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Background

A correspondence (a duality) between

spaces and algebras of functions on these spaces
The idea of noncommutative geometry:

forget the commutativity of the algebras of functions and replace them by
appropriate classes of honcommutative associative algebras. These are con-
sidered as algebras of functions on some (virtual) noncommutative spaces

For instance, the natural algebras of functions on finite-dimensional vector
spaces are the algebras of polynomial functions generated by the coordinates;
in these polynomial algebras the coordinates commute.

Given a class of noncommutative associative algebras generalizing the poly-
nomial algebras, one may consider regular algebras generated by coordinates
in which they satisfy relations other than the commutation between them and
defining thereby, by duality, noncommutative vector spaces.



In the following,

a noncommutative RY correspond,

by duality,

to a regular complex x-algebra generated by

hermitian elements z*, k€ {1,...,N}.



Abstract

noncommutative generalizations of R x RV

noncommutative generalizations of  §VitNa—1

noncommutative generalizations of  S§Vi—1 x §Ne—1

a quaternionic noncommutative torus  S3 x,S3, u€S?=SU(2)/U(1)
spherical manifolds : volume forms from top Chern—Connes characters
generalized Clifford algebras C/(AR)

noncommutative principal bundles



everything algebraic



The #-deformation symmetry : T? = U(1) x U(1)

Cs = Noncommutative space dual to the
x-algebra Ay generated by normal elements z1, z> with relations

Z120 = ewzzzl, 2125 = e_wz;zl (1)
= center generated by 212 = ||21]|2 and 2225 = ||22]|?
2-torus and 3-sphere
C xoC/(||21]|> = 1,]|22]|* — 1) = T 217 =1, |=|*=1
C xgC/(lz1ll* + llz2)> = 1) =S [z1]1* + [|22]]* = 1

nice examples of singular spaces

associated with noncommutative tori
and an action of the commutative torus T2



Hermitian generators: real version C; = (R?)7 = R? xy R?
1, .2 1, i 2 Y Y
z1 = xy + ix7, 2o = x5 + ix5, (x)" = a1,

and relation (1) 4+ normality of z, < (2)

A — N A — RN
xixy = ziry THTH = THTH
A 2)
A Hv,.P
xiTy = Ry,xhT]

with



The quadratic x-algebra Ag

The x-algebra Ag is generated by two sets of hermitian elements
r} with A € {1,..., N1} and z§ with a € {1,..., N2} with relations

wi‘:c‘f — xﬁbxi‘ . $2£C§ — CCQCCQ
(3)
rirs = RAo‘:czazl
for suitable RAO‘ € C. In view of the hermiticity of the z{,z$ we impose
Ry Ry = 85 (4)

Thus Ag is a graded quadratic algebra Ay = @nA%

which is connected: A% = C1 ;

the elements z7,z5 form a basis of A} ;

by the requirement (4):
the elements zyx} with A < p, a:ng with a < 8 and z3z$ form a basis of A%.



The Koszul dual Al

A (homogeneous) quadratic algebra is an algebra A of the form
A=T(E)/(R)

E is a finite-dim vector space and (R) is the ideal generated by R C E® E.

The algebra A = A(E,R) is a connected ( i.e. Ag = C1 ) graded algebra
A =@,y An generated by the degree 1 part, A; = E.

The Koszul dual A' of A is the quadratic algebra
A'=T(E*)/(R")

where R+ C E* ® E* is the orthogonal of R: Rt ={w € E*® E*; (w,r) = 0}.

Our A, is generated by the dual bases 6},602 of the z7,z5 with relations

0102 = —0201 ;0203 = —0302

(5)

2p1 — Aapnln2
0201 = —R):0162



More on Koszul algebras
With Koszul dual A', A' = A(E*, R1),
The sequence of free left A-modules

K(A) B AQAY B ARA 5 5 AQAF S AQE S A0

n

where b: A® A, - A® A defined by
bla® (o ®z1® - ®zn)) =az0® (21 Q@ - @ xn)

is such that b° = 0, is a chain complex K(A) of free left A-modules called
the Koszul complex of the quadratic algebra A.

The quadratic algebra A is said to be a Koszul algebra whenever its Koszul
complex is acyclic in positive degrees, that is,

H,(K(A)) =0 for n>1.



If A= A(E, R) quadratic Koszul is such that A}, 7%= 0 and A, =0 for n > D,

then the trivial (left) module C has projective dimension D which implies that
A has global dimension D.

A cochain complex L(A) of right A-modules

0-AS . S AASLA oA (6)
with b left multiplication by >, 0*® e, in A'® A and (ex,67) are dual bases.

The algebra A is said to be Koszul-Gorenstein if it is Koszul of finite global
dimension D as above and if H"(L(A)) = Cd}.

