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Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element
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X = 2 = 5

€ Ug® Ug

Thomas Weber Quantization of infinitesimal braidings



Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug

= x is ad-invariant and A(-)x = xA(").

Thomas Weber Quantization of infinitesimal braidings



Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug
= x is ad-invariant and A(-)x = xA(").

...forg:slgwehavexz%(E@F—l—F@E—I—@).

Thomas Weber Quantization of infinitesimal braidings



Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug
= x is ad-invariant and A(-)x = xA(").

...forg:slgwehavexz%(E@F—l—F@E—I—@).

Can we promote R := eX € (Ug ® Ug)[[/]] to an R-matrix on (Ug[[h]], A, €)?

Thomas Weber Quantization of infinitesimal braidings



Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug
= x is ad-invariant and A(-)x = xA(").

...forg:slgwehavexz%(E@F—l—F@E—I—@).

Can we promote R := eX € (Ug ® Ug)[[/]] to an R-matrix on (Ug[[h]], A, €)?

In general, no!

Thomas Weber Quantization of infinitesimal braidings



Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug
= x is ad-invariant and A(-)x = xA(-).

..for g =slp Wehavex:%(E@F—l—F@E—l—@).
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But (Ug[[#]], A, ¢, ®, e"X) is a quasitriangular quasi-Hopf algebra!
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Motivation: Quantization of the Casimir

g complex semi-simple Lie algebra, C := ZiX,'Xi € Ug Casimir element

A(C)-10C-CR1 x0x +x ®x
X = 2 = 5

€ Ug® Ug
= x is ad-invariant and A(-)x = xA(").

...forg:slgwehavexz%(E@F—l—F@E—I—@).

Can we promote R := eX € (Ug ® Ug)[[/]] to an R-matrix on (Ug[[h]], A, €)?
In general, no!

But (Ug[[#]], A, ¢, ®, e"X) is a quasitriangular quasi-Hopf algebra!

(id ® A)(R) = ®35R13P213R120 !

id® A)A() = P(A®id)A(-) e}
(id® A)A() = ¢(A @id)A() (A ®id)(R) = 231 R13P 55 Ro3®

Thomas Weber Quantization of infinitesimal braidings



® € Ug®3[[R]] is called a re-associator.

Most famous example: the re-associator ® 7 constructed from a solution of the
Knizhnik-Zamolodchikov differential equation

h tii
dw(zy,...,za) = 5 Z Jz (dzi — dzj)w(z1,. .., zn).
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® € Ug®3[[R]] is called a re-associator.

Most famous example: the re-associator ® 7 constructed from a solution of the
Knizhnik-Zamolodchikov differential equation

h tii
dw(zy,...,zn) = — Z Jz (dzi — dzj)w(z1,. .., zn).

2mi z;
1<i<j<n ™! J

Why is this construction interesting?
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Most famous example: the re-associator ® 7 constructed from a solution of the
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Why is this construction interesting?
(Ug[[h]]: A e, bkz, th) ~F Uhg

is gauge twist equivalence with (the h-adic version of) the famous Drinfel'd-Jimbo
quasitriangular Hopf algebra!
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® € Ug®3[[R]] is called a re-associator.

Most famous example: the re-associator ® 7 constructed from a solution of the
Knizhnik-Zamolodchikov differential equation

h tii
dw(zy,...,zn) = — Z ﬁ(dz;—dzj)w(zl,...,zn).
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Why is this construction interesting?
(Ug[[h]]: A: g, q)KZy ehx) ~F Uﬁg

is gauge twist equivalence with (the h-adic version of) the famous Drinfel'd-Jimbo
quasitriangular Hopf algebra!

Question: Can we generalize this construction?

e With no Lie algebra in the background, what is x?

R =R(1® 1+ hx + O(h?))
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e Does a similar quantization ansatz e"X work, using re-associators?
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® € Ug®3[[R]] is called a re-associator.

Most famous example: the re-associator ® 7 constructed from a solution of the
Knizhnik-Zamolodchikov differential equation

h tii
dw(zy,...,zn) = — Z ﬁ(dz;—dzj)w(zl,...,zn).

2 <n BT
Why is this construction interesting?
(Ug[[h]]: A: g, q)KZy ehx) ~F Uﬁg

is gauge twist equivalence with (the h-adic version of) the famous Drinfel'd-Jimbo
quasitriangular Hopf algebra!

Question: Can we generalize this construction?

e With no Lie algebra in the background, what is x?

R =R(1® 1+ hx + O(h?))

e Does a similar quantization ansatz e"X work, using re-associators?

e What do we obtain after gauge twisting?
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Category ‘ Algebra
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Category-Algebra correspondence

H associative algebra over field k and y M category of left H-modules.
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(H,A,¢) is bialgebra
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e: H — k counit

(M, ®,k, o) is braided monoidal (H, A, e, R) is quasitriangular bialgebra
OM,N: M® N — N® M braiding R € H® H universal R-matrix
(HM, ®,k, o, t) pre-Cartier category (H,A,e, R, x) is pre-Cartier bialgebra
tyn: M® N — M ® N infinitesimal braiding X € H® H infinitesimal R-matrix

Thomas Weber Quantization of infinitesimal braidings



Category-Algebra correspondence

H associative algebra over field k and y M category of left H-modules.

Category Algebra

(yM, ®,k) is monoidal (H,A,¢) is bialgebra
A: H— H® H coproduct
e: H — k counit

(M, ®,k, o) is braided monoidal (H, A, e, R) is quasitriangular bialgebra
OM,N: M® N — N® M braiding R € H® H universal R-matrix
(HM, ®,k, o, t) pre-Cartier category (H,A,e, R, x) is pre-Cartier bialgebra
tyn: M® N — M ® N infinitesimal braiding X € H® H infinitesimal R-matrix

Gun = om0 (id + ity v + O(1?))
R=R(L®1+ hy+ O(h?))
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Braided monoidal categories

Category C with a monoidal structure ®, the "tensor product”, and a natural
isomorphism o n: M@ N — N ® M such that

N® O M N

AR

N® O O M®N
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Braided monoidal categories

Category C with a monoidal structure ®, the "tensor product”, and a natural
isomorphism o n: M@ N — N ® M such that

