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Why this study?

A Gibbs semigroup (e~ ");>o on a Hilbert space is:
a Cy-semigroup (i.e. strongly continuous)
Tre " < oo fort >0

D. A. Uhlenbrock in 1971 motivated by Quantum Statistical Mechanics:
The canonical quantum Gibbs state of a finite system is defined by the
density matrix operator: ZA(B) e BHA

B~ > 0is the temperature

Hp is its Hamiltonian

Canonical partition function: ZA(B) = Tre BHa

Few motivations
Quantum mechanics
Notion of action

Improve theory of semigroups

lochum (CPT-CNRS & AMU) Towards Gibbs semigroups on Banach spaces Krakov, September 29, 2025



I Motivation: Quantum mechanics

Feymann
”I think | can safely say that nobody understands quantum mechanics®

Ok, but: quantum mechanics in a nutshell:

Axiom 1: any object is a quantum object, so its a wave controlled by a wave
function v

Axioms 2: 1) is a solution of Schrédinger equation:

H=—-A+V
iZap = Hy
Hy = Ey

Problem 1: Why this equation?
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I Motivation: Quantum mechanics

Pseudo answer:

A linear differential operator of order 2 in R™ which is invariant by isometry
on the space and translation in time is of the following type:
Elliptic, parabolic, hyperbolic or Schrédinger

If it is real, then it is:

ap + A(x,l‘) , do + |:l(x,t) ) O — Ay

Problem 2: What is the space of solutions?
A standard answer: Hilbert space

Induced question: justify the scalar product

justify the closure (which is the linear normed
structure on the equivalence classes of Cauchy sequences, knowing that R
is the "unique" complete Archimedean field)
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I Motivation: Quantum mechanics in a nutshell

Spectrum of Schrodinger Operator for a finite well in various
realizations

Let H=—A + V, where V is a finite potential well:

0 fi >
V(x) = orlxl>a
-V, for|x| <a

1. On [*(R) (Hilbert space)
e Domain: D(H) = H*(R)
o Spectrum:

o(H) = {En}nN=1 U [0, c0)
where E, € (— V), 0) are finitely many bound states
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I Motivation: Quantum mechanics in a nutshell

2. On C*(R) with L? inner product
e Dense in L2, elliptic regularity applies
o Spectrum: Same as L*(R)
3. On C°(R) with Fréchet topology
o Topology: Seminorms pm k(¢) = SUP|4<m SUPxek | DY P(X)|
@ Spectrum: o(H) = C

Krakov, September 29, 2025
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I Motivation: Quantum mechanics in a nutshell

Why C?

Ci°(R) is not normable

The operator cannot have a bounded inverse on C*°, because the
fundamental solution Ey of H — X always has non-compact support and

grows in derivatives; applying it to a compactly supported smooth function
produces a smooth function outside any compact, hence outside Cj° as a
Fréchet space

Caution:

To recover a meaningful spectral picture, one typically considers the
distributional spectrum in D'(R"), which is real:

op(H) = {V(x): x € R} +[0,00) C R
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I Motivation: Quantum mechanics in a nutshell

4. On Cy(R) (supremum norm)
e Domain: {u € Co(R) N C*(R) : Au € Cy(R)}
o Topology: |l = sup,cr [u(x)
o Spectrum:
o(H) = {£}j2, U [0,00)

o Reason: At infinity V — 0, so essential spectrum is [0, 00). Bound
states E; persist since L?-eigenfunctions lie in Cy. No residual spectrum

Side remark:
Distributional aspects suggest to move from Hilbert spaces to Gelfand

triples (rigged Hilbert space), but ...
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I Motivation: Quantum mechanics in a nutshell

Space

Spectrum

Finite well case

LA(R)

{E}, U0, 00)

Finitely many negative bound states £; € (— Vo, 0) plus
[0, 00)

C§° (pre-Hilbert L?)

