Spectral functionals for geometric invariants

Ludwik Dabrowski
SISSA, Trieste (1)

Given Laplace type operator and using Wodzicki residue | will recall certain
spectral functionals of vector fields, the densities of which reproduce vol-
ume (integral), metric, scalar curvature and Einstein tensors. Alternatively,
given Dirac type operator, | will describe analogous functionals of differential
forms which yield the dual tensors. In the latter setup we recently introduced
also spectral torsion functional which recovers the torsion tensor T for the
canonical Dirac operator coupled to 1. These functionals often generalize
to noncommutative geometry. In particular, the conformally rescaled non-
commutative torus, Einstein-Yang-Mills and quantum SU(2)-group spectral
triples are torsion free, while the quantum 2-sheeted space and the almost
commutataive geometry of the Standard Model do have torsion. | will com-
ment on relation to the algebraic notion of torsion and Levi-Civita connection,
and present impact on the other spectral functionals.

[Adv.Math. 427, 2023; CMP 130, 2024; JNCG 2024, Phys.Rev.Lett. 134, 2025,
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(with A. Sitarz, P. Zalecki, A. Bochniak, Y. Liu, S. Mukhopadhyay and F. PoZar).

Cracow, 30 September 2025

1/18



Torsion in Spectral Geometry:

For a (pseudo) Riemannian M, 3! connection V on T'M preserving
metric g with a prescribed torsion T(X,Y) = VxY — Vy X;
in particular Levi-Civita connection with T' = 0. & @, Beggs-Majid ...
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Torsion in Spectral Geometry:

For a (pseudo) Riemannian M, 3! connection V on T'M preserving
metric g with a prescribed torsion T(X,Y) = VxY — Vy X;

in particular Levi-Civita connection with T' = 0. & @, Beggs-Majid ...
What about Spectral Geometry: 'hear the shapeofadrum’ ?

An eminent spectral scheme that yields geometric quantities on M
dimM = n (= 2m), such as volume, scalar curvature ...,

is t \, 0 asymptotic expansion of the trace of heat kernel
o0

L—n
Tre A ~ t 2 ay.
=0
where A is the scalar laplacian for metric g = {g;i}.
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Torsion in Spectral Geometry:

For a (pseudo) Riemannian M, 3! connection V on T'M preserving
metric g with a prescribed torsion T(X,Y) = VxY — Vy X;

in particular Levi-Civita connection with T' = 0. & @, Beggs-Majid ...
What about Spectral Geometry: 'hear the shapeofadrum’ ?

An eminent spectral scheme that yields geometric quantities on M
dimM = n (= 2m), such as volume, scalar curvature ...,

is t \, 0 asymptotic expansion of the trace of heat kernel
o0

L—n
Tre A ~ t 2 ay.
=0
where A is the scalar laplacian for metric g = {g;i}.

The coefficients ay can be expressed via Wodzicki residue W -

1 mn
W(P) = wz(SI)/M </|€:1 tr o n(P)(@,€) v§> s

Namely
age(D) s W(ARF™) for k<m>1.

Then, on closed oriented M
—S W 2/18



Geometry from W

noncommutative integral functional (of f € C*°(M))

v

VA = f0) = W™ = [ £ vdly (1)
scalar curvature functional on C*(M)
RA(f) = W™ ) =222 [ fRudy (@

where R = R(g) = ¢’*Rji, = ¢’ Ryju. is the scalar curvature.
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Geometry from W

noncommutative integral functional (of f € C*°(M))

A(f) = 2= ) = V0
VA(f) = ][m- W(fa-™) /Mf ly (1)

scalar curvature functional on COO(M)
RA(f) = W™ ) =222 [ fRudy (@

where R = R(g) = ¢’*Rji, = ¢’ Ryju. is the scalar curvature.

% When f =1, (1) is equivalent to the Weyl formula

and (2) is o to the Einstein-Hilbert action functional (of g) for
Riemannian general relativity (in vacuum) & also 2nd expansion
coefficient of the spectral action functional.

