QCD Lecture 3
October 22



Deep Inelastic Scattering
(DIS)

k!

p=M(1,0,0,0),
k=w(1,0,0,1),
K'= W'(1, sinfsin e, sinf cos @, cosb)

g=k—k =9 —»p.



Deep Inelastic Scattering

4-momentum transfer and energy transfer

29 /

¢ = —2ww'(1 — cos @) = —4dww'sin > V=W — W

on mass-shell condition for scattered proton (not present in the inelastic case):
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Elastic cross-section

on elementary fermion
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on non-elementary fermion (proton)
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SLAC

SLAC builtin1967
Length ~ 2 miles
Energy: 20 GeV
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Bjorken Scaling

Bjorken limit:
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where:
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Feynman Parton Moadel

Inelastic scattering on proton

is a sum of elastic scattrings on partons
that are parallel to p

and carry momentum fraction & k

In the proton rest frame we have to
assume that parton mass is

mngM

then the on-shell condition for )
the struck parton reads (Ep+q)” = me

QQ

EM? +26My — Q* = &M? — € = T

QMV:

¢ is the same as Bjorken x !



Reminder: S matrix
and Cross-section

In far past we prepare an initial state: tlim (L)) = |2)
——00

and ask, what is the probability amplitude that this state
evolves into some final state in far future:

Sr S (f] S i)

There exists formal expression for operator
g — Te—ifd‘lx’?{l(x’)

where T denotes time ordering and H; is an interaction
hamiltonian



Reminder: S matrix
and Cross-section

We have separated non-interacting part and energy-momentum
conservation.

In order to define the cross-section we have to close the system
Inabox: V = L? and finite time T

2T
—

—

Then momenta are quantized P = Ny, Na, N3)



Reminder: S matrix
and Cross-section

, 1 (T E v
|n a bOX. 5(3) (p_ C]) N (271_)3 /Vd3aj e@(p q) — (QT)S(Sp’q

1 T
o (E,— E,) g / dt e Er—Edt — —_§
0

and a state with particle having momentump _
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Reminder: S matrix
and Cross-section

Transition probability for f # ¢

2
P(i— f) =53 = (2n)° {51@ (Pr = Pi)} M

| 2

Square of Dirac delta is poorly defined, but in a box there is

no problem

P(i — f) = VT (2x)" 6.2 (P; — P)

(2m)°
- V .

71 Ng+N;

M|

where N, denotes number of initial and final particles



Reminder: S matrix
and Cross-section

Differential transition probability

dP (i — f) = P (i —> f) dN;

Where
Vd’ Vd?
AN, = — 4 TZ N
(27) (27)
and
. 4 ¢(4) -(QW)S_Ni 2 13
dP (i — f) =VT (2r)* 8 (P; — P) = M|" dPq ...




Cross-section

Consider P1+pP2—q1 +@G2+...1+Qy

and define “effective area” o 1
Probability to hit ¢ is equal to N
the ratio of volumes

|771 ‘ T01+2—>n

P(142—n)= >

Matrix element can be computed using Feynman rules
provided we define

1 1 1 1
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Cross-section
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Note that time 7 and volume }V cancel. From initial particles
we get flux factor: 1

4, Es v

where

F = 4E1E2 |?71| — 4\/(]?1 y p2)2 — m%m%



Cross-section 1+2 -1
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Deep Inelastic Scattering
(DIS)

k!

p=M(1,0,0,0),
k=w(1,0,0,1),
K'= W'(1, sinfsin e, sinf cos @, cosb)

g=k—k =9 —»p.



Deep Inelastic Scattering

4-momentum transfer and energy transfer

29 /

¢ = —2ww'(1 — cos @) = —4dww'sin > V=W — W

on mass-shell condition for scattered proton (not present in the inelastic case):

6((p+0q)" = M7) = 6(2Mv — Q°) = ﬁ5 (v 2QM>



Elastic cross-section
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perform dp' integration first, then
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Elastic cross-section
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We have assumed that the matrix element does not depend on ¢

Change of variables: Q' =—q = 2ww'(1 — cos )
v=w—w

d(w', cosb)
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Elastic cross-section

do 1 1 1 5
dQ? 16M2w24ﬂ/dVZZ‘Mﬁ‘ )

pol

Next: calculate amplitude squared averaged over initial polarizations
and summed over final polarizations



Amplitude squared
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Amplitude squarea
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Calculating traces
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Invariant form

pP-dq pP-q
L,uz/(pv Q) =4 (pu q2 Q,u) < 1 qQ QV> o q2 (_gw/ |

Two structures are separately gauge invariant.
Treat two coefficients as free paramteters
P-q pP-q
L"(p,q) = A (pu " qu> (pu " %) — b (—gm/

and ski terms because of gauge invariance
u

— Apt'p” + Bg"”

where for elastic scattering on an elementary fermion

A=4 B=¢ =—-Q
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Squared amplitude
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Elastic cross-section:
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Elastic cross-section:

d_a - /612) ACOSQQ b stQ dvo | v @
dQ)?  4w? sm” ww' | 4 2 2M? 2 2M

2 e2 2 0
__"d & {COSQgI « SiDQ—}.