N® O M N

AR

N® O O M®N

M N O M N O
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S

/ /
o N M o N M
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Braided monoidal category is (C,®,/,a, ¢, r,c), with C category, ® : C x C — C
functor, I € C, and natural isomorphisms
a:®o0(®xid) = ®o(id x ®) r:®o(id x I)=1id
£:®o (I xid) = id Q= QP

such that for all objects X, Y,Z, W in C:

i)
(xe(Yez)ew 222N (xev)ez)ew

lﬂ@y,z,w
(X®Y)®(Zo W)

l"’X,V,Z@W

ax,yez,w

X (Y®Z)oWw) mX@(Y@(Z@W))

Xehey — XY L xe(leY)

fx®id\; ;A@é\/
X®Y

iii.) 4 hexagons (as before)
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Quasitriangular bialgebras and universal R-matrices

V.
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Quasitriangular bialgebras and universal R-matrices

Given a bialgebra (H, A, ¢) the category of left H-modules M is monoidal with
h-(m® n):=A(h)(m® n)

forhe H, me M, ne N, where M|N € yM.

V.
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Quasitriangular bialgebras and universal R-matrices
Given a bialgebra (H, A, ¢) the category of left H-modules M is monoidal with

h-(m® n):=A(h)(m® n)
forhe H, me M, ne N, where M|N € yM.

Theorem (Drinfel’d-Majid '90)
(yM, ®) is braided if and only if H is quasitriangular,

.

V.
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Note: o is symmetric, i.e. o2 = id, if and only if R is triangular, i.e. R~1 = R°P,
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Quasitriangular bialgebras and universal R-matrices

Given a bialgebra (H, A, ¢) the category of left H-modules M is monoidal with
h-(m® n):=A(h)(m® n)

forhe H, me M, ne N, where M|N € yM.

Theorem (Drinfel’d-Majid '90)

(4 M, ®) is braided if and only if H is quasitriangular, i.e. 3 R € H® H invertible s.t.
(A ®idy)(R) = R13Ras, (idy ® A)(R) = R13R12

and A°P(-) = RA(-)R™. Then UEYN(m ® n) :=R°P - (n® m).

Note: o is symmetric, i.e. o2 = id, if and only if R is triangular, i.e. R~1 = R°P,

i.) Every cocommutative (i.e. A = A°P) bialgebra is triangular with R =1 ® 1.
For example k[G] for any group G and Ug for any Lie algebra g.
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Given a bialgebra (H, A, ¢) the category of left H-modules M is monoidal with
h-(m® n):=A(h)(m® n)

forhe H, me M, ne N, where M|N € yM.
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Note: o is symmetric, i.e. o2 = id, if and only if R is triangular, i.e. R~1 = R°P,

i.) Every cocommutative (i.e. A = A°P) bialgebra is triangular with R =1 ® 1.
For example k[G] for any group G and Ug for any Lie algebra g.

ii.) Group algebra C[ZZ,,]l _kn—cyclic group Z, = Z/nZ. Quasitriangular structure
R = % J’.’;io e g/ ® gk. For n = 2: "supergeometry braiding” .
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Quasitriangular bialgebras and universal R-matrices

Given a bialgebra (H, A, ¢) the category of left H-modules M is monoidal with
h-(m® n):=A(h)(m® n)

forhe H, me M, ne N, where M|N € yM.

Theorem (Drinfel’d-Majid '90)
(4 M, ®) is braided if and only if H is quasitriangular, i.e. 3 R € H® H invertible s.t.

(A ®idy)(R) = R13Ras, (idy ® A)(R) = RizR12

and A°P(-) = RA(-)R™. Then UEYN(m ® n) :=R°P - (n® m).

Note: o is symmetric, i.e. o2 = id, if and only if R is triangular, i.e. R~1 = R°P,

i.) Every cocommutative (i.e. A = A°P) bialgebra is triangular with R =1 ® 1.
For example k[G] for any group G and Ug for any Lie algebra g.

ii.) Group algebra C[Z,] n-cyclic group Z, = Z/nZ. Quasitriangular structure

n—1 2mijk

R=1 i k=0 e~ n g/ ®gk. For n = 2: "supergeometry braiding” .

n
iii.) The Drinfel'd double D(H) = H* ® H of a finite-dim. Hopf algebra H is
quasitriangular w.rt. R =(1® &) ® (¢! ® 1).
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The first order of an R-matrix

Let H be a bialgebra.

= The formal power series A = H[[}i]] with formal parameter f
become a topological bialgebra with /i-linearly extended (co)algebra structures.

Thomas Weber Quantization of infinitesimal braidings



The first order of an R-matrix

Let H be a bialgebra.

= The formal power series A = H[[}i]] with formal parameter f
become a topological bialgebra with /i-linearly extended (co)algebra structures.

Consider a quasitriangular structure R € (H ® H)[[1]] = H&H on A = H[[A]].
= R = R + O(h) gives quasitriangular bialgebra (H, R) and we can write

R=R(1®1+ hy+ O(h)).
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The first order of an R-matrix

Let H be a bialgebra.

= The formal power series A = H[[}i]] with formal parameter f
become a topological bialgebra with /i-linearly extended (co)algebra structures.

Consider a quasitriangular structure R € (H ® H)[[1]] = H&H on A = H[[A]].
= R = R + O(h) gives quasitriangular bialgebra (H, R) and we can write
R=R(1®1+ hy+ O(h)).

What are the properties of x € H® H?

Definition (Ardizzoni-Bottegoni-Sciandra-TW '25)

We call (H, R, x) a pre-Cartier bialgebra with infinitesimal R-matrix x € H ® H if
(H,R) is a quasitriangular bialgebra such that xA(-) = A(-)x and

(idy ® A)(x) = x12 + Rz x13R12, (A ®@idp)(x) = x23 + Rz x13Ro3.
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The first order of an R-matrix

Let H be a bialgebra.

= The formal power series A = H[[}i]] with formal parameter f
become a topological bialgebra with /i-linearly extended (co)algebra structures.

Consider a quasitriangular structure R € (H ® H)[[1]] = H&H on A = H[[A]].
= R = R + O(h) gives quasitriangular bialgebra (H, R) and we can write
R=R(1®1+ hy+ O(h)).

What are the properties of x € H® H?