% Related to the asymptotic growth of eigenvalues of A;

clear e.g. from the 'trace theorem’ of Connes that W= Tr*.
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Geometry from W

noncommutative integral functional (of f € C*°(M))

A(f) = 2= ) = V0
VA(f) = ][m- W(fa-™) /Mf ly (1)

scalar curvature functional on COO(M)
RA(f) = W™ ) =222 [ fRudy (@

where R = R(g) = ¢’*Rji, = ¢’ Ryju. is the scalar curvature.

% When f =1, (1) is equivalent to the Weyl formula

and (2) is o to the Einstein-Hilbert action functional (of g) for
Riemannian general relativity (in vacuum) & also 2nd expansion
coefficient of the spectral action functional.

% Related to the asymptotic growth of eigenvalues of A;

clear e.g. from the 'trace theorem’ of Connes that W= Tr*.

% We've uncovered a few new spectral 'localised’ functionals,

by placing some differential operators in place of f. R .



New functionals

E.g. for two vector fields V, W on M (derivations of C*°(M)):
Def/Thm: Metric functional

The functional g~ (V, W) := W(VWA™™1)

is a bilinear, symmetric map, whose density is proportional to the
metric g evaluated on V, W

1
g™ (V, W) :/ g(V, W) woly.
nJym
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New functionals

E.g. for two vector fields V, W on M (derivations of C°°(M)):

Def/Thm: Metric functional
The functional g~ (V, W) := W(VWA™™1)

is a bilinear, symmetric map, whose density is proportional to the
metric g evaluated on V, W

(V,W)—l/ (V. W) vol,.

Def/Thm: Einstein functional

_ m
>
|
S
=
Q
s}

The functional ~ G2(V,W) == W(VWA™™),
is a bilinear, symmetric map, whose density is proportional to the
Einstein tensor G:= Ric— lRg evaluated on V, W

GA(V, W) = /GVW)UOZ
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New functionals

E.g. for two vector fields V, W on M (derivations of C°°(M)):

Def/Thm: Metric functional
The functional g~ (V, W) := W(VWA™™1)

is a bilinear, symmetric map, whose density is proportional to the
metric g evaluated on V, W

Vv, W) = -2 / (V, W) vol,,.

Def/Thm: Einstein functional

_ m
>

Il

\

S|

=
Q
s}

The functional ~ G2(V,W) == W(VWA™™),
is a bilinear, symmetric map, whose density is proportional to the
Einstein tensor G:= Ric— lRg evaluated on V, W

GA(V, W) = /GVW)UOZ

Pf. By tedious symbol calculus in normal coordinates.

1 anlace-tvne 4/18



Laplace-type, Spin Laplacian, squared Dirac
We computed also more general Laplace-type operators
Arp=—9"(VoVy —T5 V) + E
on a vector bundle = with connection V and F € End =.
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Laplace-type, Spin Laplacian, squared Dirac
We computed also more general Laplace-type operators
Arp=—g"(VoVy —T¢V,) + E
on a vector bundle = with connection V and F € End =.
A particular interesting case is a spin, manifold M with =
a spinor bundle X of rank 2™ and the spin Laplacian
AW = vy = _yEvE 4 vE)
where V(%) is the spin connection and ej is ON frame:

(s) s s s)\—m— m
g2 (V, W) = W(VPVE(A®)=m1) = gmed (v, W),
G2 (v, W) i= w(VEIVE (AG)=m) = 2mGA(V, W)+0.
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Laplace-type, Spin Laplacian, squared Dirac
We computed also more general Laplace-type operators
Arp=—g"(VaVy =T V) + B
on a vector bundle = with connection V and F € End =.
A particular interesting case is a spin, manifold M with =
a spinor bundle ¥ of rank 2™ and the spin Laplacian
AW = vy = _yEvE 4 vE)
where V(%) is the spin connection and ej is ON frame:

(s) s s s)\—m— m
g2 (V, W) = W(VPVE(A®)=m1) = gmed (v, W),
G2 (V, W) := W(VIVEI(AE)~™) = 2mGA(V, W)+0.

or squared Dirac (coupled do U(1)-gauge 1-form A):
gTA(V, W)= WV VD11, 7"2) = 278 (V, W),
GV, W):= WV ViR 1D,
— gm <GA(V, W) +273 / Ry(V, W)volg>.
M
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Can go quantum (= noncommutative)

Example: noncommutative torus with smooth algebra A = C*°(Ty),
generated by n unitaries U;

U; Uy = i* U U;.