4w sint ¢

§Cd(.d

Recall: 2 92

—ZIMle = (eqlef L'k, k') Lyu(p, 1)

pol

A B

pP-q pP-q qdv4,
LV,u (p’ q) =4 (p,/ 9 ql/> (py > Qu) + q2 (91/# 2/ )
q q q
Inelastic case:
1) v not fixed (X not mesured) X
2) proton is not elementary P

| bd P-4 e
W,UV(pa Q) — 4WQ (p,u o ?Q;,) (pl/ o 7%/) + 4M2W] (_g,uu - ;

A



Inelastic cross-section:
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Two unknown functions describing the proton structure: W, and W,
depending on two independent variables: O? and v

Inelastic case:

1) v not fixed (X not mesured) X
2) proton is not elementary P
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Bjorken Scaling

Bjorken limit:

QQ,V%OO

MW(Q?, v

VWQ .
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Feynman Parton Moadel

Inelastic scattering on proton

is a sum of elastic scattrings on partons
that are parallel to p

and carry momentum fraction & k

In the proton rest frame we have to
assume that parton mass is

mngM

then the on-shell condition for )
the struck parton reads (Ep+q)” = me

QQ

EM? +26My — Q* = &M? — € = T

QMV:

¢ is the same as Bjorken x !



parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,

dQ*dv | . ion - 4wdw’ sin 12 4€2 M2 2

| 2 2 2 1 @
do; _ Y { 29+ « 2s 1129}5(7/—A‘Q_



parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,

iz 2 L0 Q0 L ¢
T e A P COS §+/ 525 2sin” S 0 i
WowW'" s 5 - 4EM 2 £ 20

dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton

parton

do do;
s = 2 | €546 g

parton



parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,

do; ra’e? 5 0 Q? o0 1 Q?
= ——— 17 8 5t 5 2sin”“ =0 0|V — ———
4w W' sin” 3 2 4&EM 2 £, 2M

dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton
expresed in terms of the Bjorken functions W7, ,

2
_ o ool o9l
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parton

do do;
T = 2 | €46 g

parton



parton elastic cross-section with proton mas M replaced by &; M
and proton charge replaced by parton charge e,

do; ra’e? { 9 9 Q? 9 0} ( 1 Q? )
= 7 s2sin" = 0V —
- 4w3w' sin S M= 2 £, 2M

dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton

expresed in terms of the Bjorken functions W7, ,
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w~ L] 16
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T 0 v
— W cos® = 4+ 2W; sin® =
{ S 9 9
we can now immediately calculate W7, , in terms of f()
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Bjorken Scaling vs.
Parton Model

|||||||||||||||||||

Fy(z) =vWy = IZ&’ZZfZ(I)
i

| 1.5}

1.0 ® 15<Q*<4
| ++ ++—+ F 5<Q?<11
: + : o 12<Q*°<16
0.5+ ]

F5(x) =2z Fi(x) S :

2\F1/F2

in parton model structure functions
are related: Callan-Gross relation



Quarks as Partons

FY (@) = 5o upl) + ()] + 57 [dp() + ) + sp(x) + 5p(a)]
Fy(x) = 9I Un () + Uy ()] + ()I [d (z) + du(x) + sp(x) + 5n(I>]

assuming isospin symmetry:

Uy =dy =u, dy=u,=d, Sp,=5,=35

no strangness in the nucleon: /daj(s(@ —3(z)) =0

qr
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Quarks as Partons

proton and neutron charges

imply constraints on the parton distributions (PDF's):

/ dz(u(z) — a(z)) = 2, / dr(d(z) — d(z)) = 1, / dz(s(z) —3(z)) = 0

valence and sea quarks: o = 4, +¢,, d=d,+q, U=d=3=s=q,

total momenum - for typical parametrizations

/daz r(u(z) +u(z) + d(z) + d(x) + s(z) +5(x)) =1 —¢ e ~ 45%

there must be other partons that do not inteact electromagnetically: gluons