Definition (Ardizzoni-Bottegoni-Sciandra-TW '25)

We call (H, R, x) a pre-Cartier bialgebra with infinitesimal R-matrix x € H ® H if
(H,R) is a quasitriangular bialgebra such that xA(-) = A(-)x and

(idy ® A)(x) = x12 + Rz x13R12, (A ®@idp)(x) = x23 + Rz x13Ro3.

If also Rx = x°PR, we call (H, R, x) a Cartier bialgebra.
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The categorical counterpart
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The categorical counterpart

(H,R,x) is a pre-Cartier bialgebra iff y M is a braided monoidal category and there is
a natural transformation tyyn: M@ N — M ® N in yM such that

tmneL = tun @ L+ (U,\]’l,\, ® L)Y(N ® ty,)(om,n Q L)
tmen,t =Mty + (M ® Uﬁ,lL)(tM,L ® N)(M®@on,L).
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The categorical counterpart

(H,R,x) is a pre-Cartier bialgebra iff y M is a braided monoidal category and there is
a natural transformation tyyn: M@ N — M ® N in yM such that

tmneL = tun @ L+ (U,\_A’l,\, ® L)Y(N ® ty,)(om,n Q L)
tmen,t =Mty + (M ® UN,IL)(tM,L ® N)(M®@on,L).

In this case (H, R, x) is a Cartier bialgebra, i.e. Rx = x°°R, iff
oM,N © tmM,N = tN,M O oM, N-

A braided monoidal category (C, o) with a natural transformation t as above is called
(pre-)Cartier category and we call t an infinitesimal braiding.
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The categorical counterpart

(H,R,x) is a pre-Cartier bialgebra iff y M is a braided monoidal category and there is
a natural transformation tyyn: M@ N — M ® N in yM such that

tmneL = tun @ L+ (U,\_A’l,\, ® L)Y(N ® ty,)(om,n Q L)

tmen,t =Mty + (M ® UN,IL)(tM,L ® N)(M®@on,L).
In this case (H, R, x) is a Cartier bialgebra, i.e. Rx = x°°R, iff
oM,N © tmM,N = tN,M O oM, N-

A braided monoidal category (C, o) with a natural transformation t as above is called
(pre-)Cartier category and we call t an infinitesimal braiding.

For o a symmetric braiding (¢2 = id) with o o t = t o & we recover the known notion
of Cartier category. [Cartier '93, Kassel '95, Heckenberger-Vendramin 23]
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Let's see some examples...

v
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's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.
y
y
y
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Let's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.

.

If (g, [, ], r) is a quasitriangular Lie bialgebra, i.e.

.

v
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Let's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.

.

If (g, [, ], r) is a quasitriangular Lie bialgebra, i.e.

e (g,[,]) is Lie algebra and
e r € g® g is ad-invariant (ad)(?)(r) = 0 for all x € g) and satisfies the classical
Yang-Baxter equation

[r2, n3] + [r12, r23] + [r13, r23] = 0

.

v
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Let's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.

.

If (g, [, ], r) is a quasitriangular Lie bialgebra, i.e.

e (g,[,]) is Lie algebra and

e r € g® g is ad-invariant (ad)(?)(r) = 0 for all x € g) and satisfies the classical

Yang-Baxter equation
[r12, r3] + [ri2, r23] + [r13, r23] = O

then x := r + r°P is an infinitesimal R-matrix of (Ug,1® 1).

.

v
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Let's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.

V.

If (g, [, ], r) is a quasitriangular Lie bialgebra, i.e.

e (g,[,]) is Lie algebra and

e r € g® g is ad-invariant (ad)(f)(r) = 0 for all x € g) and satisfies the classical
Yang-Baxter equation

[r2, n3] + [r12, r23] + [r13, r23] = 0

then x := r + r°P is an infinitesimal R-matrix of (Ug,1® 1).

Example (The (co)commutative case: primitive elements)

If H is commutative, then x is an infinitesimal R-matrix iff x € P(H) ® P(H), where
P(H) are the primitive elements of H. (H,R, x) is Cartier if furthermore x°P = x.

v
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Let's see some examples...

The infinitesimal R-matrices x of a quasitriangular bialgebra (H,R) form a vector
space. In particular, x = 0 is a trivial solution which makes (H, R) Cartier.

V.

If (g, [, ], r) is a quasitriangular Lie bialgebra, i.e.

e (g,[,]) is Lie algebra and

e r € g® g is ad-invariant (ad)(f)(r) = 0 for all x € g) and satisfies the classical
Yang-Baxter equation

[r2, n3] + [r12, r23] + [r13, r23] = 0

then x := r + r°P is an infinitesimal R-matrix of (Ug,1® 1).

Example (The (co)commutative case: primitive elements)

If H is commutative, then x is an infinitesimal R-matrix iff x € P(H) ® P(H), where
P(H) are the primitive elements of H. (H,R, x) is Cartier if furthermore x°P = x.

If H is cocommutative and R = 1 ® 1, then x is an infinitesimal R-matrix iff
X € P(H) ® P(H). For any group algebra kG this implies x = 0, since P(kG) = 0.
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A noncommutative and non-cocommutative example

Example (The E(n) Hopf algebras, [Bottegoni-Renda-Sciandra, arXiv:2412.02350])

Generators g, x1, . .., xn with g2 =1, XjXj = —XiXj, Xig§ = —gx;, ~» dim E(n) = 2+l
Alg)=eg®g AX)=x®1+g® x;.
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A noncommutative and non-cocommutative example

Example (The E(n) Hopf algebras, [Bottegoni-Renda-Sciandra, arXiv:2412.02350])

Generators g, x1, . .., xn with g2 =1, XjXj = —XiXj, Xig§ = —gx;, ~» dim E(n) = 2+l
Alg)=eg®g AX)=x®1+g® x;.

All quasitriangular structures on H are of the form

1
R(al_j):5(1®1+g®1+1®g7g®g>eXp(Zi,jaingi(@Xj)

for (aj;) € Mn(C). R(a;) triangular < (a;) € Mn(C) symmetric.

ajj
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A noncommutative and non-cocommutative example

Example (The E(n) Hopf algebras, [Bottegoni-Renda-Sciandra, arXiv:2412.02350])

Generators g, x1, . .., xn with g2 =1, XjXj = —XiXj, Xig§ = —gx;, ~» dim E(n) = 201
Alg)=eg®g AX)=x®1+g® x;.