{E;}Y, U0, 00)

Closure recovers L2 spectrum

HS, s <2

Same as L? under relative compactness of V

C° (Fréchet)

{E}, U0, 00)
C

Spectrum ill-defined; resolvent discontinuous

C5° (Fréchet)

[— Vo, 00) (distri-
butional)

Continuous negative spectrum interval, no discrete
eigenvalues

Co

(B}, U0, )

Same bound states as in L2, plus [0, c0) essential spec-
trum

[P, 1<p<oo

{E} Y, U0, 00)

By LP-independence principle (Hempel-Voigt/Davies)
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I Motivation: Quantum mechanics in a nutshell

L” cases with 1 < p < oo

H, = realization of H on [P(R) with domain

W2P(R) = Sobolev space of LP-functions with first, second derivatives in
LP
For L take the maximal realization

Dompmax(Hp) = {u € L(R) : Au € L™(R)}

p -independence of the spectrum:

Schrodinger semigroup (e ),~( is positivity preserving and extends to an
analytic semigroup on every LP

By the Hempel-Voigt/Davies LP-independence principle, the spectrum is
independent of p

o(Hp) = o(Ha) forall p € [1,00[
= {Eh"'aEN}U [0,00)
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I Motivation: Quantum mechanics

Same result for the Hamiltonian of hydrogen atom in R?

1
H=-A—-—

x|

Space Point Continuous Residual | Notes
Spectrum | Spectrum | Spectrum

LPR)(pe | {—3m)., | [0,00) 0 LP-independence
11, 00[
L'(R3) {—a=}.", | [0,00) ) Non-reflexive space
L>®(R3) { 417 1 | [0,00) 0 Non-reflexive space
C>(R3) 0 0 C Fréchet topology
CSO(R?) 0 0 C Fréchet topology
S'(R?) {—#}:: [0, o0) 0 Tempered distributio
D'(R3) {—a=). [0, c0) 0 General distributions
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I Motivation: Quantum mechanics

Spectrum of the Harmonic Oscillator H = —A + |x|?

Space Point Spec- | Continuous Residual Notes
trum Spectrum | Spectrum
LPR™) (1 < | {2 + n}penn| @ 0 LP-
p < o) independence
L'(R™) {2la] +n} o | 0 0 Standard do-

main choice

L®(R™) {2la] +n} e | 0 0 Standard do-
main choice
C(R™) 0 0 C Fréchet top.
C5o(R™) 0 0 C Fréchet top.
S'(R") {2lal + n} e | 0 0 Tempered
distributions
D'(R™) {2la] +n} o | 0 0 General dis-

tributions
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I Motivation: Quantum mechanics

Pseudo conclusion:

Potential problems

- In the closure process

- Within Banach space theory: B be a Banach space
Hilbert spaces are characterized by
Parallelogram Law (Jordan-von Neumann).

Ix + yl1? + llx = ylI* = 2lx[* + Iy, Vx,y €B

Geometric characterization by projections (Lindenstrauss-Tzafriri)
For every closed subspace M C B, there exists a linear projection P: B — M

with IPIl =1 and [|Ix]* = [[Px]|* + [I(L — P)x|*  x€B
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I Motivation: Banach space theory

Characterization via orthogonality (Birkhoff-James)
xLly < |x+Xy|| > x| VAeC

Characterization via operator ideals (K6nig, Pietsch)
There exists C > 0 s.t. for every compact operator T € L(B),

D al(T) < CY M)
n=1 J

where a,(T) are the approximation numbers and \;(T) the eigenvalues of T

Probabilistic characterization (Kwapien) It has both type 2 and cotype 2
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Type p and cotype q
1<p<2and2<g<

There exist constants C;, C, such that for every finite sequence (x;) C B
/ /
(EHZEJX]‘HP>1 P < G (ZHXJHP>1 P
J J

and

(; HXqu)Vq < G (EH ;EJXJHq)Vq

The expectation E of independent Rademacher random variables (¢;) taking
values in {—1, +1} with equal probability:

Pleg = +1) = P(ej = —1) = 3
Eled = (+1) 1+ (-1}

|| NS

0
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I Motivation: Banach space theory

But
Weak Hilbert spaces (Pisier) with type 2 and cotype 2 + € for any ¢ > 0

There exists Banach spaces B ~ B** not reflexive (James)
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Il Motivation: Action

