QCD lecture 11

January 14



Scalar propagator

The free functional integral can be easily performed, because it is Gaussian in ¢
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Recall

and we get

where G®(x,y) is an inverse of i[(] +107)33 — (1 —1i0")(V? - mz)] which is
obtained by integration by parts:
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Scalar propagator

Inverse of i[(] +107)9% — (1 —i0%)(V? = mz)] can be evaluated in momenum space
10y — kg, —iV — k

i
(1+1i0+)kZ — (1 —i0+)(k* + m2)

yielding

This is of course the same result as the one obtained in the canonical approach
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Exercise: show that the pole structure of the two expressions is the same



Functional integral for photons

Here we would naively think that we will have a scalar integral

for each component A, (Lecture 7).

However gauge invariance complicates things. Even more so for QCD.
Let's first write a naive functional integral

Zoli*) = J [DA(x)] exp {IJ dhx (= JFPFuy +34AL) |

This is a Gaussian integral, because F*VF,, is quadratic in A,, (exercise)
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We need to invert (g.vk* —kuky) to perform the integral over A
vl



Functional integral for photons

Inverting photonic operator: find o and 3

(9uvk? — kuky) (x 970 + B 5ET) = 67
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This operator is not invertible: some eigenvalues are zero. These flat directions

correspond to the projection of AM (k) along Kk~

Landau gauge

Decompose A = A+ AIT
in the following way:  A"(k) = (g" — =X AL(k
gway: ALk = (" —=5-) Av(K
~ KM N ~
Allk) = ( 5 )Av(k).

The functional measure can be therefore factorized

[DA¥] = [DAL] [DAY]



Functional integral for photons
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Sothe F"YF,, partis purely transverse, and

NDE J [DA}(x)] exp {1J a*xjuA |
9 J [DA" (x)] exp {1J d*x (— JF"FL + iuAi)}

k“k‘”) ~

Recall Al'(k) = <k—2 A, (k) but vector current is conserved k*j, =0

and J [DA|/(x)] is an infinite constant that has to be divided out.

When restricted to the transverse directions guvk? —k*kY s invertible and we get

v

: 1 . v . v _ —1 v pllp
Zob“]=eXP{—§Jd4xd4yJu(X)G?“ (x,y)Jv(y)} Gy" (P):m(g“ i )

again i0* prescription selects the ground state for large times.



General covariant gauges

vy Tt v pHpY
Note that to get Gy"¥(p) = pTri0T (9“ i ) we demanded 9,A* =0

This is called Landau or Lorentz gauge.
In general we may require:

0, AH (x) = w(x)
This can be done by introducing a delta function into the functional integral

Zo[i* = J [Dw(x)] exp { — i% J d*x wz(x)}

X J' [DAL(x)] 8[0, A" — w] exp {1J d*x (— IF"Fy + j“Au)}

where & is an arbitrary constant. Note that for fixed w we break Lorentz invariance.
To mitigate this problem we integrate over all w's with the Gaussian weight. We can
do this Gaussian integral and integrating by parts (exercise) we arive at

Zoli*] = J [DAL(x)] exp{ijd“x (JA*(gunD—(1-£)3,0,)AY +*A,) |

We need to find inverse of i(guvp* — (1 — &)pupv)



General covariant gauges

Toinvert i(guvp®— (1 —&)pupv)

we look for the inverse operatorinaform: o« g¥° + 3 p;g"

The result reads (exercise)

—1ig"Vy 1 1\ pHpY
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Landau gauge: & — oo
Feynman gauge: & =1

As we will see in QCD the gauge condition will be more like F(0,A*) —w =0
and then we will need a Jacobian (to be discussed later)

J [Dw(x)] exp{ - e Jd“x wz(x)}J [DAL(x)] F/(0uAH) 5[F(3,AH) — w]
2 A,—/

Jacobian



Quantization of QCD

Consider expectation value of some gauge invariant operator

(0) = [ DA 00 e fi [t (— rinrer) }

. o~

Sym AL
When we perform gauge transformation

Aulx) —  A2(x)=QT(x)Aulx) Q(x) + é Qf(x)9,.0Q(x)

the integration measure changes

SAG . (x) )]

[DAZ, (¥)] = [DAGu(x)] det [(m

We need to calculate the Jacobian. For this we need a small reminder from group theory.



Diggression
Consider some representation r
X = X, 7%(r). Y =Y, T%r)
Let's calculate an object analogous to gauge transformation:

e XY "X = Y —i[ X, Y]+
= Y —iX, Y, [T*,T"] +
— D/; - i(_ifacb)Xa}/z)] TC +

_ [Yc—z'Xa( ;dj)chbjt...} T

This can be written in short [e_iXYGHX]C = [exp ( i X T;ldj)] Yy

Gauge transformation | QT A = ¢~%2da g e ecture 1

0A(x) - AL
Cs = 0n0(e —y) (7)), det ( Aulr))

()Abl/(y)



Quantization of QCD

Changing gauge does not change the integration measure

[DASH(X)] — [DAQ u(x)]

So the path integral is infinite. To eliminate gauge redundancy we have to fix the gauge.

Figure 5.1: Illustration of the gauge fixing procedure. The lines represent the
gauge field configurations spanned when varying Q). The shaded surface is the

manifold where the gauge condition is satisfied, and the black dots are the gauge-

fixed field configurations.