All quasitriangular structures on H are of the form
1
R =5(101+g@1+10g-g®g ) exp Zija;jgx,-(@)(j

for (aj;) € Mn(C). R(a;) triangular < (a;) € Mn(C) symmetric.

ajj

All infinitesimal /R-matrices are of the form

X(bre) = Zk’z brogxi @ x¢

for (bxe) € My(C). X(by,) Cartier < (bkg) € Mn(C) skew-symmetric.
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A noncommutative and non-cocommutative example

Example (The E(n) Hopf algebras, [Bottegoni-Renda-Sciandra, arXiv:2412.02350])

Generators g, x1, . .., xn with g2 =1, XjXj = —XiXj, Xig§ = —gx;, ~» dim E(n) = 201
Alg)=eg®g AX)=x®1+g® x;.

All quasitriangular structures on H are of the form

1
R(a,-j) = 5(1®1+g®1+1®gfg®g> exP(Z;,ja"ng"@’g)

for (aj;) € Mn(C). R(a;) triangular < (a;) € Mn(C) symmetric.

ajj

All infinitesimal /R-matrices are of the form

X(bre) = Zk’z brogxi @ x¢

for (bxe) € My(C). X(by,) Cartier < (bkg) € Mn(C) skew-symmetric.

E(1) is Sweedler’s 4-dimensional Hopf algebra. All R-matrices of E(1) are triangular,
X = bgx ® x is pre-Cartier and only x = 0 is Cartier.
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The role of Hochschild cohomology
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW '25)

Let (H,R,x) be a pre-Cartier quasitriangular bialgebra. Then
i.) x is a Hochschild 2-cocycle, i.e. x12 + (A ® id)(x) = x23 + (id ® A)(x).
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW '25)

Let (H,R,x) be a pre-Cartier quasitriangular bialgebra. Then
i.) x is a Hochschild 2-cocycle, i.e. x12 + (A ® id)(x) = x23 + (id ® A)(x).
ii.) x satisfies the infinitesimal quantum Yang-Baxter equation

Ri2x12R13R23 + R12R13X13R23 + R12R13R23X23
= Roazx23R13R12 + RozRizx13R12 + RozRi3Ri2X12-
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW '25)

Let (H,R,x) be a pre-Cartier quasitriangular bialgebra. Then
i.) x is a Hochschild 2-cocycle, i.e. x12 + (A ® id)(x) = x23 + (id ® A)(x).
ii.) x satisfies the infinitesimal quantum Yang-Baxter equation

Ri2x12R13R23 + R12R13X13R23 + R12R13R23X23
= Roazx23R13R12 + RozRizx13R12 + RozRi3Ri2X12-

This generalizes a result of [Majid '97] for (Ug,1® 1)
with (g, [, ], r) quasitriangular Lie bialgebras as before.
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW '25)

Let (H,R,x) be a pre-Cartier quasitriangular bialgebra. Then
i.) x is a Hochschild 2-cocycle, i.e. x12 + (A ® id)(x) = x23 + (id ® A)(x).

ii.) x satisfies the infinitesimal quantum Yang-Baxter equation

Ri2x12R13R23 + R12R13X13R23 + R12R13R23X23
= Roazx23R13R12 + RozRizx13R12 + RozRi3Ri2X12-

This generalizes a result of [Majid '97] for (Ug,1® 1)
with (g, [, ], r) quasitriangular Lie bialgebras as before.

If (H,R,x) is a pre-Cartier quasitriangular Hopf algebra, define v := S(x')xi € H,
the Casimir element, where x = x' ® x;. It follows that ~ is central!
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The role of Hochschild cohomology

Theorem (Ardizzoni-Bottegoni-Sciandra-TW '25)

Let (H,R,x) be a pre-Cartier quasitriangular bialgebra. Then
i.) x is a Hochschild 2-cocycle, i.e. x12 + (A ® id)(x) = x23 + (id ® A)(x).

ii.) x satisfies the infinitesimal quantum Yang-Baxter equation

Ri2x12R13R23 + R12R13X13R23 + R12R13R23X23
= Roazx23R13R12 + RozRizx13R12 + RozRi3Ri2X12-

This generalizes a result of [Majid '97] for (Ug,1® 1)
with (g, [, ], r) quasitriangular Lie bialgebras as before.

If (H,R,x) is a pre-Cartier quasitriangular Hopf algebra, define v := S(x')xi € H,
the Casimir element, where x = x' ® x;. It follows that ~ is central!

Proposition (Ardizzoni-Bottegoni-Sciandra-TW '25)

If (H, R, x) is a Cartier triangular Hopf algebra, then x = bl(%) is a Hochschild
2-coboundary, where b*(h) :==1® h — A(h) + h® 1.
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What is next?

R € (H® H)[[1]] induces (H, R, x) via
R=R(1® 1+ hx+ O(K)). (1)

Deformation problem: Given (H, R, ) is there a quasitriangular structure R on
HI[R]] such that (1) holds, i.e. such that R “quantizes’ x7?
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What is next?

R € (H® H)[[1]] induces (H, R, x) via
R=R(1® 1+ hx+ O(K)). (1)

Deformation problem: Given (H, R, ) is there a quasitriangular structure R on
HI[R]] such that (1) holds, i.e. such that R “quantizes’ x7?

Works well for Sweedler’s Hopf algebra (Hs, R) with x = gx ® x

R := Rexp(lix) = R(1+ hx)
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What is next?

R € (H® H)[[1]] induces (H, R, x) via
R=R(1® 1+ hx+ O(K)). (1)

Deformation problem: Given (H, R, ) is there a quasitriangular structure R on
HI[R]] such that (1) holds, i.e. such that R “quantizes’ x7?

Works well for Sweedler’s Hopf algebra (Hs, R) with x = gx ® x
R := Rexp(lix) = R(1+ hx)
and more in general for (E(n), R () y) With X(p,) = D¢ ¢ bkexk ® xe

R := Rexp(lix) = R(1 4 hx + ...+ h"/nlx™).
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What is next?

