
QCD
problem set 12/2025

1. Effective Lagrangian describing Goldstone boson interactions reads

Leff =
F 2

4
Tr
(
∂µU∂µU †

)
where U = exp(iϕ/F ) can be expressed in terms of the physical meson fields:

ϕ(x) =
∑
a

τaϕ
a(x) =

[
π0

√
2π+

√
2π− −π0

]
Expand Leff up to 4-field interactions and calculate flavor trace for the case of SU(2).

SOLUTION:

First expand U

U = 1 +
i

F
(τ · ϕ)− 1

2F 2
(τ · ϕ)2 − i

6F 3
(τ · ϕ)3 + . . .

and ∂µU

∂µU =
i

F
(τ · ∂µϕ)−

1

2F 2
{(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)}

− i

6F 3
{(τ · ∂µϕ) (τ · ϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ϕ) (τ · ∂µϕ)}+ . . .

and the same for ∂µU †

∂µU † = − i

F
(τ · ∂µϕ)− 1

2F 2
{(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)}

+
i

6F 3
{(τ · ∂µϕ) (τ · ϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ϕ) (τ · ∂µϕ)}+ . . .

Next calculate the trace

Tr
(
∂µU∂µU †

)
=

1

F 2
Tr [(τ · ∂µϕ) (τ · ∂µϕ)]

− i

2F 3
Tr [(τ · ∂µϕ) {(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)}]

+
i

2F 3
Tr [(τ · ∂µϕ) {(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)}]

+ four field interaction

We see that three field interaction is zero. Leading term gives the properly normalized kinetic term

L(2)
eff =

F 2

4

1

F 2
Tr [(τ · ∂µϕ) (τ · ∂µϕ)] =

1

2
∂µϕ

a∂µϕa.



We are now left with four field interaction

L(4)
eff =

F 2

4

(
− 2

6F 4

)
×Tr [(τ · ∂µϕ) {(τ · ∂µϕ) (τ · ϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ϕ) (τ · ∂µϕ)}]

+
F 2

4

(
1

4F 4

)
×Tr [{(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)} {(τ · ∂µϕ) (τ · ϕ) + (τ · ϕ) (τ · ∂µϕ)}] .

We can now use periodicity of the trace to simplify this expression

L(4)
eff = − 1

12F 2
{2Tr [(τ · ∂µϕ) (τ · ∂µϕ) (τ · ϕ) (τ · ϕ)] + Tr [(τ · ∂µϕ) (τ · ϕ) (τ · ∂µϕ) (τ · ϕ)]}

+
1

8F 2
{Tr [(τ · ∂µϕ) (τ · ∂µϕ) (τ · ϕ) (τ · ϕ)] + Tr [(τ · ∂µϕ) (τ · ϕ) (τ · ∂µϕ) (τ · ϕ)]}

=
1

4F 2

(
−2

3
+

1

2

)
Tr [(τ · ∂µϕ) (τ · ∂µϕ) (τ · ϕ) (τ · ϕ)]

+
1

4F 2

(
−1

3
+

1

2

)
Tr [(τ · ∂µϕ) (τ · ϕ) (τ · ∂µϕ) (τ · ϕ)] ,

so we finally get

L(4)
eff =

1

24F 2
{Tr [(τ · ∂µϕ) (τ · ϕ) (τ · ∂µϕ) (τ · ϕ)]− Tr [(τ · ∂µϕ) (τ · ∂µϕ) (τ · ϕ) (τ · ϕ)]} .

Calculating the trace for SU(2) is rather easy:

Tr
[
τ iτkτ lτm

]
= 2

(
δikδlm − δilδkm + δimδkl

)
and we get

Tr [(τ · ∂µϕ) (τ · ϕ) (τ · ∂µϕ) (τ · ϕ)] = 4 (∂µϕ · ϕ) (∂µϕ · ϕ)− 2 (∂µϕ · ∂µϕ) (ϕ · ϕ) ,
Tr [(τ · ∂µϕ) (τ · ∂µϕ) (τ · ϕ) (τ · ϕ)] = 2 (∂µϕ · ∂µϕ) (ϕ · ϕ) ,

which gives

L(4)
eff =

1

6F 2
{(∂µϕ · ϕ) (∂µϕ · ϕ)− (∂µϕ · ∂µϕ) (ϕ · ϕ)} .