It has faithful state 7 invariant under derivations d;, 0;U}, = 0, U,
which are interpreted as noncommutative vector fields.

Oneregards A = Zj 5]2- on H=L*(T2,7) as 'flat’ Laplace operator.
This generalises to the (non-flat) conformally rescaled geometry:
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Can go quantum (= noncommutative)

Example: noncommutative torus with smooth algebra A = C*°(Ty),
generated by n unitaries U;

U; Uy = i* U U;.

It has faithful state 7 invariant under derivations d;, 0;U}, = 0, U,
which are interpreted as noncommutative vector fields.

Oneregards A = Zj 5]2- on H=L*(T2,7) as 'flat’ Laplace operator.
This generalises to the (non-flat) conformally rescaled geometry:

For simplicity consider the strictly irrational T} (i.e., Z(A)=C)
with 7 extended to A:= A ® A° as 7(a®b°) = 7(a)7(b°),

where A° is a copy of A in the commutant A’ of A in B(H).
Such 7 is still invariant under the extended derivations.

We use it to define the tracial state W on A-valued symbols o(§)
(where §, — &, much the same as for M).

— torus 6/18



Rescaled NC 2-torus: vector fields

Given 0 < h € A = C°°(T%), by conformally rescaled A on T3
we mean the selfadjoint operator on H = L*(T3, 7):

L)
Ap=h AL
Accordingly, as vector fields we take
Vi= Y Veé.h!, V@e A
a=1,2
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Given 0 < h € A = C°°(T%), by conformally rescaled A on T3
we mean the selfadjoint operator on H = L*(T3, 7):
L)
Ap=h AL
Accordingly, as vector fields we take
Vi= Y Veé.h!, V@e A
a=1,2

Proposition

gt (Vi W) = W(ViWR AL 2) = nr(hYVewe,
whereas

GA (Vi W) = W(ViWRAY) = 0.
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Rescaled NC 2-torus: vector fields

Given 0 < h € A = C°°(T%), by conformally rescaled A on T3
we mean the selfadjoint operator on H = L*(T3, 7):
L)
Ap=h AL
Accordingly, as vector fields we take
Vi= Y Veé.h!, V@e A
a=1,2

Proposition

gt (Vi W) = W(ViWR AL 2) = nr(hYVewe,
whereas
GA (Vi Wh) = W(VaWRALY) = 0.

We have also computed ']I‘g.
Can do also #-deformed spaces, or NC spaces with derivations.

— alter 7/18



Spectral functionals on 1-forms

Alternatively & better. ..
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Spectral functionals on 1-forms

Alternatively & better. ..

use [P on spinors in ¥ in a deeper way to get (via W)
"dual functionals” on 1-forms (co-vectors)
which yield contravariant tensors (with "raised indices").
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Spectral functionals on 1-forms

Alternatively & better. ..

use [P on spinors in ¥ in a deeper way to get (via W)

"dual functionals” on 1-forms (co-vectors)

which yield contravariant tensors (with "raised indices").

For that use the Clifford representation of v € Q! (M)

as 0-order differential operators 7 € End(X).

They form a C°(M )-bimodule Q}Df: QY(M) generated by [, f].
Thus the spinorial Dirac operator is 'self-sufficient’ for our purposes
(and NCG-ready when assembled to a spectral triple of A. Connes).

— fnls 8/18



Metric and Einstein functionals on 1-forms

The spectral functionals of one-forms on M

gp(v,w) == W(@ﬁ)@fn)
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Metric and Einstein functionals on 1-forms

The spectral functionals of one-forms on M
gp(v,w) ;== W(owp ™) = Qm/ g(v,w) voly,
M
G p(v, w) = W(o(]Pb + b)) P"*T)
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Metric and Einstein functionals on 1-forms

The spectral functionals of one-forms on M
ep(v,w) = WD p™) = 27 /M o) oty
Gplv, w) = W (o(Pio + D) P"")

=W((Po+ 0P )
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Metric and Einstein functionals on 1-forms

The spectral functionals of one-forms on M
gp(v,w) ;== W(owp ™) = Qm/ g(v,w) voly,
M
G p(v, w) = W(o(]Pb + b)) P"*T)
= W((Po + 0Pt = / G (v, w) volg,

where g and G = Ric — §Rg are the contravarlant metric and
Einstein tensors, resp.

