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Given Laplace type operator and using Wodzicki residue I will recall certain
spectral functionals of vector fields, the densities of which reproduce vol-
ume (integral), metric, scalar curvature and Einstein tensors. Alternatively,
given Dirac type operator, I will describe analogous functionals of differential
forms which yield the dual tensors. In the latter setup we recently introduced
also spectral torsion functional which recovers the torsion tensor T for the
canonical Dirac operator coupled to T . These functionals often generalize
to noncommutative geometry. In particular, the conformally rescaled non-
commutative torus, Einstein-Yang-Mills and quantum SU(2)-group spectral
triples are torsion free, while the quantum 2-sheeted space and the almost
commutataive geometry of the Standard Model do have torsion. I will com-
ment on relation to the algebraic notion of torsion and Levi-Civita connection,
and present impact on the other spectral functionals.
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Torsion in Spectral Geometry:

For a (pseudo) Riemannian M , ∃! connection ∇ on TM preserving
metric g with a prescribed torsion T (X,Y ) = ∇XY −∇Y X;
in particular Levi-Civita connection with T = 0. ♠Φ, Beggs-Majid . . .

What about Spectral Geometry: ’hear the shape of a drum’ ?

An eminent spectral scheme that yields geometric quantities on M
dimM = n (= 2m), such as volume, scalar curvature . . . ,
is t ↘ 0 asymptotic expansion of the trace of heat kernel

Tr e−t∆ ≈
∞∑
ℓ=0

t
ℓ−n
2 aℓ.

where ∆ is the scalar laplacian for metric g = {gjk}.
The coefficients aℓ can be expressed via Wodzicki residue W ♠

W(P ) :=
1

vol(Sn−1)

∫
M

(∫
|ξ|=1

tr σ−n(P )(x, ξ) Vξ

)
dnx.

Namely
a2k(△) ∝ W(△k−m) for k < m > 1.

Then, on closed oriented M
→ W
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Geometry from W

noncommutative integral functional (of f ∈ C∞(M))

V∆(f) ≡
∫
−(f) := W(f∆−m) =

∫
M

f volg (1)

scalar curvature functional on C∞(M)

R∆(f) := W(f∆−m+1) =
n− 2

12

∫
M

fR volg, (2)

where R = R(g) = gjkRjk = gjkRℓjℓk is the scalar curvature.

↬ When f ≡ 1, (1) is equivalent to the Weyl formula
and (2) is ∝ to the Einstein-Hilbert action functional (of g) for
Riemannian general relativity (in vacuum) & also 2nd expansion
coefficient of the spectral action functional.
↬ Related to the asymptotic growth of eigenvalues of ∆;
clear e.g. from the ’trace theorem’ of Connes that W= Tr+.

↬ We’ve uncovered a few new spectral ’localised’ functionals,
by placing some differential operators in place of f .

→ new fnls
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New functionals

E.g. for two vector fields V, W on M (derivations of C∞(M)):

Def/Thm: Metric functional

The functional g∆(V,W) := W
(
VW∆−m−1

)
is a bilinear, symmetric map, whose density is proportional to the
metric g evaluated on V,W

g∆(V,W ) = − 1

n

∫
M

g(V,W ) volg.

Def/Thm: Einstein functional

The functional G∆(V,W ) := W
(
VW∆−m

)
,

is a bilinear, symmetric map, whose density is proportional to the
Einstein tensor G := Ric− 1

2Rg evaluated on V,W

G∆(V,W ) =
1

6

∫
M

G(V,W ) volg.

Pf. By tedious symbol calculus in normal coordinates.
Laplace-type
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Laplace-type, Spin Laplacian, squared Dirac
We computed also more general Laplace-type operators

∆T,E = −gab(∇a∇b − Γc
ab∇c) + E

on a vector bundle Ξ with connection ∇ and E ∈ End Ξ.

A particular interesting case is a spinc manifold M with Ξ
a spinor bundle Σ of rank 2m and the spin Laplacian

∆(s) := ∇(s)∗∇(s) = −∇(s)
ei ∇

(s)
ei +∇(s)

∇eiei
,

where ∇(s) is the spin connection and ej is ON frame:

g∆
(s)
(V,W ) := W

(
∇(s)

V ∇(s)
W (∆(s))−m−1

)
= 2mg∆(V,W ),

G∆(s)
(V,W ) := W

(
∇(s)

V ∇(s)
W (∆(s))−m

)
= 2mG∆(V,W )+0.

or squared Dirac (coupled do U(1)-gauge 1-form A):

gD/
2
A(V,W ) := W(∇(s)

V ∇(s)
W |D/A|

−n−2) = 2mg∆(V,W ),

GD/2A(V,W ) := W(∇(s)
V ∇(s)

W |D/A|
−n)

= 2m
(
G∆(V,W ) + 2−3

∫
M
Rg(V,W )volg

)
.

