QCD lecture 12

January 14



Chiral symmetry

Quark masses (from sum rules at u =1 GeV)

m, = 0.005 GeV m, = (1.15 — 1.35) GeV
mg = 0.009 GeV | < 1GeV < mp = (4.0 — 4.4) GeV
me = 0.175 GeV my = 174 GeV

Approximate symmetry: up, down, strange are massless.

QCD lagrangian ( G!¥ - field tensor)
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We know, that right-handed and left-hanfded fermions transform independently:
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Chiral symmetry

Define
qr = Prq, qL = PLq

and rewrite the lagrangian
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Chiral symmetry (global U(3), x U(3), )
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Parity
Consider Dirac equation
{moat + iy - Ox — m} Y(t,X) =

and space reflection x— —x

then {zfy Oy — iy -0 —m} U(t,—x) =

What is the wave function transformation generated by space reflection?
We have to change sign of space gamma matrices and leave unchanged time
gamma matrix:

,YO:P—I,YOP _’Y:p_l’}’P

Then {7°8 +iv- 0 —m} 9P (t,x) =

where

wp(tax) =P '(/)(t,—X)



Parity

We need to solve =P 14\0p —y=P7 4P
and the solution reads (exercise): P = p 1= 70
Parity transformation P :q(Z,t) — yq(—Z,t)

changes chirality (because y? anticommutes with y>)
QR(fa t) — PR Q(i:, t) = PR')’OQ(_-;E, t) — '70PL(I(_£ t) # iqR(—fa t)

Parity transforms left and right fermions into each other.

QCD physical states (mesons) should be grouped in multiplets of some representations
of U(3), x U(3), and, because of the fact that parity transformation changes chiralty,
multiplets with positive and negative parity should be degenrate (in mass). This is not
observed experimentally. We will make this statement more precise later.



Conserved currents

Recall Noether theorem:
in order to find conserved currents of some global symmetry transformation, we have

to promote this symmetry to a local one and calculate the currents.
Consider L= L(D;, 8“(1),:)

which leads to the equations of motion:
oL 5 oc
0D; "00,®d;
Suppose fields ®:(z) transform according to some symmetry group (local). Consider
infinitensimal transformation

®;(z) — Pli(z) = ®i(z) + P;(z) = i(z) — iea(z) FP[P;(z)]
which is not necessarily linear

®;(z) = ®}(z) = ®i(x) — deq()tf;®5(x)
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Conserved currents

Field transformation
®;(z) — Pi(z) = ®i(z) + 0P;(z) = i(z) — iea(z) FP [P, ()]
Variation of the lagrangian

oL = L(®,0,9)) — L(P;,0,D;)
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Conserved currents

Field transformation
®;(z) — Pi(z) = ®i(z) + 0P;(z) = i(z) — iea(z) FP [P, ()]
Variation of the lagrangian

oL = L(®,0,9)) — L(P;,0,D;)
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Conserved currents
We arriveat L = €4(x)d,J"" + O €,(z) I

This allows do define currents and current derivarives as

0L
pa
/ 0046,
0L
pa
OuJ = B

If we demand the action to be invariant under global transformation,
we conclude that the current is conserved:

8, Jma =0

It follows that there exists a conserved charge (exercise)

Q(t) = / eI (7, 1)



Currents in QFT

Canonical quantization
define generalized momenta II; = 0L/0(0,®;)

and impose commutation rules:

&i(7,t), ;(7,t)] = i6°(F — §)d,
;(z,t),®;(y,t)] = 0,
IL(%,t), IL;(#,t)] = O.