Feynman approach of propagator expressed as an “integral over all paths”
v : [0, t] = R joining y to x:
y(8)=x

Klexiy) = (xle™®ly) ~ [

o ew(,—?[v]) Dy

with action functional

SM=AMWMM¢, L(x, %)

.2
F1X° = V(x)
Short-time Gaussian approximation

n/2 . _yl2 . .
Kezp~ (o) ow(im5" - )

Perform a stationary-phase integration in z about z = y, expanding
K(t, x; z) to second order in (z — y):

K(t+e,xy) = K(t,x;y) — %( — ;’—;Ay + V(y)) K(t, x; y) + oe)
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Il Motivation: Action

Equivalently,
ihOK(E x;y) = (= ToAy + V() K(t, x:y)
Since w(ta X) = f K(t7 X3 Y) 1/}(0, Y) dy

— Appearance Schrodinger equation

2
ihoup(t, x) = (- %A + V() (8, %)

Similarly, a derivation of
- Newton dynamics obtained from least action principle 4S = 0 with
t

S:L— | L[x(t),x(t)]dteC

to
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Il Motivation: Action

- Einstein equations is obtained from the Einstein-Hilbert action
- More generally the spectral action of (A, H, D) (Chamseddine—Connes)

S(D,f):=Tr f(|D])
If f(x) = [, e ™ dg(t), then

S(D, f) - /0 T Tre U dge)

Key remark
teR Unitary group = (e )t>0 are contraction semigroups

All existing actions are based on the analysis of a semigroup e~* for t — 0
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I11 Gibbs semigroup on Banach space

Goal: extend this when 7 is replaced by a Banach space 3
Theory of Cy-semigroups on B has a long history: Hille-Phillips, Yosida,...
(U(t)r>0 has a generator A
ie. Ut)=e ™
which is a closed and densely defined operator

But

No general trace theory on Banach spaces
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About traces

Natural trace on an ideal of L(H)

tr(A) = Z(e,-, Ae,~>

for an orthonormal basis {e;}; of H
V. Lidskii proved in 1959 that it coincides with the spectral functional

tro(A) = > Ai(A)

Main difficulty: prove that tr, is additive

But there exists B without Schauder basis
(ei)i C B: every x € B has a unique decomposition x = > ¢jej, ¢; € R,C
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Just few definitions!

From now on, BB is a separable Banach space

Uniqueness = a corresponding sequence {e}} C B*, called the coordinate
functionals: (e}, ej) = 0;; and ¢ = (ef,x) forallx € B

A biorthogonal sytem on B is given by a family {(e;, ) }ieny C B x B* such

that (f*, ¢j) = Jj;
Such system is called

@ fundamental if span{e,-},-”'”B =B
o shringking whenever span{fi*},-”'”B* =B*

o bounded (and {e;}; uniformly minimal) if {e;}; and {f;*}; are both
bounded,

o A Steinitz basis if Vx € B, g* 6 B*, there exists a permutation {7(i)};

Z <fﬂ'(l g eﬂ'(l)>
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Just few definitions!

A Markushevich basis (M-basis) on B is given by a biorthogonal system
{(ei, f)}ien C B x B* satisfying:

o spT{e,-},-”'”B _B

. span—{fi*}iweak* _B
An M-basis {(ej, ) }ien is

o strongif x € W”“B for all x € B,

o a strongly series summable if there exists a triangular matrix of scalars

(Ajj) such that
X = ||-||—li’r1nZ)\n,-(f,~*,x) e;
i=1

B has the AP (MAP) if 13 is approximated by finite rank operators (of norm
1) uniformly on compact sets in B
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Just few results!

Every B admits an M-basis that is not a Schauder basis under any
permutation
Johnson: every B admits an M-basis that is not strong

Terenzi: every B admits an M-basis {(e;, ;") }icn with an increasing
sequence of finite subset F, of N such that

X = ||-||—li’|;n Z (fi',x)ei forallx € B
i€Fp
Petczynski: every B admits a (1 + €)-bounded M-basis
Enflo: there exist a reflexive B without the (AP) and without a
Schauder basis
Szarek: there exists a reflexive B with the (AP) but without a Schauder
basis

Grothendieck: every reflexive B with the (AP) is such that both 5 and
B* have the (MAP)
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Just few results!