This implies that A,{L ~ Alg_n as vector spaces (a version of Poincaré duality).

Finally, a graded algebra A = ¢,A,, is said to have polynomial growth when-
ever there are a positive C and N € N such that, for any n € N,

dim(A,) < cnN71.



An R-matrix

Define ¢ for a € {1,..., N1+ No} by )=z}, 2™V =29
Then the relations for Ag in (3) together with z$z? = Egzx’f:cg reads
02’ = R%xx?

In view of (3) and (4) one gets:

AL S Yo __ Y 6
RT;L = 5p oH, Raﬁ = 56 0g,
Ao . pA A _ pA
Ry = Rour  Rup = Ry,
My DM A
RLE = Ra’é = Ryg =0,
RO&’V — RO(’Y — RO&’Y = O7

AB T T A Bu

A _ pla _ pla

Rug_Rﬁg_Rug_O’
A A A __

Ri) =R = Rg = 0.

(7)



Involutive and the Yang-Baxter condition

The matrix R is involutive, i.e. R2=1® 1 or

REy R = 016}

We next impose the Yang-Baxter condition for R

(R® ]l)(]l X R)(R@ ]l)abc = (]l ®R)(R® ]l)(]l ® R)abc

This breaks in a series of conditions






Noncommutative product of R and RM:

The classical (commutative) solution R = Ry is
(Ro)}i = )35

and the corresponding algebra Apg, is the algebra of polynomial functions on
the product RN x RN

This is the reason we define the noncommutative product of RV and R

RN x 5 RN

to be the “dual” of the algebra Agr for general R.



Regularity properties of Agr and A%,

Since the relations of Ar can be written an R which is involutive and satisfies
the Yang-Baxter equation,

it follows from general results (Gurevich, Wambst) that Apg is very regular.

In particular Agr is a Koszul algebra of global dimension N1 + N> having the
Gorenstein property (an appropriate version of the Poincaré duality property)

In our case, this implies that, in terms of the z* and the dual basis 6,:
the z®...z% for a1 < --- < a, and p € N is a basis of Ag

while the 6,,...6, for a1 < ---<ap and p € {1,..., N1 + N>} is a basis of Aj,.

AS a consequence the Poincaré series are classical :

Pa(t) =Y dim(Ap)n = (— o d Pg@)=@Q+t)" " (8
40 = D dim( A —(E) and Py () =(1+0N ()



Regularity properties cont.d

The algebra Apgr is even a Calabi—Yau algebra:
any generator of the top one-dimensional space ((A%R)n,+n,)*

is a cyclic potential for the algebra Agr (Ginzburg)

( a cyclic pre-regular multilinear form )



Noncommutative product of Euclidean spaces

Theorem. The following conditions (i) (ii) and (iii) are equivalent :

(i) SNV (pay2 = S~ (22)2 4+ SN (29)2 is central in  Ag,
(i) Sy, (@)?2 and N2 (29)2 are in the center of Ag, (9)
(iil) So3L; Ry Rap = 636 and oty RARE, = 6265,

We take R to satisfy also (9) and define the the noncommutative product of
the Euclidean space R with the Euclidean space R™: to be dual of Ag.

Clearly, the relations (11) are satisfied by the classical R = Rg;

Ar generalizes the algebra of polynomial functions on the product RM x R/



Restrictions on the structure of R

By using (4) and (9) one obtains realations

«a —=us _
R), = RiY =Ry = (R°HY (10)

as well as

Ao ppd . P ppo Ao pY a pPAY
RYSRY = RYRY  and  R)SRY = RMSRY) (11)

Corollary.
Relations (3) define (the algebra of) a noncommutative product of a Ni-
dimensional with a Np-dimensional Euclidean spaces if and only if the Rgg

satisfy relations (10) and (11).



Noncommutative product of spheres

The elements
Y @D)? = ||z1]? and 3202 (29)2 = ||22||? of Ag being central

one may consider the quotient algebra

Ar/({llza]? = L l|lz2|? = 1))« SN xpsht
This defines by duality:

the noncommutative product of the classical spheres S™—1 and S$¥-—1,

Indeed, for R = Ry, the above quotient is the restriction to SM—1 x §N—1 of
the polynomial functions on RM+Nz,



Noncommutative spheres

With ||z||2 denoting the central element 200t N2 (20)2 = || 21|12+ ||22]|2, one may
also consider the quotient of Ag
Ar/(lz)* — 1) < (SR

This defines (dualy) the noncommutative (N1 + N> — 1)-sphere (SM+¥~1)5 (3
subspace of the noncommutative product of RM with RM)

This is a noncommutative spherical manifold in the sense of Connes—Landi
and Connes—Dubois-Violette (see later).