R € (H® H)[[1]] induces (H, R, x) via
R=R(1® 1+ hx+ O(K)). (1)

Deformation problem: Given (H, R, ) is there a quasitriangular structure R on
HI[R]] such that (1) holds, i.e. such that R “quantizes’ x7?

Works well for Sweedler’s Hopf algebra (Hs, R) with x = gx ® x
R := Rexp(lix) = R(1+ hx)
and more in general for (E(n),’R(a[j)) with X(p,,) = Ek,e bregxk ® xp
R := Rexp(fix) = R(1+ hx + ...+ i"/nlx™).
Are there more general quantization/deformation results?

~ [Esposito, C., Rivezzi, A., Schnitzer, J., TW: Quantization of infinitesimal braidings
and pre-Cartier quasi-bialgebras, arXiv:2505.17729]
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What is next?

R € (H® H)[[1]] induces (H, R, x) via
R=R(1® 1+ hx+ O(K)). (1)

Deformation problem: Given (H, R, ) is there a quasitriangular structure R on
HI[R]] such that (1) holds, i.e. such that R “quantizes’ x7?

Works well for Sweedler’s Hopf algebra (Hs, R) with x = gx ® x
R := Rexp(lix) = R(1+ hx)
and more in general for (E(n),’R(a[j)) with X(p,,) = Ek,e bregxk ® xp
R := Rexp(fix) = R(1+ hx + ...+ i"/nlx™).
Are there more general quantization/deformation results?

~ [Esposito, C., Rivezzi, A., Schnitzer, J., TW: Quantization of infinitesimal braidings
and pre-Cartier quasi-bialgebras, arXiv:2505.17729]

For this we have to understand quasi-bialgebras!
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Quasi-bialgebras

Definition

Let H be an associative unital algebra with two algebra morphisms A: H - HQ H
and e: H — k.
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Quasi-bialgebras

Definition

Let H be an associative unital algebra with two algebra morphisms A: H - HQ H
and e: H — k.

i.) We call H a quasi-bialgebra if 3 invertible elements ® € H®3 and ¢, r € H s.t.
(i[d® A)o A(-) = d(A®id) o A(-)d L
(e®id) o A(:) = £71(-)¢
(id®e)o A() = ri()r
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Quasi-bialgebras

Definition

Let H be an associative unital algebra with two algebra morphisms A: H - HQ H
and e: H — k.

i.) We call H a quasi-bialgebra if 3 invertible elements ® € H®3 and ¢, r € H s.t.
(i[d® A)o A(-) = d(A®id) o A(-)d L
(e®id) o A(:) = £71(-)¢
(id®e)o A() = ri()r

as well as

(i[d®id ® A)(P)(A ®id ® id)(P) = Pa(id ® A @ id)(P)P123
(dRe®id)(®)=r@ ¢!
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Quasi-bialgebras

Definition

Let H be an associative unital algebra with two algebra morphisms A: H - HQ H
and e: H — k.

i.) We call H a quasi-bialgebra if 3 invertible elements ® € H®3 and ¢, r € H s.t.

(d®A)o A(-) = d(A®id) o A() b~
(e®id) o A(-) = £71()e
([d®@e) o A() =r~ ()r

as well as

(i[d®id ® A)(P)(A ®id ® id)(P) = Pa(id ® A @ id)(P)P123
(dRe®id)(®)=r@ ¢!

ii.) A quasi-bialgebra H is called quasitriangular if 3 R € H® H invertible s.t.

A°P() = RA()R™!
(id ® A)(R) = 35 R13P213R120 !
(A ® ld)('R,) = ¢231R13¢;3]é7?,23¢
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.

V.
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.
XA() = A()x
(i[d ® A)(x) = Px120 ! + OR D5 5 x13P213R120 7!
(A®id)(x) = ¢ x23® + ¢ IR P13 x13P 55 Ro3®
)
b
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.
XA() = A()x
(id ® A)(x) = Px12® ! + PR D5 5 x13P213R12d
(A ®id)(x) = ¢ Lxasd + ¢71R2731¢132X13¢f3§7323¢
If, in addition, Rx = x°PR we call H Cartier. )
)
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.

xXA() = A()x
(id ® A)(x) = Px12® ! + OR 1 x13P213R12P !
(A ®id)(x) = ¢ Lxasd + ¢71R2731¢132X13¢f3§7€23¢

If, in addition, Rx = x°PR we call H Cartier.

Let H be an associative unital algebra.

i.) The representation category yM is monoidal (with strong monoidal functor
M — g Vec) iff (H, A, e, ®, 4, r) is quasi-bialgebra:

amn,o((mM@n)©o)=&-(m®(n® o)),
Ly(l®@m)=4~-m, m(m®1)=r-m
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.

xXA() = A()x
(id ® A)(x) = Px12® ! + OR 1 x13P213R12P !
(A ®id)(x) = ¢ Lxasd + ¢71R2731¢132X13¢f3§7€23¢

If, in addition, Rx = x°PR we call H Cartier.

Let H be an associative unital algebra.

i.) The representation category yM is monoidal (with strong monoidal functor
M — g Vec) iff (H, A, e, ®, 4, r) is quasi-bialgebra:

amn,o((mM@n)©o)=&-(m®(n® o)),
Ly(l®@m)=4~-m, m(m®1)=r-m

ii.) + braided iff (H,A,e,®,¢,r,R) quasitriangular: oy n(m® n) = ROP - (n® m)
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.

xXA() = A()x
(id ® A)(x) = Px12® ! + OR 1 x13P213R12P !
(A ®id)(x) = ¢ Lxasd + ¢71R2731¢132X13¢f3§7€23¢

If, in addition, Rx = x°PR we call H Cartier.

Let H be an associative unital algebra.

i.) The representation category yM is monoidal (with strong monoidal functor
M — g Vec) iff (H, A, e, ®, 4, r) is quasi-bialgebra:

amn,o((mM@n)©o)=&-(m®(n® o)),
Ly(l®@m)=4~-m, m(m®1)=r-m

ii.) + braided iff (H,A,e,®,¢,r,R) quasitriangular: oy n(m® n) = ROP - (n® m)
ii.) + pre-Cartier iff (H,A,e,®,¢,r,R, x) pre-Cartier: ty n(m® n) = x - (m @ n)
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Definition (Esposito-Rivezzi-Schnitzer-TW '25)

A quasitriangular quasi-bialgebra (H, A, e, ®, 4, r, R) is called pre-Cartier if
J x € H® H, the infinitesimal R-matrix, s.t.

xXA() = A()x
(id ® A)(x) = Px12® ! + OR 1 x13P213R12P !
(A ®id)(x) = ¢ Lxasd + ¢71R2731¢132X13¢f3§7€23¢

If, in addition, Rx = x°PR we call H Cartier.