GY(Au(x)) =0

[ This condition may have many solutions (Gribov copies)
but only one of them is perturbative, others are ~ 1/g]

We want to split the functional integration into
a physical component in the gauge fixing manifold
and a component along the gauge orbit (analogue

of the longitudinal QED field). This can be done by

inserting 5GY(AL]
L

into the functional integral.

How this behaves under the gauge transformation?



Quantization of QCD

Toy model example f(xg) =0
/d:z:é(f(x)) :/d:z: ,1 d(x — x0) = ,11
/()] " (@)] |z
Define A~AW = | [POR)] 8lGe(Ag)
then

A(A ) = det ( 0 )GQ(A{})_O [ Faddeev — Popov determinant ]

In QED A does not depend on A, butin QCD it does, becuse gauge tranformation

is non-linear: :
AL (x) = QN (x) Au(x) Q(x) + p Q' (x)0,Q(x)




Quantization of QCD

First we prove that A[A,] is gauge invariant

—lrae _ [ a /é)(}(?
ATT[A®] = _DQ(X)] d[G (Au )]

i

D(O'(x)Q’(x))] 8[G*(AZ")]

= | [DQ'(x)] 8[G(AR")] =ATT[A,]

J

Last step follows from the unitarity of gauge transformations (there exists a group
invariant measure on a Lie group).

Hence
= A[AHJJ [DO(x)] 51G(A2))

and we will insert this unity under the functional integral.



Quantization of QCD

Expectation value of a gauge invariant operator:

(9) = J[ ]J[DAG( )] AIA,] 8[G(A2)] O(A,,) elSymAul

Change variables: A, —» A&’

Invariants: [Ao*] = [DA,],
[Aﬂf] = SYM [Au] y
O[A ﬁf] — O[Au]’
[A&f] — A[Au] )

At this point the functional integral does not contain the gauge transformation

]J[DAC‘( )] AIAL] 8IG*(AL)] O(A,) elSym Al

(0) = | pa

We can now drop [DQ] . So functional integral has been factored out into a gauge
orbit part at the expense of A[A,,] that modifies QCD Feynman rules.



Quantization of QCD

We need to find a functional representation for the Faddeev-Popov determinant.
Recall:

det (M) = JdN £ exp (ViMy;&;s)

Let's introduce new fermion fields (Faddeev-Popov ghosts)
det (i M) = J [DXQ(X)DXG(X)]

xexp{ Jd4xd4y Xq (X )Mab(x,y)xb(y)}

and use a trick for covariant gauges in QED

J [Dw(x)] exp{ Jd“x w? } d[ G —w)]



Quantization of QCD

After integration over D[w]

(©) = J[DAﬁ(x)] [Dxa(x)DX, (x)] O(A,)

1
X exp in4x (—ZFﬁvFa Y —% (GHAL))* +Xa Mab Xb)

'CYM LGF 'CFPG

a

) at Q =1 (detis gaugeinv.)

Note that Mab ~9( 50,

and therefore is a function of A,,. Ghost fields couple to the gauge fields and
appear only inside loops. In practice they remove contributions from the
"longitudinal” gauge fields. They ensure that the theory is unitary.

Both GF and FPG depend on the gauge choice (choice of function G). Typically
we choose G linear in Ay, so the gluon propagator will depend on & and will
be the same as in QED, up to the color factor.

[ Matrix Mgp can be scaled by any factor M — &M, this changes the propagator S — k'S
and vertices V — kV leaving the final result invariant.]



Covariant gauge

EXAMPLE
Covariant gauge GY(A) = 0"AL — w(x)
gluon propagator (as in QED)

P —ig"vs 18 1\ pHp”
(CNTRY Y . 19 ab 10ab PP
G, ap(P) = e, = 2 it T priior (1 ) 2

&

We need to calculate matrix Mab

Gauge transformation  aa (x) = Qf(x) A, (x) Q(x) + é Ofx)0,0(x) Q) = exp(iba()T%)

infinitensimal  g8A4 . (x) = gf*® 0p(x) Ac u(x) — 0,04(x)

which yields: g 8G® = gf** (3"0p(x)) Ac u(x)+9gf** 0p(x) (3" Ac n(x))—O04(x)

5G9 (A)

and: .

=g fabe (O“AC u(x)) —{—gfc‘bc Acpulx)or =084, 0

So this matrix contains gluon-ghost interactions and ghost propagator (inverse)



Covariant gauge

This results in the following FPG langrangian:
Love = Xa (—8ab O+ g (M Acy(x)) +9 7" Acyu(x) ") xo

and the following Feynman rules:
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Figure 5.2: Feynman rules of non-Abelian gauge theories in covariant gauge. We
also list the rules involving fermions for completeness. Latin characters a, b, ¢ refer
to the adjoint representation, while the letters 1, j refer to the representation r in

which the fermions live.




Axial gauge

Usefull class of gauges
G*(A) =nHAl — w(x)

where n" is a fixed four-vector. If it is time-like — temporal gauge
light-like — light-cone gauge

Then (exercise)

] Y% A% a
5 AL (9" 0 — 040" —&n*nY) AY

and we have to invert the following matrix:

g"Vp? —phpY + EntnY

which gives (exercise):

Ouviy_ —ab [ 4y PMRYApYnt  pMpv o, 4 5
Gy p) = e [0 T e ()



Axial gauge
Final result (exercise)

Love =Xa (— dapmto, +g fabe niA u(x)) Xb

and the ghost propagator and ghost vertex look like:

e, =igftn, .
’ C u

ik



