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Noncommutative geometry

Turning spaces into algebras

Compact Hausdorff spaces X, Y
and continuous mapsf: X — Y

Compact Lie groups

(G,eem:GXG -G, ':G - G)

Compact Riemannian spin manifolds
(M, g)

Geltand—Naimark

Unital, commutative C*-algebras
C(X), C(Y) and *-homomorphisms
. CY) - C(X)

Unital commutative C*-algebras C(G) with
coproduct A : C(G) — C(G) ® C(G) and

a density condition.

Spectral triples
(C(M), D, L*(S))



Noncommutative geometry

Compact Hausdorff spaces X, Y
and continuous mapsf: X — Y

Compact Lie groups

(G,eem:GXG -G, ':G - G)

Compact Riemannian spin manifolds
(M, g)

Forgetting apout the spaces

Generalising to the
noncommutaive setting

Unital C*-algebras A, B with
*-homomorphisms @ : A - B

Compact guantum groups and
their dense Hopf *-subalgebras

Spectral triples
(A,D, )



Question: How do we
construct spectral triples
for guantum groups?



Hopt Algepras and Quantum
HOmMogeneous opaces



Quantum NOMmogeneous spaces

+ Let A and U be a dual pair of Hopf *-algebras.
. Let W C U be a Hopf *-subalgebra of U .
. Denote the space of invariants B := "A = {a € A | ayy{ap), w) = e(w)a, forallw € W}.

.+ IfA ®p — : gMod — Vecte is a faithfully flat functor then we say that B is a quantum
homogeneous space.



Weak one-cross bundles

Definition: Let A and U be a dual pair of Hopf *-algebras, and let W C U be a Hopf
*-.subalgebra such that the space of invariants B := YA is a quantum

homogeneous space. A weak one-cross bundle for B is an element X € U\ W such
that

AX) =XQ H+1Q® X, where Y € U is an element satisfying Resy(Y) = 14

« X < Wis a finite-dimensional simple right W-module.




The definition separates into two possible cases:

1. X* € X« W (real case),

2. X* & X 4 W (complex case).

Here we focus on the complex case, but for the real case things progress analogously.

So what can this strange structure do for quantum homogeneous
spaces?



Ditferential graded algebras and
differential calculi

Definition: A differential graded algebra over an algebra B is an Ny-graded algebra

where Q' = B, together with a degree one homogeneous map d : €2° — ° such that
.d? =0, and
cdlwAv)=do Av+ (—D"?w Ady, forallw,v € Q.

If C2° is generated as an algebra by those elements of degree O and 1, then we say that it is a
differential calculus over B.




Lemma: For a weak one-cross bundle (A, W C U, X), the direct sum (internal to U)
T:=X*<a W) (X1 W)isaquantum tangent space for A, that is,

AT)CT®RA".

We denote the associated covariant «-differential calculus on A by Q!(A), and note

that it is W-invariant.
Explicitly, the space of 1-forms is given by the free A-module
QlA) =AQ A,

where we have denoted

[:={yeAT|X(H)=0,forall X T}, and Al:= (A /I).




The exterior derivative acts explicitly as

db = Z (X;>b) ®e, where {X,},isabasisof T, and {e;}is a dual basis of Al,

or equivalently,

db = by @ b))

where [b,)] denotes the coset ofb,, in Al = AT/



There exists an A-bimodule decomposition Q'(4) ~ QD @ QO-D corresponding to the
decomposition of the tangent space.

We denote the restriction of Q1(A) to B by Q!(B). By simplicity of X <« W, the dimension of
the two calculi will be the same.

Moreover, we have an induced decomposition

Q'(B) ~ Q1 g QOV



Theorem: A quantum principal bundle is given by the triple

(B = WA Ql(A), 0)

In particular, we have a noncommutative Atiyah sequence

0— AQ(B)A - QA - AQAy. =0 0.

Corollary: The zero map is a strong left A-covariant principal connection for the quantum
principal bundle.




Connections

Definition: Let Q!(B) be a first-order differential calculus for an algebra B. Given a left

B-module &, a connection is a linear map
V:F - Q! Qp F
such that

Vbf)=db@f+bV(f) foreveryb € Bandf € F.

Definition: A connection V for a B-bimodule & is said to be a bimodule connection if

V(fb) =V (f)b+o(fQ db) foreveryb € Band f € &,

for a necessarily unique bimodule map

o:.F Qp Ql(B) - QY(B) Qp F .




For a homogeneous space G/K,

7 =GX V:i=GxVI{(gk,v)=(gpkyv)|geiG,keK},

where p : K — End(V) is a representation of K.