Let B be a separable Banach space

The following are equivalent:
(i) B is reflexive
(ii) There is an M-basis {(e;, f;*) }ien that is both shrinking and boundedly

complete

Theorem (Terenzi)
Every BB has a bounded (convex) strong M-basis which is also a Steinitz basis
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Grothendieck approach

For 0 < p < 1, we define on B* ® B the p-quasi-norm as

1Al = inf LI IP lyillP) P 1A= S xf @ yi € B* @ B},

i=1 i=1

and denote by B*®,3 the completion of B* ® B for ||-||,,
When p = 1, we denote by ||| = ||-||1 the usual projective norm

Any A € B*®,B can be represented as A = >3 x¥ ® y; with [|A[|, < co
Action of x* ® y on z € B defined as (x* ® y)(z) := (x*,z) y € B

thus one can define a map

TAEB®B A L(B) by Az- Z(x}", z)yiforze B

i=1
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Grothendieck approach

An operator in £(B) is a p-nuclear operator when it is of the form A with

A€ B*®,B

The nuclear p-quasi-norm (or norm if p = 1) of an operator X € L(B):
Xl = inf{||All, | A € B*®,B, A= X}

Note the p-triangle inequality: || X + Y”f\/p < ||X||fvp +|| Y||5’vp
N(B) C K(B)

Delicate point: ~is injective on B*®, 13 if and only if B has the
approximation property

Definition: (quasi-)Banach operator ideal U(B) is a subspace of L(B) with a
(quasi-)norm || ||z¢s) on U(B) such that for A € U(B) and B, C € L(B)
F(B) C U(B) with normalization
BAC € U(B) with || BAC|ls) < || Bl cs) [ Allus) [ICllces)
U(B) is complete for ||-||ys)

= [JAll < [|Alles
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Grothendieck approach

Trace on U(B):
linear map 7 : U — C with 7(AB) = 7(BA) for all A € U and B € L(B)
Grothendieck: N'(B) is an Banach operator ideal and

o o0
tr: A= Z X; ® yi > tr(A) = Z (X7, yi)
i=1 i=1
is independent of the representations of A in N'(B) if and only if the space B
has the (A.P.)
In this case, it is a trace (by extension of finite sum) with [tr A| < ||A[|xr

Problem: if B is not isomorphic to a Hilbert space, there exists A € N(B)
such that 37 |Aj(A)] = oo

Key property: we need good spectral properties to work on generators of
semigroups, like tr = tr,

— Np(B) := {A € N(B) with \(A) € '}

Problem: Ny (B) is not necessarily a vector space
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Grothendieck approach

Konig: Nyp(B) = N(B) if and only if B is a Hilbert space

Grothendieck:
if A€ N(B) then \(A) € /*(N) since

D_INAP < Al AeNB)
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Several possibilities to get

tr A = tr, Afor any A € Nyp(B)

(1) Find quasi-Banach operator ideals on which tr = tr, for any Banach
space B

(2) To look at Banach spaces B (called Lidskii spaces) where this holds for
all A € Np(B)
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Strategy for (1)

Theorem (Blunck-Weis)

Let U, ||-|ls) be a normed operator ideal in L(B). Then, given a differentiable
Co-semigroup (e~ ");>0, if (A — A1)~ € U for some X € p(A), thene™ € U
forallt >0

Application: U = N(B) and let A be a generator of differentiable semigroup
on a Banach space B such that A~ € N(B). Then e~ € N(B) for t > 0

Possible extensions to quasi-Banach operator ideal for analytic
semigroups
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Pietsch approach