They perfectly (dually) match g and G2 up to a coefficient.
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Metric and Einstein functionals on 1-forms

The spectral functionals of one-forms on M
gp(v,w) ;== W(owp ™) = 2m/ g(v,w) voly,
M
G p(v, w) = W(o(]Pb + b)) P"*T)
= W((Po + 0Pt = / G (v, w) volg,

where g and G = Ric — §Rg are the contravarlant metric and
Einstein tensors, resp.

They perfectly (dually) match g and G2 up to a coefficient.

Actually,

Ricp(v, w):= W(o(Pi + 2 wID)]D_"+1) = 2= [}, Ric(v, w) voly. J

9/18



Rescaled noncommutative 2-torus: 1-forms

The above functionals extend to NC tori A = C*°(Ty)

with the conformal rescaling Dy, of the 'flat’ Dirac operator

D =3";476; on H = L*(Tj,7)@C*" which we take on H as
Dy = kDk,

following Connes-Moscovici, however with 0 < k € A° c A'.

This assures that (A, Dy, H) is a spectral triple and 3 an

A-bimodule (of 1-forms) Qp, (A) generated by [Dy, A]. -

In effect, Qf, (A) is freely generated by k27
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The above functionals extend to NC tori A = C*°(Ty)

with the conformal rescaling Dy, of the 'flat’ Dirac operator

D =3";476; on H = L*(Tj,7)@C*" which we take on H as
Dy = kDk,

following Connes-Moscovici, however with 0 < k € A° c A'.

This assures that (A, Dy, H) is a spectral triple and 3 an

A-bimodule (of 1-forms) Qp, (A) generated by [Dy, A]. -

In effect, Qf, (A) is freely generated by k27

For n=2, Vj:aj, and for Tg we have

Proposition

For v = k2vig9 and w = k2wio7, vj,wj c A,
gp, (v,w) = T(vw’),

h
whereas Gy (v, w)= 0.
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Rescaled noncommutative 2-torus: 1-forms

The above functionals extend to NC tori A = C*°(Ty)

with the conformal rescaling Dy, of the 'flat’ Dirac operator

D =3";476; on H = L*(Tj,7)@C*" which we take on H as
Dy = kDk,

following Connes-Moscovici, however with 0 < k € A° c A'.

This assures that (A, Dy, H) is a spectral triple and 3 an

A-bimodule (of 1-forms) Qp, (A) generated by [Dy, A]. -

In effect, Qf, (A) is freely generated by k27

For n=2, Vj:aj, and for Tg we have

Proposition

For v = k2vig9 and w = k2wio7, vj,wj c A,
gp, (v,w) = T(vw’),

h
whereas Gy (v, w)= 0.

We have also computed Tj.
—» torsion 10/18



Spectral Torsion

These functionals extend to any n-summable regular (A, D, H),
using as Wthe tracial state (Res|s—y, Tr|D|™*) on the ¥DO calculus
by Connes-Moscovici'95. Thus, even though such abstract D or A
may not refer in principle to any connection (covariant derivative),
thanks to our gp we can now 'control’ the metricity condition.
How about the zero-torsion condition 7

Not clear if & how some minimization method could work.
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Spectral Torsion

These functionals extend to any n-summable regular (A, D, H),
using as Wthe tracial state (Res|s—y, Tr|D|™*) on the ¥DO calculus
by Connes-Moscovici'95. Thus, even though such abstract D or A
may not refer in principle to any connection (covariant derivative),
thanks to our gp we can now 'control’ the metricity condition.
How about the zero-torsion condition 7

Not clear if & how some minimization method could work.

Clearly torsion can 'contaminate’ V, R, g & G (it does R & G !).
Fortunately:

Def/Thm: Torsion functional
Torsion functional is a trilinear functional of u,v,w € Qp(A),

Tp(u,v,w) := W(uwvwD|D|™™).