Fact/Exercise: It holds that
D7) = O(G) Oy, V-
where the right hand side denotes all those sums

Y £ ®v,in O(G) @V

satisfying

Zfi<1X®V,-= Zf,-@XDvl-,forollXE U(Y).




So in the noncommutative setting, we think of the cotensor product
F =ALlyV,

for some finite-dimensional W-module V., as a honcommutative associated vector
bundle over B.

Such modules are automatically finitely generated and projective, fitting into the
Swan—Serre philosophy of noncomutative vector bundles.

Each such & comes equipped with a canonical right B-action, given by

Zai®vl- b = Zal-b@)vi.

l l



Lemma: There exists a covariant connection for all relative Hopf modules.

Theorem: Moreover, any covariant connection for & is automatically a bimodule
connection!




\Vetrics

Definition: A metric for Q! is a pair of bilinear maps, called the evaluation and
coevaluation maps,

ev: Q' ®,Q!' - B, andcoev: B - Q' ®, Q!
such that the following identities hold
id=(id®ev)e(coev®id) : Q' —» Q! Rz Q! Rz Ql - Ql,
and

id = (ev®id) o (id ® coev) : Q! - Q! Rz Q! Rz Ql— Q.




Theorem: There there exists a covariant metric for Q'(B) if and only if X < W and
X* 4 Ware dual W-modules. In this case, the set of covariant metrics g, is

parameterised by a scalar 4 € C.

Corollary: Moreover, if we require g, to be quantum symmetric, that is, we require

then A is uniquely defined.




ONE-CROS5 BUNDLES



[orsion-iree connections

Definition: A connection V : Q! - Q! ® , Q! is torsion free if

Tor .= AoV —-d=0,

that is, if the following diagram commutes:
Q'(B) ®; Q'(B)

\% A

Q'(B) - Q%(B)




Compatipble connections

Definition: We say that a bimodule connection Vis metric compatible if
V'(g) =0, where we V' denotes the map
Vi=VQid+(cQ®id)-(d®V): Q' ®, Q' - Q' ®,Q'®, Q'

A Levi-Civita connection is a torsion-free metric compatible bimodule connection.




One-cross pbundles

Definition: Let A and U be a dual pair of Hopf *-algebras, and let W C U be a Hopf
*.subalgebra such that the space of invariants B := WA is a quantum homogeneous
space. A one-cross bundle for B is a weak one-cross bundle X € W such that W
admits a central element Z, such that for any second or third root of unity 6,

XAZ#60X.

Theorem: The unique covariant connection V : Ql - Q! Qp Q! is a Levi-Civita

connection with respect to g,.




Corollary: For any one-cross bundle, there is a unique covariant connection

V:F->Q'®,F, forallsimple F~A[], V.

Corollary: For any one-cross bundle (W, X), the maximal prolongation £2° of the

associated first-order calculus Q' has relations that are generated, as a B-bimodule, by
the elements

w®U+olw®U), formv e Ql, and V(db), forb € Gen(B),

where Gen(B) is a generating set of B.




Complex structures

Theorem: For a one-cross bundle of complex type we have an N(Z)-algebra grading Q**)

on ° satisfying

1. Ok~ @ QP

a+b=k

2. (Qbhx = Qb.a)

3. the decomposition is integrable, that is, the decomposition of d with respect to Q)
gives a double complex.




Theorem: If the degree two relations of the maximal prolongation are all of the form
o@U+olw®uv), foral w,ve QYB),

(that is, the torsion relations V (d) can be forgotten) then the decomposition of the
space of 1-forms Q(B) = QU9 @ QO-D extends to a covariant complex structure on

Q'(B).

Corollary: For every simple relative Hopf module # & fgmod , the evident projection

to a (0,1)-connection
3 . 0,1 oI
0 : F — QUV R, F

is flat, which is to say, it is a holomorphic structure.




Theorem: The complex structure is factorisable, which is to say

Q@b ~ Q@0 g QO

if and only if

C(wQ®L)=wQU, V o ®@ve QU Q0D gnd QUD g QU0




Examples



Example: If we take A = O (SU,), U = Uq(élz), and W = (K, K1), then we get the

Podles sphere. Choosing the element X = E we get a one-cross bundle and recover the
Podles calculus with the well-known holomorphic structures on its line modules &,.

Example: More generally, if we take A = 0 (SU,, ), U = U (8L,,41) and

W= <Ei9Fi9[<l‘i1 ‘ l# 1>9

then we get quantum projective space @Q(CP”). If we set X = £, then we also get a one-
cross bundle.