In order to express these lagragians in terms of the physical pion fields, we observe that

ϕa =
1

2
Tr (τaϕ) ,

which gives

ϕ1 =
1

2
Tr

([
0 1
1 0

] [
π0

√
2π+

√
2π− −π0

])
=

1

2
Tr

([ √
2π− −π0

π0
√
2π+

])
=

1√
2

(
π+ + π−) ,

ϕ2 =
1

2
Tr

([
0 −i
i 0

] [
π0

√
2π+

√
2π− −π0

])
=

1

2
Tr

([
−i

√
2π− iπ0

iπ0 i
√
2π+

])
=

i√
2

(
π+ − π−) ,



ϕ3 =
1

2
Tr

([
1 0
0 −1

] [
π0

√
2π+

√
2π− −π0

])
=

1

2
Tr

([
π0

√
2π+

−
√
2π π0

])
= π0.

From this we get

∂µϕ
a∂µϕa =

1

2
∂µ
(
π+ + π−) ∂µ

(
π+ + π−)− 1

2
∂µ
(
π+ − π−) ∂µ

(
π+ − π−)+ ∂µπ

0∂µπ0

= 2∂µπ
+∂µπ− + ∂µπ

0∂µπ0.

Other terms can be computed in a similar way.

2. Mass term

L(m)
eff = −F 2m2

π

4
Tr(U + U † − 2).

We have
U + U † = 2− 1

F 2
(τ · ϕ)2 .

Hence
Tr(U + U † − 2) = − 2

F 2
ϕ · ϕ

and

L(m)
eff =

m2
π

2
ϕ · ϕ.

3. There exists another possible parametrization of U in SU(2)

U =
1

F
[σ(x) + i τ⃗ · π⃗(x)] where σ(x) =

√
F 2 − π⃗ 2(x).

Calculate the effective lagrangian up to 4 fields in this case.

SOLUTION:

First, let’s observe that

U = exp

(
i
τ · ϕ
F

)
= 1 +

i

F
(τ · ϕ)− 1

2F 2
(τ · ϕ)2 − i

6F 3
(τ · ϕ)3 + . . .

But
(τ · ϕ)2 = τaτ bϕaϕb = ϕ2, (τ · ϕ)3 = (τ · ϕ) ϕ2

and so on. Denoting

ϕ =

√
ϕ2

we obtain
U = cos

ϕ

F
+ i

(τ · ϕ)
F

sin
ϕ

F
.

Comparing with the definition above we find

σ

F
= cos

ϕ

F
=

(
1− 1

2!
ϕ3 +

1

4!
ϕ4 + . . .

)
,

π

F
=

ϕ

F
sin

ϕ

F
. =

ϕ

F

(
ϕ− 1

3!
ϕ3 + . . .

)



Now, let’s compute the lagrangian. We have

∂µ
σ

F
= ∂µ

√
1− π2(x)

F 2
= − 1

2
√

1− π2(x)
F 2

1

F 2
∂µπ

2(x).

We have therefore

Tr
(
∂µU∂µU †

)
=

1

F 2
Tr [(∂µσ(x) + iτ · ∂µπ(x)) (∂µσ(x)− iτ · ∂µπ(x))]

=
1

F 2
Tr [∂µσ(x)∂

µσ(x) + (τ · ∂µπ(x)) (τ · ∂µπ(x))]

=
2

F 2
[∂µσ(x)∂

µσ(x) + ∂µπ(x) · ∂µπ(x)]

=
2

F 2
∂µπ(x) · ∂µπ(x) +

2

F 2 − π2(x)

1

F 2
(∂µπ(x) · π(x)) (∂µπ(x) · π(x))

Up to four fields we have

Leff =
1

2
∂µπ(x) · ∂µπ(x) +

1

2F 2
(∂µπ(x) · π(x)) (∂µπ(x) · π(x)) .

Now, we shall compute the mass term

U + U † − 2 =
2

F
σ − 2 = 2

(√
1− π2(x)

F 2
− 1

)
= −π2(x)

F 2
+ . . .

Therefore

L(m)
eff = −F 2m2

π

4
Tr(U + U † − 2) =

m2
π

4
Tr(π2(x)) =

m2
π

2
π(x) · π(x)