We say that D is torsion-free if Tp = 0. For the Dirac operator D,
with torsion T on a closed spin manifold of dimension n

Tp, (u,v,w) = —2[721}2'/ T (u,v, w) voly. (3)
M

— exa 11/18




Examples with 7 =0

e Hodge-de Rham: (C>(M), L*(Q%,),d + d*).

o Einstein-Yang-Mills: (COO(M) ® My(C), L2(2) ® My(C), f)) ,
where D = P®idy + A+ JAJ ! with A=A*¢ Q}) and

J = C'®x, with C being the charge conjugation on spinors in 3.

e conformally rescaled noncommutative tori.

e quantum SU(2): (A(SU4(2)),H, D),
where H and D are isomorphic to the classical case ¢ = 1.

—exaT 12/18



Examples with 7 #£ 0

e quantum Zo: (A,H,D)= ((CQ,(CQ, <¢(>)* qg)) (for n=0, W=Tr)

e quantum 2-sheeted space M X Zs:

) = (cxapser e, (1 X))
where y is grading on X and ¢ € C.

Now, 2, 3 w= <¢$§;} ¢;<]f+> for w* € QY(M), fFeC>(M).

Then, Tp (wf,w$,ws) = (8 [, (fi7 f2 f57 + fT [ f5)voly.
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Examples with 7 #£ 0

e quantum Zo: (A,H,D)= ((CQ,(CQ, <¢(>)* ?)5)) (for n=0, W=Tr)

e quantum 2-sheeted space M X Zs:

) = (cxapser e, (1 X))
where y is grading on X and ¢ € C.

+ ¢ f+

Now,919w2<*w _ X>forwi691M, Fe 0™ (M).
bow= (4, X (M), f=eC(u)
Then, Tp (wf,ws,w§) = | [1,(fi' o f5 + fi [ f57 )woly.

e internal quantum geometry of the Standard Model: (A, H, D),

where A = (C @ H@ M3(C)), H = C% and D is built from CKM
& PMNS mixing matrices Y. Then eg. for u = [D, (0, 12,0)],

TD(%“:“) =Tr (’Te‘4+’TV‘4+3|TU‘4+3’Td‘4) > 0.
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Examples with 7 #£ 0

e quantum Zo: (A,H,D)= ((CQ,(CQ, <¢(>)* ?)5)) (for n=0, W=Tr)

e quantum 2-sheeted space M X Zs:

) = (cxapser e, (1 X))
where y is grading on X and ¢ € C.

Now, 2, 3 w= <¢$§;€ ¢;<]f+> for w* € QY(M), fFeC>(M).

Then, Tp (wf,ws,wg) = 6" [y, (fi"fo i + fi f3 f5 )voly.
e internal quantum geometry of the Standard Model: (A, H, D),

where A = (C @ H@ M3(C)), H = C% and D is built from CKM
& PMNS mixing matrices Y. Then eg. for u = [D, (0, 12,0)],

TD(%“:“) =Tr (’Te‘4+’TV‘4+3|TU‘4+3’Td‘4) > 0.

e full almost commutative geometry of the Standard Model

— rel 13/18



Relation to ’algebraic’ torsion

A priori quite different. Common territory is the algebraic 1stODC
realized in terms of operators associated to the spectral triple,

but must supply a 2ndODC and choose a connection.

Easy for the inner triple (A, H, D)= ((CQ, C?, [(;)* qé]) on Zs:
an arbitrary (left) connection is

+
V5 Qles Q) de— [C 0

0 c] de®de, cy€C,
where e = (1,0) € C? is represented as diag(1,0) on C2.
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Relation to ’algebraic’ torsion

A priori quite different. Common territory is the algebraic 1stODC

realized in terms of operators associated to the spectral triple,

but must supply a 2ndODC and choose a connection.