→ go q
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Can go quantum (= noncommutative)

Example: noncommutative torus with smooth algebraA = C∞(Tn
θ ),

generated by n unitaries Uj ,

UjUk = eiθjkUkUj .

It has faithful state τ invariant under derivations δj , δjUk = δjkUk,
which are interpreted as noncommutative vector fields.

One regards ∆ =
∑

j δ
2
j on H=L2(T2

θ, τ) as ’flat’ Laplace operator.
This generalises to the (non-flat) conformally rescaled geometry:

For simplicity consider the strictly irrational Tn
θ (i.e.,Z(A)=C)

with τ extended to Â := A⊗Ao as τ(a⊗bo) = τ(a)τ(bo),
where Ao is a copy of A in the commutant A′ of A in B(H).
Such τ is still invariant under the extended derivations.
We use it to define the tracial state W on Â-valued symbols σ(ξ)
(where δa 7→ ξa much the same as for M).

→ torus
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Rescaled NC 2-torus: vector fields

Given 0 < h ∈ A = C∞(T2
θ), by conformally rescaled ∆ on T2

θ

we mean the selfadjoint operator on H = L2(T2
θ, τ):

♠

∆h = h−1∆h−1.
Accordingly, as vector fields we take

Vh =
∑
a=1,2

V ahδah
−1, V a ∈ Ao.

Proposition

g∆h(Vh,Wh) = W
(
VhWh∆

−2
h

)
= πτ(h4)V aW a,

whereas
G∆h(Vh,Wh) = W

(
VhWh∆

−1
h

)
= 0 .

We have also computed T4
θ.

Can do also θ-deformed spaces, or NC spaces with derivations.

→ alter
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Spectral functionals on 1-forms

Alternatively & better. . .

use D/ on spinors in Σ in a deeper way to get (via W)
”dual functionals”on 1-forms (co-vectors)
which yield contravariant tensors (with ”raised indices”).

For that use the Clifford representation of v ∈ Ω1(M)
as 0-order differential operators ν̂ ∈ End(Σ).
They form a C∞(M)-bimodule Ω1

D/ ≃ Ω1(M) generated by [D/, f ].
Thus the spinorial Dirac operator is ’self-sufficient’ for our purposes
(and NCG-ready when assembled to a spectral triple of A. Connes).

→ fnls
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Metric and Einstein functionals on 1-forms

Thm

The spectral functionals of one-forms on M

gD/(v, w) := W
(
v̂ŵD/−n)

= 2m
∫
M

g(v, w) volg,

GD/(v, w) := W
(
v̂(D/ŵ + ŵD/)D/−n+1)

= W
(
(D/v̂ + v̂D/)ŵD/−n+1) = 2m

6

∫
M

G(v, w) volg,

where g and G = Ric− 1
2Rg are the contravariant metric and

Einstein tensors, resp.

They perfectly (dually) match g∆ and G∆ up to a coefficient.

Actually,

RicD/(v, w) := W
(
v̂(D/ŵ + n−4

n−2 ŵD/)D/
−n+1) = 2m

6

∫
M Ric(v, w) volg.

→ torus
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Rescaled noncommutative 2-torus: 1-forms

The above functionals extend to NC tori A = C∞(Tn
θ )

with the conformal rescaling Dk of the ’flat’ Dirac operator
D =

∑
j γ

jδj on H = L2(T2
θ, τ)⊗C2m which we take on H as

Dk = kDk,

following Connes-Moscovici, however with 0 < k ∈ Ao ⊂ A′.
This assures that (A,Dk, H) is a spectral triple and ∃ an
A-bimodule (of 1-forms) Ω1

Dk
(A) generated by [Dk, A]. ♠

In effect, Ω1
Dk

(A) is freely generated by k2γj .

For n=2, γj=σj , and for T2
θ we have

Proposition

For v = k2vjσj and w = k2wjσj , vj , wj ∈ A,

gDk
(v, w) = τ(vjwj),

whereas
GDk

(v, w)= 0 .