Let H be an associative unital algebra.

i.) The representation category yM is monoidal (with strong monoidal functor
M — g Vec) iff (H, A, e, ®, 4, r) is quasi-bialgebra:

amn,o((mM@n)©o)=&-(m®(n® o)),
Ly(l®@m)=4~-m, m(m®1)=r-m

ii.) + braided iff (H,A,e,®,¢,r,R) quasitriangular: oy n(m® n) = ROP - (n® m)
ii.) + pre-Cartier iff (H,A,e,®,¢,r,R, x) pre-Cartier: ty n(m® n) = x - (m @ n)
iv.) + Cartier, i.e. opm,n© tm,n = tny,m 0 om, N, iff x is Cartier, i.e. Rx = xX°°R
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Example (of pre-Cartier bialgebras)

i.) Pre-Cartier bialgebras. ~ =111, £=r=1.
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Example (of pre-Cartier bialgebras)

i.) Pre-Cartier bialgebras. ~ =111, £=r=1.

ii.) E(n)r generated by 1,g,x1,...,x, modulo g2 =1, XjXj = —XiXj, Xig = —gXj.
Ar(g)=g®g Ar(x)=x®1—g®x;,

¢.7::1®1®g7 f]::g7 rrF=1,

1
Rr f(g®g+g®1+1®g—1®1)exp<—zijaygx;®Xj),

2
XF = Zi’j biigx; ® x;, ajj, bj €k
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Example (of pre-Cartier bialgebras)

i.) Pre-Cartier bialgebras. ~ =111, £=r=1.

ii.) E(n)r generated by 1,g,x1,...,x, modulo g2 =1, XjXj = —XiXj, Xig = —gXj.
Ar(g)=g®g Ar(x)=x®1—g®x;,

¢.7::1®1®g7 Z]'_:g7 rrF=1,

1
R f(g®g+g®1+1®g—1®1)exp<—2ijaugx;®x,-),

2
XF = Zi’j biigx; ® x;, ajj, bj €k

Proposition

(H,A,e,9,0,r,R,x) pre-Cartier quasi-bialgebra and F gauge transformation, i.e.
F € H® H is invertible.

\,
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Example (of pre-Cartier bialgebras)

i.) Pre-Cartier bialgebras. ~ =111, £=r=1.

ii.) E(n)r generated by 1,g,x1,...,x, modulo g2 =1, XjXj = —XiXj, Xig = —gXj.
Ar(g)=g®g Ar(x)=x®1—g®x;,

¢.7::1®1®g7 Z]'_:g7 rrF=1,

Rr=3

XF = Zi’j biigx; ® x;, ajj, bj €k

1
7(g®g+g®1+1®g_1®1)6XP<_Zijaingi®Xj):

Proposition

(H,A,e,9,0,r,R,x) pre-Cartier quasi-bialgebra and F gauge transformation, i.e.
F € H® H is invertible. Then Hx := (H,Ax,e, 97, lxr,rr, RF,xF) is pre-Cartier
quasi-bialgebra, where Ax(-) = FA(-)F L,

O F = Faa(id ® A)(F)S(A ® id)(F 1) Fp,},
Ly =f(e ®id)(F 1), rr = r(id ®e)(F1),
Rr=FPFF Y, xr=FxF '

\,

Thomas Weber Quantization of infinitesimal braidings



Example (of pre-Cartier bialgebras)

i.) Pre-Cartier bialgebras. ~ =111, £=r=1.

ii.) E(n)r generated by 1,g,x1,...,x, modulo g2 =1, XjXj = —XiXj, Xig = —gXj.
Ar(g)=g®g Ar(x)=x®1—g®x;,

¢.7::1®1®g7 Z]'_:g7 rrF=1,

1
7(g®g+g®1+1®g_1®1)6XP<_Zijaingi®Xj):

Rr=3

XF = Zi’j biigx; ® x;, ajj, bj €k

Proposition

(H,A,e,9,0,r,R,x) pre-Cartier quasi-bialgebra and F gauge transformation, i.e.
F € H® H is invertible. Then Hx := (H,Ax,e, 97, lxr,rr, RF,xF) is pre-Cartier
quasi-bialgebra, where Ax(-) = FA(-)F L,

O F = Faa(id ® A)(F)S(A ® id)(F 1) Fp,},
Ly =f(e ®id)(F 1), rr = r(id ®e)(F1),
Rr=FPFF Y, xr=FxF '

\,

~+ Example ji.) is obtained from E(n) via gauge transformation F =1 ® g.
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Let H be an associative unital algebra. Elements {AU}1§;<J-§4 of H satisfy the
infinitesimal braid relations if

(AT, A%+ AF =0 for #{i,j, k} =3
[AT AV =0 for #{ij kt} =4
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Let H be an associative unital algebra. Elements {AU}1§;<J-§4 of H satisfy the
infinitesimal braid relations if

(AT, A%+ AF =0 for #{i,j, k} =3
[AT AV =0 for #{ij kt} =4

Definition

Let k be a field s.t. Q C k. A Drinfel’d associator is a formal power series in two
noncommuting variables W(A, B) € k((A, B))
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Let H be an associative unital algebra. Elements {AU}1§;<J-§4 of H satisfy the
infinitesimal braid relations if

(AT, A%+ AF =0 for #{i,j, k} =3
[AT AV =0 for #{ij kt} =4

Definition

Let k be a field s.t. Q C k. A Drinfel’d associator is a formal power series in two
noncommuting variables W(A, B) € k((A, B))s.t.