Easy for the inner triple (A, H, D)= ((CQ, C?, [(;)* qé]) on Zs:

an arbitrary (left) connection is N
V0l 5 0l Y, des [CO CO,

where e = (1,0) € C? is represented as diag(1,0) on C2.

cto*o 0

0 c_gbgb*] ’
Then, for a unique connection V=1 with ¢+ = +1,
we reproduce the (discrete) spectral torsion, i.e. Vu,v,w € Q:

]de@de, ct €C,

Its torsion reads
TV :=moV —d: Q' 5 Q% — —

TV (wy0,w) = Tr (uvTv(Lfl)(w)) = Tr(uvwD) ::TD(U’U’%)’

where in the last eq. we used matrix Tr as W (!) [Connes].

s rel? 14/18



Relation to ’algebraic’ torsion: M X Z,

The full torsionful case M x Zo requires some adjustments...

We first work with Connes’ differential calculus, but quotient by the
so called ‘junk’ differential ideal kills the torsion generated from Z,
and agreement can be only got with an altered spectral torsion.
To overcome this problem we adopt a recent modification in
Mesland-Rennie'24 (see also [BM,BGM,BGJ]) of the algebraic
approach and provide its ingredients appropriate for M x Zs.
Since it is a metric product we use a product-type connection,
which however realizes only part of the spectral torsion.

To overcome this unexpected impasse we resort to a non-product
connection by adding a suitable mixing perturbation term. With
this we ultimately achieve a perfect agreement with the spectral
approach

—3 dets 15/18



Some details

Extend 7: A — B(H) to mp : QL(A) = QL (A) via 6 — [D, .
For an idempotent ¥ on QL (A)®0L(A) which satisfies

2 C C -1/ 72
here JTH CTm(®) C i (J3),

JT3 = {rp@mp(d(w)) |w € kermp}, Jp = p(JTR),
there is a 2ndODC
AL b)) 25 ol (A)eakA),

where
dy(a[D,b]) := (1 —¥)([D,a] ®4 [D,b]), Va,b e A.
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Some details

Extend 7: A — B(H) to mp : QL(A) = QL (A) via 6 — [D, .
For an idempotent ¥ on QL (A)®0L(A) which satisfies

2 C C -1/ 72
here JTH CTm(®) C i (J3),

JTE = {mp@7np(6(w)) |w € kerp}, JH = u(JTH),
there is a 2ndODC
AP 04 4) 2 ab(A)e0hA),
dy(a[D,b]) == (1 - ¥)([D,a] ®4 [D,b]), Va,b e A
We have found ¥ and S such that the torsion
Ty = (1— U)oV —dy : Qb (A) = QhH(A)R0L(A)
of the connection_

V=ve@l+xovhig,
satisfies Vu, v,w € Q1 (A)

where

Ta(w,v,w) = W(uop(T§ (w)) = WwowD|D| ™) = %(u,v,w}.

— pres T' 16/18



VY, R, g and G in presence of torsion

We worked out wide class of Dirac-type operators.
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VY, R, g and G in presence of torsion

We worked out wide class of Dirac-type operators.

In particular, NC integral V= and metric gp  are blind for T', but

2M(n — 2 9
RIPT(f) = (24) /M f[—R + ZTc?bcTtgbc} volg,

v’ Pfiffle-Stephan, X usual Ryp;
Gp,.(u,w) = Gp(u, w)+

1 .
3.2m_1/M [_ua woe Topet g Uatb (5%7}%2’% —4T5—6 ngkﬂ?jkﬂ volg

Ximpediment to torsion 7!, X usual Gp.

— out 17/18



MATH:
« The spectral formulation of geometric objects g, G, Ric & T
should be beneficial for global study on the analytic/operator level
of manifolds as well as generalized geometries, like NCG.

18/18



MATH:
« The spectral formulation of geometric objects g, G, Ric & T
should be beneficial for global study on the analytic/operator level
of manifolds as well as generalized geometries, like NCG.
« Recently Yong Wang et. al. extended our functionals to manifolds
with boundaries.

18/18



MATH:
« The spectral formulation of geometric objects g, G, Ric & T
should be beneficial for global study on the analytic/operator level
of manifolds as well as generalized geometries, like NCG.

« Recently Yong Wang et. al. extended our functionals to manifolds
with boundaries.

« Further directions to study:

- flat manifolds

- Einstein manifolds (<>spectral triples) for which Gp x gp
- metric spaces, orbifolds and manifolds with singularities
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« NC SM geometry is saturated with # 0 'internal’ torsion.
So, 777
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