We have also computed T4
θ.

→ torsion
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Spectral Torsion

These functionals extend to any n-summable regular (A, D,H),
using as W the tracial state (Res|s=nTr|D|−s) on the ΨDO calculus
by Connes-Moscovici’95. Thus, even though such abstract D or ∆
may not refer in principle to any connection (covariant derivative),
thanks to our gD we can now ’control’ the metricity condition.
How about the zero-torsion condition ?
Not clear if & how some minimization method could work.

Clearly torsion can ’contaminate’ V, R, g & G (it does R & G !).
Fortunately:

Def/Thm: Torsion functional

Torsion functional is a trilinear functional of u, v, w ∈ Ω1
D(A),

TD(u, v, w) := W(uvwD|D|−n).

We say that D is torsion-free if TD ≡ 0. For the Dirac operator D/T
with torsion T on a closed spin manifold of dimension n

TD/T (u, v, w) = −2[
n
2
]i

∫
M

T (u, v, w) volg. (3)

→ exa
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Examples with T = 0

• Hodge-de Rham:
(
C∞(M), L2(Ω•

M ), d+ d∗
)
.

• Einstein-Yang-Mills:
(
C∞(M)⊗MN (C), L2(Σ)⊗MN (C), D̃

)
,

where D̃ = D/⊗ idN +A+ JAJ−1 with A=A∗∈ Ω1
D̃

and

J = C⊗∗, with C being the charge conjugation on spinors in Σ.

• conformally rescaled noncommutative tori.

• quantum SU(2):
(
A(SUq(2)),H, D

)
,

where H and D are isomorphic to the classical case q = 1.

→ exaT 12/18



Examples with T ≠ 0

• quantum Z2: (A,H,D)=

(
C2,C2,

(
0 ϕ
ϕ∗ 0

))
(for n=0, W=Tr)

• quantum 2-sheeted space M×Z2:

(A,H,D) =

(
C∞(M)⊗C2, L2(Σ)⊗C2,

(
D/ χϕ
χϕ∗ D/

))
where χ is grading on Σ and ϕ ∈ C.

Now, Ω1
D ∋ ω=

(
w+ ϕχf+

ϕ∗χf− w−

)
for w±∈ Ω1(M), f±∈C∞(M).

Then, TD
(
ωo
1, ω

o
2, ω

o
3

)
= |ϕ|4

∫
M (f+

1 f−
2 f+

3 + f−
1 f+

2 f−
3 )volg.

• internal quantum geometry of the Standard Model: (A,H,D),
where A = (C⊕H⊕M3(C)), H = C96 and D is built from CKM
& PMNS mixing matrices Υ. Then eg. for u = [D, (0, 12, 0)],

TD
(
u, u, u

)
= Tr

(
|Υe|4+|Υν |4+3|Υu|4+3|Υd|4

)
> 0.

• full almost commutative geometry of the Standard Model

→ rel
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• quantum Z2: (A,H,D)=

(
C2,C2,

(
0 ϕ
ϕ∗ 0

))
(for n=0, W=Tr)

• quantum 2-sheeted space M×Z2:

(A,H,D) =

(
C∞(M)⊗C2, L2(Σ)⊗C2,

(
D/ χϕ
χϕ∗ D/

))
where χ is grading on Σ and ϕ ∈ C.

Now, Ω1
D ∋ ω=

(
w+ ϕχf+

ϕ∗χf− w−

)
for w±∈ Ω1(M), f±∈C∞(M).

Then, TD
(
ωo
1, ω

o
2, ω

o
3

)
= |ϕ|4

∫
M (f+

1 f−
2 f+

3 + f−
1 f+

2 f−
3 )volg.

• internal quantum geometry of the Standard Model: (A,H,D),
where A = (C⊕H⊕M3(C)), H = C96 and D is built from CKM
& PMNS mixing matrices Υ. Then eg. for u = [D, (0, 12, 0)],

TD
(
u, u, u

)
= Tr

(
|Υe|4+|Υν |4+3|Υu|4+3|Υd|4

)
> 0.

• full almost commutative geometry of the Standard Model

→ rel 13/18



Relation to ’algebraic’ torsion

A priori quite different. Common territory is the algebraic 1stODC
realized in terms of operators associated to the spectral triple,
but must supply a 2ndODC and choose a connection.