A. Pietsch (1974) introduced on B a substitute to singular values of an
operator on a Hilbert space
s: A€ L(B) = {sn(A)}nen € [0, 00[ is a sequence of s-numbers if
|All = s1(A) > s(A) > --- >0
Smen—1(A + B) < s5(A) + sp(B), for A, B € L(B)

sn(XAY) < || X|| sn(A) || Y|| for arbitrary X € L(By, B), Y € L(B, 1)
and arbitrary Banach spaces By, B,

if rank A < n, then s,(A) =0
sp(ld : 02 — (%) =1
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Pietsch approach

Examples of s-numbers for any A € L(B)and n € N

Approximation numbers:

an(A) := inf { ||[A — F|| | F € F(B) with rank F < n}
Weyl numbers:

xn(A) := sup {a,(AB) with B e L({? B), ||B| <1}
Gelfand numbers:

cn(A) := sup{an(BA)| B € L(B,¢>), ||B|| < 1}
Kolmogorov numbers:

dn(A) := sup{a,(AB)| B € L({',B), ||B|| < 1}

Entropy numbers:

en(A) = inf {s >0:3x,...,%01 € Bwith A(Bg) C U2, B(Xj,&?)}

Pietsch: They coincide with singular values for a Hilbert space
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Pietsch approach

Define
1:25)(3) = {A € L(B)| (sa(A), € £'} for s=a,x,c,d, e

Pietsch: All these Egs)(B) are quasi-normed operator ideals

(i) £1,(B) C Nia(B)
(ii) Equality if and only if B is isomorphic to a Hilbert space
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A good list of operator ideals

A list of operator ideals with tr = tr,,

Case B, o P, C N: Here P, is the set of 2-summing operators on 3 such
that there exists ¢ > 0 satisfying

n

ZnAx )2 <c sup (I X))
k=1

I lls= <1 k=
for every finite family xq,--- , x, in B

Case (‘132)(2’)1 CN:
(Bl = {A € Fa | [AlG = X% n™2an(A) < oo}
Case [,(a) U ,C(C) - (q32)(;1) (approximation and Gelfand numbers)

Case N p: introduced by O. Reinov: for 0 < r,s <1, 1/r = 1/p+ 1/2 with
1<p<2and A e L(B)

AN o, p 3= 0 1€ lems [[6)Z o) 1GDZ N o7 g | A = Zam@y,
£y (B)
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A good list of operator ideals

Generalization

Case £(1x) and £(1e) (Weyl and entropy numbers)

have always spectral traces but possibly no nuclear traces:

Proposition

There exist A € ,ng)(B) for a reflexive Banach space B with the (M.A.P.) which
is not nuclear

Ly N
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Strategy for (2)

B (with the AP) is called a Lidskii space when the two traces coincide:

trA=tr, A, forany A € Np(B)

Theorem (Figiel-Johnson)

The following are equivalent for a Banach space B with the AP
(i) B is a Lidskii space

(ii) Every quasi-nilpotent nuclear operator on BB has zero trace
(iii) B has the nest approximation property

Remark:

A Lidskii space has the hereditary approximation property
This exclude all LP spaces for 2 # p € [1, 00] (Davie-Figiel-Szankowski)
This include a large set of B wich include weak Hilbert spaces
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Strategy for (2)

One can work within the class

L = {B = reflexive Banach space with the AP}

since more stable than the class of Lidskii spaces

Let Be L

(i) There exists a strongly series summable M-basis {(e;, f*)}, for B
associated to a lower-triangular matrix of scalars (\p;)

(i) If A € N(B), then its nuclear trace is

trA = limmooo Yo Ami{f*, Aej) < 00 )
Remark |
Let B € L endowed with an M-basis {e;, f* }35, . Then the following are
equivalent:

() tr A =35 (f, Aei) < oo for any nuclear operator A

(ii){ei}; is a Schauder basis

Krakov, September 29, 2025 38/40

lochum (CPT-CNRS & AMU) Towards Gibbs semigroups on Banach spaces



What else?

Project

With all this machinery:

Compute the behaviour of a Gibbs semigroup (e~*);>¢ when t — 0
Link with the Trotter formula, which for Hilbert space looks like (with
hypothesis on A and B!)

He—t(A+B) o (e—tA/n e—l‘B/n)n”1 = O(n—1)
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What else?

Whish me good luck, and thank you
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