i.) for all algebras H with {AU}1§;<J-§4 as above
W(RALZ R(AZ + A2 W(R(ATS 4+ A3), hA%Y) = W(RAZS, RASY)W(R(A12 4+ A13), (A% + A3))W(RA2, RA%3)

ii.) for all algebra H with A, B, C € H st. [A, Al = [A, B] = [A, C] = 0, where A = A + B + C, it follows
exp(h/2N) = exp(h/2A)V(hC, hA) exp(h/2C)V(hB, hC) exp(h/2B)

iii.) w(A,B)~! =w(B,A)

iv.) W(A, B) is group-like, where one defines A(A) = A® 1+ 1® A.
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Let H be an associative unital algebra. Elements {AU}1§;<J-§4 of H satisfy the
infinitesimal braid relations if

(AT, A%+ AF =0 for #{i,j, k} =3
[AT AV =0 for #{ij kt} =4

Definition

Let k be a field s.t. Q C k. A Drinfel’d associator is a formal power series in two
noncommuting variables W(A, B) € k((A, B))s.t.

i.) for all algebras H with {AU}1§;<J-§4 as above
W(RALZ R(AZ + A2 W(R(ATS 4+ A3), hA%Y) = W(RAZS, RASY)W(R(A12 4+ A13), (A% + A3))W(RA2, RA%3)

ii.) for all algebra H with A, B, C € H st. [A, Al = [A, B] = [A, C] = 0, where A = A + B + C, it follows
exp(h/2N) = exp(h/2A)V(hC, hA) exp(h/2C)V(hB, hC) exp(h/2B)

iii.) w(A,B)~! =w(B,A)

iV.) W(A, B) is group-like, where one defines A(A) = A® 1+ 1® A.

Theorem (Drinfel’d '90)

There exists a Drinfel'd associator. ...think of ®y,.
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(C,®, 0, t) pre-Cartier category, X, Y, Z objects in C. ~~ there are (at least) two
possible ways to define t2y, ,: X® Y ® Z = X ® Y ® Z, namely

—_/
[)
E
a
\_1:[_/
L
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(C,®, 0, t) pre-Cartier category, X,Y,Z objects in C. ~> there are (at least) two
possible ways to define tX v,z XY R®Z—>XR®Y ®Z, namely

\ \

[t and t

LT

B3I —1 . )
tyy,z = (idx ® oy 7)o (tx,z ® idy) o (idx ® oy, z)
BT 1 . .
ty,z = (0xy ®idz) o (idy ® tx,z) © (ox,y ® idz)
13,111 . . 1
ty,z = Oy x ®idz) o (idy ® tx,z) o (oy x ® idx)
13,1V . ) ) 1
txy,z = (idx ® oz,y) o (tx,z ® idy) o (idx ® o )

13,1 13,11 _ 13,111 13,1V 13
Then ty™y 7 =ty 7 = txy,z = txy,z = tX.v,z"
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14,1 -1 . . —1 . . . .
fX“,’y,ZYW = (ox,y ®idzegw)(idygx ® 07 y)(idy @ tx,w ® idz)(idygx ® oz,w)(ox,y ® idzgw)
14,11 . -1 -1 . . . . .
fX“,’y,ZYW = (ldxgy ® o7 w)lox y ® ldwgz)(idy @ tx,w ® idz)(ox,y ® idwgz)(idxgy ® oz,w)
14,111 — . . —1 . . . . .
fX“,’y,Z,W = (nyly ®idzgw)(idy ® oy 7 ® idw)(idygz ® tx,w)(idy ® ox,z ® idw)(ox,y ® idzgw,
14,1 . -1 . —1 . . . . .

xll,’YYz,W = (idxgy ® 07 y)(idx ® oy ® idz)(tx,w ® idygz)(idx ® oy,w ® idz)(idxgy ® oz,w

14,1 14,11 1411 141V 14
Then ty'y 7 w = txy.zw = tx,y,zw = tXy.zw = tX.v,zw-

.
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Let (C,®,1,a,0,t) be a pre-Cartier category. For any objects X,Y,Z, W inC,
consider the following endomorphims of X ® Y ® Z

12 .
tXy,z == tx,y ®idz
23 .

txy,z =idx ® ty,z

ty.z = (idx ® 0y ) o (tx,z @ idy) o (idx ® oy, 7)
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Let (C,®,1,a,0,t) be a pre-Cartier category. For any objects X,Y,Z, W inC,
consider the following endomorphims of X ® Y ® Z

12 .
tXy,z == tx,y ®idz
23 .

txy,z =idx ® ty,z

t>1<3,Y,z = (idx ® U;ylz) o (tx,z ®idy) o (idx ® oy, z)
and the following endomorphisms of X Y  Z ® W

t)1<2,y,z,vv = t)1<2,y,z ®idy = txy @ idzgw

t)2<3,Y,Z,W = t)2<3,y,z ®idy =idx ®@ ty 7z ® idy

B s = By @l = ((idx ® oy ) o (tx,z ®idy) o (idx ® ayﬂz)) ® idy
f)1<4,v,z,w = (idx ® f’;éz,w) o (tx,w ® idygz) o (idx ® oygz,w)

f)%‘,v,z,w =idx ® 1”?z,w =idx ® ((idy ® UZIW) o (ty,w ®idz) o (idy ® Uz,w))

34 . 23 )
txy,z,w =1dx @ty 7y = ildxgy ® tz,w
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Let (C,®,1,a,0,t) be a pre-Cartier category. For any objects X,Y,Z, W inC,
consider the following endomorphims of X ® Y ® Z

12 .
ty,z: tx,y ®idz
23 g

tx,y,z = idx ® ty,z

t>1<3,Y,z = (idx ® U;ylz) o (tx,z ®idy) o (idx ® oy, z)
and the following endomorphisms of X Y  Z ® W

t)1<2,y,z,vv = t)1<2,y,z ®idy = txy @ idzgw

t)2<3,Y,Z,W = t)2<3,y,z ®idy =idx ®@ ty 7z ® idy

B s = By @l = ((idx ® oy ) o (tx,z ®idy) o (idx ® ayﬂz)) ® idy
f)1<4,v,z,w = (idx ® f’;éz,w) o (tx,w ® idygz) o (idx ® oygz,w)

f)%‘,v,z,w =idx ® 1”?z,w =idx ® ((idy ® UZIW) o (ty,w ®idz) o (idy ® Uz,w))

34 . 23 )
txy,z,w =1dx @ty 7y = ildxgy ® tz,w

Then the morphisms tgj(',y,z and t;{,y,z,w satisfy the infinitesimal braid relations.
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Theorem (Esposito-Rivezzi-Schnitzer-TW '25)
(C,®,k,a,l,r,o,t) k-linear Cartier category, W Drinfeld associator.