The (generalized) Clifford algebra CY4(AR)

The x-algebra CV(Agr) is generated by two sets of hermitian elements I‘i with

Ae{1l,...,N1} and ' 2 with a € {1,..., N2} with relations

([ CIML 4Tk = 26,,1

M2r2 4+ 322 = 26,51

7\

21 Aarlr2 —
Mar,+ R ra=0

\

Proposition In the algebra C¢(Ar) ® Ar one has :

(M ®z1)* =1® ||lz1]%, (M2 ®2%)” =1 |22
and

Mez)(MPexs)+ (M) (Miee) =0

(12)



Structure of CY(ARg)

Last proposition is equivalent to

(M(z)* =1 ||z|° (13)

with M(z) =T, @z =Tz} +Mezy and |z|2 = 00 (29)2.

a

The algebra C4(Agr) is nonhomogeneous quadratic with A’R as homogeneous
part. It is not N-graded but only Z>-graded and filtered with

F = F"(Cl(Agr)) = {elements of degree in I < n}

One has a surjective canonical homomorphism of graded algebra
can: Ap — gr(CL(AR)) = GnenF"/F* 1 (14)

which induce the isomorphism of vector spaces

(AR)t = F*/F°



Structure of C4(Agr) - cont.d

The fact that ||z]|2 = > (2%)? is central in Ag and the Koszulity of A% imply
the following PBW property (via the duality of Positselski).

Proposition The homomorphism (14) is an isomorphism of graded algebras.

Thus CY¢(Ag) is a Koszul nonhomogeneous quadratic algebra since A’R is
Koszul, (cf. Dubois-Violette). This implies

dim Cl(Ag) = dim A = 2N +H-

One has the following isomorphisms :

C¢(N1) ~ subalgebra of C¢(A) generated by the I'}

CY(N») ~ subalgebra of C¢(A) generated by the 2

and
CU(AR) ~ CL(N1 + N2) (15)



The general solution for the megtrix R

Let us introduce a two-index (3) with A € {1,..., N1} and a € {1,..., No}.
Then the conditions (10) can be read as symmetry conditions:

ROy = ROy = BE) (o = (R (4 ).

B

While, the quadratic conditions in (11) can be written as

RO, . r® O, pL) RO, rG)

(Z) (g) and R(i)

RrRG)

;) Ol ) )~ ) )

Theorem The general solution is of the form
M — QAB | i AMNB
Ry, = SW + |AW
with [S,A] =0 5%+ A2 =1y, ® 1y,.

S and A are real matrices with S standing for symmetric while A antisymmetric
for exchange in indices A <+ u and a «



The ansatz A B C D

Nontrivial realizations of the Rgg are given by the following.

Proposition Let A and C be two commuting real N1 x Ni-matrices with A
symmetric and C antisymmetric and let B and D be two commuting real
N> X No-matrices with B symmetric and D antisymmetric. Assume that

A?®@ B>+ C*® D* = 1y, ® 1y,

then the Rgf; given by
Ao A Do 2.8 aYe
RBM = AMBB + ICMDB (16)

satisfy the conditions of the theorem.



Enter the quaternions

An SO(4)-invariant decomposition of M4(R)

g=121+2fe, e H +— 2= (222223 cR? Euclidean

a right and a left action

erq <> J,ng)x, qer < —J,g_)x

(I = F(80,u0k — S0001) — EremdL ST
J;gi)Jg(i) — _5k€]l + Zskgmj&i)y Jl<(;+)J£(_) — Jﬁ(_)Jk(;—H

Mi(R) =R* @ R* = R1® A{)R* & A7_jR* & SHR*

Orthornormal basis 1, J,EJF), Je(_>, J£+)Js(_)

(4+) = antisymmetric self-dual, (—) = antisymmetric anti-self dual.



Noncommutative quaternionic planes
Use last theorem for Ny = N, =4

A=1 B=u1, C=JF, D=uJF +u255"

with (u°)? + (u!)? 4+ (v?)? = 1. This gives:
Ry = u®830% + (I (I + w2 I5)g (17)

By using the J,ff) one defines an action of H.

The choice of the direction 1 and of the plane (1 2) is immaterial since one
can change them into an arbitrary direction n and an arbitrary plane which

contains nn by a rotation of SOgﬂ.

The exchange (+) < (=) is induced for instance by the exchange z° < —z°
and therefore does not change the algebra Ag for R given by (17).



Noncommutative quaternionic planes cont.d
The solution given by (17) generalizes C5 for C — Hj

For the O0-deformation the parameter is in fact
St/s® = U1 (C) /U1 (R) = P1(R).

The parameter here
ucs?=S3/st =u,(H)/U;(C) = P(C)

and for «® =1 (= u! = u? = 0), this gives the classical H?.



Noncommutative quaternionic tori

The N.C. product of H by H corresponding to Apg is denoted Hﬁ.

