Apa(a) = /(27r)4 {T L’P+¢_m /”5(p+¢—g)—m TP+ — J{)—m ”}

(all s give - )
- [zfﬂ—l” = gl> —m " p - SET ]}

+(u— v,k < ko).

. dp , 0 [ 1 1
rpanding Sl = = [ e [ﬁ—m’”‘”(r —m ") —m g
+(p — v, k1 < ko).
_ 1
large p limit = Tr [P Avsp Yl

1
2120 lim P3 Tr [P Y35, P ’”/#] s

apply expansion Apa(a) = — o)t i

+ (v, ky < ko)

calculate Trace Tr [Pyavs Py, Pr,) = 4iP%e 0 P°



Shift in full amplitude

Lo 5 T PP~
(271_)487r cﬂy,\a(lapl_l)l;lo P2

We arrive at: Apa(a) = + (= v, ki & ko)



Shift in full amplitude

1 . PP~
We arrive at: Apa(a) = (2ﬂ)487f25yma ag lim Pz T (< v, ky > ko)
o PP 1
take symmetric limit: 141_1};0 P = 19

recall: a = aky+ (o — )k



Shift in full amplitude

. 1 . P°pP“
We arrive at: Apwa(a) = (27T)487r2€uv)\a Uy Pll_I};o 2 T (< v, ky > ky)
PP 1
take symmetric limit: li — _g°
y Pl—Iggo P2 4g
recall:  a=ak) + (o — )k2
. 1 )
Final result: Apa(a) = SoaCama + (e +— v,k < ko)
1

t3 a
— @anj/\ (kl — k2) . '

depends on £, there is an ambiguity, which we have to fix demanding that
vector current is conserved.



Axial current, cont.

Recall P Tun(@) = ¢ (Tua(@) = Tua(0)) + @ Tua(0)
- q)\A;u/)\((l) +2m71,, + AL L AGQ)

uv jnz

calculated finite needs to be computed



Axial current, cont.

Recall: P Ton(a) = @ (Tur(@) = Tur(0)) + T (0)
= 4 AW,\(([) +2m71,, + A 1) L A®@)

0% 0z

calculated finite needs to be computed
Let’s calculate

v = / ' Tr [; V57w ' T — i V57w Z Yy
" (2m)4 P (p — k ) —m (p — ko) —m (p—d)—m



Axial current, cont.

Recall @ Tun(@) = @ (Tur(0) = Tua(0)) + T (0)
= ¢Aa(a) +2mT,, + AE}V) 4+ ALQV)

calculated finite needs to be computed
Let’s calculate (multiply i’s and change order)

(1 _
Ay =

/ p Tr e V57 i Vo — i V57 : 7]
@m)t  p—m T p—k)—m (p—ky)—m T (p—g)—m

= /dél—pTr ! Vs ! gl —#7 gl ! 7]
(2m)* _(1/5_%2)_7” ° V(Z/)_%z_%&)_m g p—m ° V(Z”_kl)_m g

We can use the same trick as previously p = p—k2 where a= —ks



Axial current, cont.

Recall:

Let’s calculate

d*p [

AL — / -
Z et |
d*p [
‘u/@m?ﬁ_

We can use the same trick as previously p — p— ks where

A —
Hv (27-(-)4

1. P
— o2k lim 2 T [Py, (P — 1),

qA,-Tm/)\(a) — q/\ (Tm/)\(a) - T,uu)\(o)) + q/\T,Lw)\(O)
— q)\A,Lw/\((l-) + 27nT;w + ALIV) + ALQV)
calculated finite needs to be computed
i i i o i ]
p—m =k —m T =Ry —m T p—g)—m
1 / 1 1 ) 1
(1’5 —Fy) — m%nl/ (31) —Fy — k) — m’)“ p— m%’ v (Z/’ — k) — 7717#

a = _11)2

keep k;, because Tr with 2 P’s is zero



Axial current, cont.

L .. . P
A/(}V) — —WQWQI;S hn;o FZ Tr [ PW"s’?"u( pP— k1)7’#]

P
We have
AL = (271T)42717r2/;g kY lim P”P];m T (70757 %0 V]
= (Qi) 1 2im kKT %(—)\TI‘ [ ,,)v’mg')’u]/
— di€pyop
= —éswgp K kS.

We obtain A,(f,,) by i <— v, k1 <> ko, hence

(1) — A2
A;w o A;w



Axial current, final

inT;u/)\((I‘) — q)\ (ﬂbl/)\((l) T,u,l/)\(o)) qAT,Lu/)\(O)
= 2m1,, + AW 4+ AR 4 q’\AM,,/\(a)

v v
1 5] N
= 2m1,, — 13 Euvop KTKS 4 (ky + kg) o — o (k1 — ko)

1—-7
1.0 1.P
p— 2772:711/1/ - ng“/ap 111 A‘)



Vector current

We shall use the same trick to calculate the divergence of a vecor current
Ap,u)\((l) ‘
li’,lltTMV,\((l.) = Llll (le,\((lr) — T;w)\(o)) + /Litle,\(O)
3 a
= k/iLTuV)\(O) -+ k,itwga;w)\ (l{?l — I\Q)