Suppose now that the symmetry transformation is linear

®i(z) > ®)(z) = B(z) — ica(2)t5;D;(2)
then (current and charge are operators now, normal ordering suppressed)
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Commutation rules

It is easy to show (exercise)

[Qa(t)ﬁ (I)k(g: t)] - _Iit?j /dsI [Hi(:a t)q)j (f t)a (I)k(g: t)]

= _tzjq)j(gﬁ t)
Field (operator) transformations induce transformations of the Hilbert space

la’) = [1 +i€e,G(t)]| )

where G® are hermitian operators (they in principle could depend on time).
We demand

(BlAla) = (B A'la)



Commutation rules

For a matrix element of a filed we have

(B'|®;(z)|a’)
(BI[1 — ieaG(£)][@i(x) — dent?, B;(x)][1 + ie.G<(2)]|)

(B|®i(x)| )

terms linear in ¢ should vanish
0 = —iea[G (), Pi(x)] —ieati;®j(x)
i€ [Q%(1), Pi(x)]

From this we conclude that G*(t) = Q*(t)



Commutation rules

Finally
[Q*(1),Q°()] = —iltts — tiit5h) / I’z I1;(Z, 1)y (7, 1)

Recalling that

a 4b bja _ - c

We have " 5 . .
@%(1), Q"(t)] = iCancQ(2)



QCD currents

uy, uy, L ur
dy, — Up | dg = exp (—z Z 9 ) —9 dp,
St Sy, SI
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Repeating the same steps we arrive at (for massless fermions)

b
Ag Aa
5LYn = dr (Z u05 5 + 0,0 ) Y qr+qL (Za Oy 5 +0 9’*) Tqr

a=1

and (quark fileds are now operators) we have 18 conserved currents:
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L = ay' g, =0,
\@
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QCD currents

Define vector and axial currents

/\a
ma _ ppa , JHa _ - p
octet vector Vil = R+ I =qy DRk
/\a
axial (exercise) ARS = R I = ‘I’Vﬂ%”»?
singlet vector VE =qrqr + @v"aL = "'q.
axial (exercise) A* = gp'qr — @y qL = @759

All these currents are conserved (modulo anomaly)



Parity of currents

Parity operator: y9

Transformation properties of gamma matrices

T 1 ,)/,Ll, oMV s ,)/,LL,)/S
70 FVO 1 Y | Opv | =05 | —Vu')5

imply the following properties of currents

P : VIY(E ) — V=T, 1),
P AM(T,t) s — A% (=T, 1).



QCD charges

LA
%) = [drd@oFa@n, a=1--8
Aa
/d3xqg(ft)7QR(f,t), azla"'18?

[ @ [d@ 0.0+ dhi@ Dan(@0)]

Qr(t)
Qv (t)

Recall anti-commutation relations for quark fields

{qa,r(fﬁ t), qg,s(g., t)} 63(1—13’ — 37)5055,.3
{qa,,(:i', t)a Qﬁ,S(g’ t)} Oa
{ah+(Z.0).q5,(7,1)} = 0,



Commutators

To compute current commutators that are billinears in quark fields, we will use

[q*(w, Hr T Wg(@, t), ¢t (y, )T TP g(y, t)]
1 ¢
= DT TOTE gl (@, t)gs(®. ).l (4, Dars(y.1)]
the identity

lab, cd] = a{b, c}d — ac{b,d} + {a,c}db — c{a,d}b.

and cannonical anti-commutation rules

{(Ion(f t), (Jg’s(g; ZL)} - 53(5_ .17)50,857’8
{40, (7,1), 4557, 1)} = 0
{qa,r( Z‘) qg,s(g7 t)} = 0



QCD commutation rules

QCD charges form Lie algebra (exercise)

Q7.Q1] = ifaQf,

Q% Q%] = ifancQf:
Q1,Qk = 0,

QL. Qv] = [Qr,Qv]=0

of SU(3), x SU(3), x U(1),, group

For conserved charges:

Q7 HgCD] = [Q%, chp] = [Qv, H(%CD] =0

Axial current is anomalous, but otherwise it would commute
with the hamiltonian as well.



QCD commutation rules

QCD charges form Lie algebra (exercise)

a b . Z' C

i) = o Q@) = ifu
Qr: Qrl = ifarclp; a b1 _ - c
a b [QAaQA] Zfachv
:QLﬂQR: = 01 [Q(\Z/Qlj)q] _ ifachfq
QL. Qv] = [QrQv]=0

of SU(3), x SU(3), x U(1),, group
For conserved charges:

QF. H%CD] = [Q%. chp] = [Qv, H(%CD] =0

Axial current is anomalous, but otherwise it would commute
with the hamiltonian as well.