Tori obtained by the quotient by the ideal generated by {||z1]|? — 1, ||z2||? — 1}:

A(Ty) = AR/ < [Jaa]l® = 1, [Jz2|* = 1 >

TH ~ §3 %, S3

an SU(2) x SU(2) action

Additional strata: other N.C. products of 4-dim. Euclidean spaces



And higher solutions 7

H x, H uecS?= P (C)

0 Xu O ues* =P (H)

Sed x Sed ucS®= P (0)



Spherical conditions

A projection p € Ma.(A(S2Y)) |

p = %(]l + ez +Tx) tr(p) = 2" ! = rank(p)
chi(p) = 0, 1<k<n-1 ch,(p) the volume form:
b(ch,(p)) =0 ch,(p) € HHn(A(SF"))

b is the Hochschild boundary operator



The ( Bott ) projection p generates the K-theory of A(S2")

< p[D, p]*" > = vont1 the volume form

D a Dirac operator

V=pod an anti-self dual connection

with top Chern number

nctr(< p[D,p]*" >) = —1



The odd version
A unitary U € Mo 1(A(S2"1))
U=1z2"4+ ;2

0 =,
[, =
>, O
chk_%(U) = 0, 1<k<n-1 chn_%(U) the volume form
Now
b(ch,_:(U) =0 ch,_:(U) € HH,_:(A(S%"))

b is the Hochschild boundary operator



Principal bundles (M. Dubois-Violette, Xiao Han, G.L.)

Consider the two quaternions.
r1 = zhe, o = z5e,

with commutation relations governed by a matrix Rgg. When restricting to
the sphere S%, we get a normalised vector valued function

) = (*’E) (W, = lleall? + lleall? = 1

Z1

and thus a projection: ( p = p* =p?)

p= ) (] = ("”””3 “”2“”5),

T1T5 T1T]

Define coordinate functions Y = Y%y + Y¥*e, and Y4 by

Y4 = |lzz|® = |leal]? and 1Y = a0a}

1 Y4 Y
so that p=r¢><w\=§( T 1_y4).



The condition p? = p leads to

YY*+(YH?2=1 and Y'Y+ (YH?=1
YY*=Y* and Y*Y*=Y*%Y"

Thus the coordinate function Y% is central while comparing the first two
conditions requires YY* = Y*Y and that this is a multiple of the identity.
These translates to the following conditions

3
Z(Y“*Y“ — YHYH) =0,
p=0
—(YOY* —YPYO) 4 1YY" = 0 = YOV — YRV 4 61, Y Y,

for k,r,m = 1,2,3 and totally antisymmetric tensor ei,,.

Then the first condition at top of the page reduces to a four-sphere relation

3 3
DYEYR4H (YT =1=) YPYrFH (Y =1 (18)



The elements Y# generate the x-algebra A(S%) of a 4-sphere S%,. One has

Y = AR Y uv=0,1,23

for A a symmetric unitary matrix

For the commutation relations (17) for the z’'s:

YO\ ful 4+ iut iu? Yo
ys« | ™ 2 wd —ijul ) \ Y3
Y=\ (uf + il iu? y?!
Y2 ) T ju? wd —ijul ) \Y?

The 2 x 2 matrix being symmetric and unitary, can be diagonalized by a real
rotation S and with a further normalization put in the form

(1 o) o u® 4 i/ (ut)? + (u?)?

and

0 el = o i\/(u1)2 e — (uo + i\/(u1)2 + (u2)2 )2.

The sphere S is (isomorphic to) a 6-deformation.



The algebra inclusion A(S%) — A(S%) is a principal SU(2) bundle:

A unit quaternion w € H; ~ SU(2) act on S, as

o) =l w= (220).

Tiw

leaving the projection p and then the algebra A(S%) invariant.

If H= A(SU(2)) we have dually a co-action § of H on A(S%) with algebra of
co-invariant element again the subalgebra A(S ).

Then the canonical map

X A(SR) ®.aessy A(SR) = A(SE) ® H, x(p' ®p) = p'6(p)
iS bijective.

Indeed,
X((W] @y [¥)) = @6(|19) = (¥, ) @w = 1 w,

showing surjectivity of x. This is enough since ... ( H is classical ).



The next fibration

A similar ( if more involved ) algebra inclusion

A(SE) — A(SE
( coming from an octonionic matrix R;% )

which is a S’-bundle

a ‘quasi’ group



Summing up

e noncommutative generalizations of R x RN
e noncommutative generalizations of  §Vi+Na—1
e noncommutative generalizations of  S§Vi—1 x §N-—1

a quaternionic noncommutative torus  S3 x,S3, u€S?=SU(2)/U(1)

spherical manifolds : volume forms from top Chern—Connes characters

Generalized Clifford algebras C/(Ag)

noncommutative principal bundles



thank you