B i
. ) - kJILT#uA(O) + —8V7T2€y)\o'p]€ kg.
We ned the first piece



Vector current

We shall use the same trick to calculate the divergence of a vecor current

ki Tua(a) = ki (Tua(a) = Towa(0) + K1 Twx(0)

15 o
= kiLTuVA(O) + klf@ga/,u/)\ ('1‘71 — ]”2)

3 p
= ]Clltle,\(O) + W&,)\apk lug

We ned the first piece

d4p
" _
o = — | G

{Tr [“’””5 - gl) —m " (p— %i) - m] -h [“’””’5 - %1) —m "y - ] }




Vector current

We shall use the same trick to calculate the divergence of a vecor current

]JlltTuw\(a') — k# (Tuu)\(a‘) - TIW)\(O)) + kiLT“”)‘(O)

15 o
= kiLTuyA(O) + klf@ga/,u/)\ ('1‘71 — ]”2)

3 p
= ]CitTMV,\(O) + W&/Aapk lug

We ned the first piece

d4p
" _
o = — | G

{Tr [“"”5 - gl> —m " (p— %i) - m] -n [“’””5 - %i) —m "y - ] }

1 1 1 1
{Tl [””5 P—Ho—F)—m " p—F) - ] - [”’”5@— fo) —m " p— ”



Vector current

We shall use the same trick to calculate the divergence of a vecor current

]{#ILTILV/\((I') — kib (T#u)\(a‘) - TIW)\(O)) + k#Tp‘”)‘(O)
AS «
= KT, (0) + k*{@ea#ux (k1 — ko)

‘."5 o
= kitT;u//\(O) + mgl»ﬂpkl Ag

We ned the first piece

d4p
" .
o = — | G

{Tr [“"”5 - gl> —m " (p— %i) - m] -n [“"”5 - %i) —m "y - ] }

{Tr [””5 P W —1%1)) —m (- ki) = m] - [”””’5 = %2) —m "y - ] }

_ o1 Lo
2im?(—)kS 1;1_1)130 P2 Tr [7a75(P — Ks) 7, P]



Vector current

1 -2 o1 PO’
kIfT;wA = (2m)? 2% — ) kg Ph_l)lgo P2 Tr [”/",\“/5(F - kz)“/’yib]

I 1. | 1 op

T ™2 T [”)"A”/"sﬁ"p“/y”/’a] k1ks

1 a
— @SV/\UPA:]. l{g
Recall 3 oy
kliLTm/)\(a‘) — l'“lll'T/J«V)\(O) + ﬁgukcrpkifkg = WQLEV,\GPAZ?ICQ

We need to choose ff = -1 to have vector current conserved!



Axial anomaly

Summarizing:

1—7 ”
q’\TM,,,\(a) = 2mT — 4—7T25ALVOp ki kb
1473 ”

k”iLT‘“/)\((l‘) p— W‘gl/)\apkl kg

Choose [ = -1
1
AT\ = 29mT O L.P
q ]—;LI/)‘ T 2772/T[JJ/ _ QTQE,_“/UP ]il ]i‘r)
T

4

Axial current is anomalous
This can be translated to the configurations space

1

a/\Jf(f) = W

o P () F7P(2) + O(m)



Axial anomaly

Summarizing:  Anomaly is mass independent
_ e Adler-Bardeen theorem (69):
A . LT M o1.P no higher order correctoons
@ Tula) = 2l g2 SHvor wiks * name: Adler-Bardeen-Jackiw
anomaly
K'T o (a) = ifgw\apkgkg * Fujikawa (79) path integral
87 formulation
* In non-Abelian case one can
Choose /= —1 nullify anomaly Tr(...)=0

1

A — o1p
q Yj,tu/)\ — 277le/ — ﬁgl“/ap k’l A,Q

Axial current is anomalous
This can be translated to the configurations space
1
N (2) = <o FM (2) F7P(x) + O(m)

(4 )2 “Hwee




Anomaly in the light quark sector

Recall Noether theorem:

global symmetry implies conserved current(s)

To calculate conserved currents promote the symmetry to the local one,
calculate the change of action (as disscused on previous slide).

Consider SU(2) chiral transformation:

S / u
U(x) = exp (ia(@)t?) U=

Conserved current:

7 5 /
JEC = Pyttt



Anomaly in the light quark sector

Consider diagonal (neutral) axial current generated by matrix

1 0
t =
in falovor space and unit matrix in the color (gauge) space. Then:

tr (tatbt) — tI’COIOUI‘ (tatb) X trﬂavour (t) — O
\—\/—/
1—1=0

Anomaly vanishes. Physically up quark contribution is cancelled by d quark.



Anomaly in the light quark sector

Consider diagonal (neutral) axial current generated by matrix

-6 -"1)

coupled to QED. In flavor space ¢ =

i)
=0 )

therefore anomaly is proportional to

U
electric charge is a matrix

S WIN

Ne¢

trﬂavour (ta) X tI'Colour (1c010ur) — T