Easy for the inner triple (A,H,D)=

(
C2,C2,

[
0 ϕ
ϕ∗ 0

])
on Z2:

an arbitrary (left) connection is

∇ : Ω1 → Ω1 ⊗A Ω1, de 7→
[
c+ 0
0 c−

]
de⊗ de, c± ∈ C,

where e = (1, 0) ∈ C2 is represented as diag(1, 0) on C2.

Its torsion reads
T∇ := m◦∇ − d : Ω1 → Ω2, 7→ −

[
c+ϕ∗ϕ 0

0 c−ϕϕ∗

]
.

Then, for a unique connection ∇(1,−1) with c± = ±1,
we reproduce the (discrete) spectral torsion, i.e. ∀u, v, w ∈ Ω1:

T ∇(1,−1)
(u, v, w) :=Tr

(
uvT∇(1,−1)

(w)
)
= Tr (uvwD)=: T D(u, v, w),

where in the last eq. we used matrix Tr as W (!) [Connes].

→ rel2
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Relation to ’algebraic’ torsion: M × Z2

The full torsionful case M × Z2 requires some adjustments...

We first work with Connes’ differential calculus, but quotient by the
so called ‘junk’ differential ideal kills the torsion generated from Z2

and agreement can be only got with an altered spectral torsion.

To overcome this problem we adopt a recent modification in
Mesland-Rennie’24 (see also [BM,BGM,BGJ]) of the algebraic
approach and provide its ingredients appropriate for M × Z2.

Since it is a metric product we use a product-type connection,
which however realizes only part of the spectral torsion.

To overcome this unexpected impasse we resort to a non-product
connection by adding a suitable mixing perturbation term. With
this we ultimately achieve a perfect agreement with the spectral
approach

→ dets 15/18



Some details

Extend π : A → B(H) to πD : Ω1
u(A) → Ω1

D(A) via δ 7→ [D, ·].
For an idempotent Ψ on Ω1

D(A)⊗Ω1
D(A) which satisfies

JT 2
D ⊆ Im(Ψ) ⊆ µ−1(J2

D),where

JT 2
D = {πD⊗πD(δ(w)) |w ∈ kerπD} , J2

D = µ(JT 2
D),

there is a 2ndODC

A [D,·]−−→ Ω1
D(A)

dΨ−−→ Ω1
D(A)⊗Ω1

D(A),where
dΨ(a[D, b]) := (1−Ψ) ([D, a]⊗A [D, b]) , ∀a, b ∈ A.

We have found Ψ and S such that the torsion

T ∇̃
Ψ := (1−Ψ) ◦ ∇̃ − dΨ : Ω1

D(A) → Ω1
D(A)⊗Ω1

D(A)
of the connection

∇̃ = ∇LC ⊗ 1 + χ⊗∇(1,−1) + S,
satisfies ∀u, v, w ∈ Ω1

D(A)

TΨ(u, v, w) := W
(
uvµ(T ∇̃

Ψ (w))
)
= W(uvwD|D|−n) =: TD(u, v, w).

→ presT
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V, R, g and G in presence of torsion

We worked out wide class of Dirac-type operators.

In particular, NC integral VD/T
and metric gD/T are blind for T , but

RD/T
(f) =

2m(n− 2)

24

∫
M

f
[
−R+

9

4
T 0
abcT

0
abc

]
volg,

✓ Pfäffle-Stephan, @@✓ usual RT ;

GD/T
(u,w) = GD/ (u,w)+

3·2m−1

∫
M

[
−uawbc T

0
abc+

1

8
uawb

(
δabT 0

ijkT
0
ijk−4T c

ab−6T 0
ajkT

0
bjk

)]
volg

@@✓ impediment to torsion ?!, @@✓ usual GT .

→ out
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Outlook

MATH:
• The spectral formulation of geometric objects g, G, Ric & T
should be beneficial for global study on the analytic/operator level
of manifolds as well as generalized geometries, like NCG.

• Recently Yong Wang et. al. extended our functionals to manifolds
with boundaries.

• Further directions to study:
- flat manifolds
- Einstein manifolds (↔spectral triples) for which GD ∝ gD
- metric spaces, orbifolds and manifolds with singularities
- relation to DGA

PHYS:
• NC SM geometry is saturated with ̸= 0 ’internal’ torsion.

So, ???
hint: G. Grensing, Dark matter and torsion, GRG 53 2021, ...

HAPPY BIRTHDAY ANDRZEJ !
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