Then Cy ; = (Cy¢, &,k,av, 0 F, V) is a braided monoidal category, where

v = . =1 q
ax,y,z = ax,v,z o V(htx,y ®idz, hayly ;o (idx ® ty,z) 0 ax,v,z)

, (2
oYy =bx,y 0 ety

are the deformed associativity constraint and braiding, respectively.
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Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

(C,®,k,a,l,r,o,t) k-linear Cartier category, W Drinfeld associator.

Then Cy ; = (Cy¢, &,k,av, 0 F, V) is a braided monoidal category, where

a}”y,z = 5X,Y,Z o \V(htx’y ®idz, ha;(’ly’z o (idX ® tY,Z) o ax’yyz) (2)

[ — Sixy
UX7Y70'X7y092 ’

are the deformed associativity constraint and braiding, respectively.

€

Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

Let (C,0,t) be a k-linear pre-Cartier category satisfying
12 23
[ty 2z ty,z] =0 (3)

for any objects X, Y,Z. Then (C,k, ®, 3, Z, 7, &) is a braided monoidal category, where
a‘x’y = &ny o e%txyy.

Thomas Weber Quantization of infinitesimal braidings



(H,A,e,9,¢,r, R, x) pre-Cartier quasi-bialgebra.

O IR D13ox130 35 Ros® = R, 05 5 x13P213R12 =: X13

Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

0% = x1 TR = ox1p0 7!
0% == ¢~ Ixn3® T2 = x23
ol :=xs TH = oxpo!

Then {©12,023 ©13} and {12,723, T13} satisfy the infinitesimal braid relations.

Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

The quantum Yang-Baxter equation
R12¢231R13¢B§R23¢ = q>3217323'3’371127213‘17’2137212
and the infinitesimal quantum Yang-Baxter equation hold

—il =il —il
R12X12%231 R13P13, R23® + R12P231 R13X13P 13, R23P + R12P231 R13P 3, R23x23P

=il —il —il
= P31 R23x23 P31, R13P213R12 + P321 R23 P31, R13x13P213R12 + P321 R23P315R13P213R12X12
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Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

Let (H,®,R,x) be a Cartier quasi-bialgebra and let V be a Drinfgld associator. Then
there is a topological quasitriangular quasi-bialgebra structure on H = H[[h]] such that
R =R(1® 1+ hx + O(h?)).
y
y
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Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

Let (H,®,R,x) be a Cartier quasi-bialgebra and let V be a Drinfgld associator. Then
there is a topological quasitriangular quasi-bialgebra structure on H = H[[h]] such that
R=R(A®1+ hx+O(h?)).

Explicitly, its re-associator and universal R-matrix are
& = W(hixia, 10~ xo3®)  and R =Re3X. )
y
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Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

Let (H,®,R,x) be a Cartier quasi-bialgebra and let V be a Drinfgld associator. Then
there is a topological quasitriangular quasi-bialgebra structure on H = H[[h]] such that

R =R(1® 1+ hx + O(h?)).

Explicitly, its re-associator and universal R-matrix are

& = W(hixia, 10~ xo3®)  and R =Re3X.

Theorem (Esposito-Rivezzi-Schnitzer-TW '25)

For a pre-Cartier bialgebra (H, R, x) satisfying one of the equivalent conditions

[x12, Ri5 x13R12] = 0
[x23, Rz x13R23] = 0
[x12,x23] =0

there is a quasitriangular structure

R := Rexp(fix)

on the trivial topological bialgebra H := H[[R]].
V.
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gauge twist

(E(n),R,x) —— (E(n)r, RF,xF)

deforml ldeform

(E(n), R) —28225 , (E(n) 5, Rr)
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gauge twist

(E(n),R,x) —— (E(n)r, RF,xF)

deforml ldeform

gauge twist

(E(n), R) —28225 , (E(n) 5, Rr)

~» we obtain a deformation of the pre-Cartier bialgebras (E(n), R, x), namely,

R = T6HH(1®1)=-(101+1Q0g+g®1-g® g)eau'gxi®xj+%bk/zg><k®><z

N | =

is a quasitriangular structure for the topological bialgebra E(n) = E(n)[[#]] and

. 1 _ 5 o @x;— B ST
Ry =7(57n(101) = =3 (181-10g—g01-gwg)e 201 OG5 2k bregk @

is an R-matrix for the topological quasi-bialgebra E(n) = = (E(n)[[A]], A7, ¢) with
re-associator 1 1 ® g.
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gauge twist

(E(n),R,x) —— (E(n)r, RF,xF)

deforml ldeform

gauge twist

(E(n), R) —28225 , (E(n) 5, Rr)

~» we obtain a deformation of the pre-Cartier bialgebras (E(n), R, x), namely,

(101+10g+g01— g g)e etz buewdx

N | =

R=71(6nn(1l®1) =

is a quasitriangular structure for the topological bialgebra E(n) = E(n)[[#]] and

~ 1 5 o @)X — BTN

Ry = (6%,4(101) = =3 (191-19g—g®1-gBg)e 201 25898~ 5 2ok o1 bhee®xe
is an R-matrix for the topological quasi-bialgebra E(n) = = (E(n)[[A]], A7, ¢) with
re-associator 1 1 ® g.

The previous two R-matrices are by construction related via the gauge transformation
F=1®g.
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Definition

Let (C,®,k, a, £, r,o) be a k-linear braided monoidal category. A deformation of C is
a k[[A]]-linear braided monoidal category (C, ®,k, 3,7, 7,5) such that Ob(C) = Ob(C),
Hom (X, Y) = Home(X, Y)[[2]], the tensor product & coincides with ® on objects
and it is the hi-adic completion of ® on morphisms, and

4 mod h=a
{ mod h=¢
f mod h=r
6 mod h=o.

In particular, the new concatenation rule of morphisms is given by

(gmh“) <Z¢khk) — f: (zk:d)i Od’k—i)hk

k=0 =0

The trivial deformation of a k-linear monoidal category C is the one obtained by
h-linearly extending the isomorphisms a, ¢, r,c. We shall denote it by C.
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