Root system Dynkin diagram Highest weight

A, o o o 4 A
l 2 n-1 N

B, ° o— T ———e a,+2(a, + -+ )
1 2 N-1 N

C o o < 2(a a, 1)+ a,
1 2 n-1 N

n-1
D . - - ap+ 2+t )+, +a,
” 1 2 -2



Root system

Eg

o

Dynkin diagram

?2
1 3 4 5 0
® ® @ @ ®
72
3 4 5 6 /
® @ @ ® o
?2

3 4 0 0 J 3
® @ ® ® @ J

1 2 3 4

Highest weight

a; + 20, + 205 + 304 + 205 + o

a; +2a, + 305 + 4ay

3as

20 + 3a, + 4a5 + 60y

204

+5a; + 40, + 303 + 20

200 + 3a, + 4oz + 20

3o, + 20,



Example: Let g be a complex simple Lie algebra, and G the associated connected

simple-connected compact Lie group. If we take A = O (G), U = U (g) and
W=U/(,) = (E,F, K*i | a;is not cominiscule),

then we get the irreducible quantum flag manifolds O _(G/Ly). If we set X = E,, for a,

the cominiscule root, then we recover the celebrated Heckenberger-Kolb differential
calculi and the holomorphic structures of their covariant noncommutative associated

vector bundles.




0,(GILg)

0,(CP")

quantum
projective
space

quantum Hermitian
symmetric spaces



Example: Consider now the non-cominiscule case, which is to say, when
W = Uq(IS) = (E, Fl-,Kj i € [I\{a;},] € 1I).

For a non-cominiscule root a;. Taking X = E; we again get a one-cross bundle, but this
time we get something totally new...

We conjecture that the associated quantum exterior algebras will extend Berenstein
and Zwicknagl’'s constructions beyond the cominiscule case.




% Now for something
completely different



Example: The free unitary quantum group of Wang is the Hopf *-algebra generated

by the generators U, fori,7 =1,..., N, subject to the following relations:

The matrix u = (u;;) is unitary, that is to say

u u =uu* =1,

or in components,

n

n

T . = O S UT = O..
Z Uy Uy = Ojj Z ik Ojf -
k=1 =1




Example (continued): We have a surjective map

m: Uy = O(Uy)
given by including the commutativity relations.
Dually, we have an inclusion map

L uy S (UY).

Consider the Levisubalgebra ¢ C 11, for some § = II\ {a,}. The free flag manifold is
the guantum homogeneous space

+ . (Ul 7+
Fig =Wyt

The element X = E, gives a one-cross bundle for the free flag FX,“S.




Spectral Geometry?
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We want a Dolbeault-Dirac operator

D5=5+6T

So we need to make sense of the adjoint o'

For an adjoint we need a metric!

On 1-forms Q(B) we know how to do this, but how do we extend to higher forms?



This is very much work in progress!

S0 let’s restrict to the addressing this
problem for the irreducible quantum
flags and their Heckenberger-Kolb
calculi.






Why don't you define the Hodge first?

EREY BRER

SERTRENE



Why don't you define the Hodge first? 'm allowed to do that!?




Why don't you define the Hodge first? 'm allowed to do that!?




Now hurry up, you know those vegan
burgers take hours to make.

EREY BRER

SERTRENE



| don't think the people who work
there get enough protein.

e

EREY BRER

SERTRENE



Advances in Mathematics
Volume 322, 15 December 2017, Pages 892-939

Noncommutative Kahler structures
on quantum homogeneous spaces

Réamonn O Buachalla ' &

At the level of a one-cross bundle, the form (1,1)-form
K:=Ao(1d® I)(g)

is closed, that is dk = 0, moreover, central, and real (up to rescaling), making it a natural
candidate for a Kahler form...



We have a bounded representation 4 : @q(G/LS) — B(L*(Q")) given by left multiplication.

The Dolbeault-Dirac operator D5 := 0+ 0 is by construction a densely defined unbounded
operator. It is in fact closable, and moreover essentially self-adjoint.

The Dirac D5 and hence the Laplacian A3 are diagonalisable.

The commutators [D3, A(b)] are bounded, for all b € O (G/Ly).

We even know that the domain of the closure of D5 is closed under the action 4 of

0,(G/Ly).



As for all one-cross quantum flag manifolds, their line bundles &, are labelled by the

integers kK € Z, and come endowed with a uniqgue covariant holomorphic structure.

We can tensor the anti-holomorphic subcomplex QO-) by any &, to get a twisted

Dirac operator Dj & .

Theorem: Fork € Z_, and g € I, the & -twisted

Dolbeault-Dirac operator is a Fredholm operator,
has a spectral gap around zero.




Theorem: For k € Z_, and g € I, the & -twisted Dolbeault-Dirac operator is a Fredholm
operator. Moreover, the index of the operator is given by

dim(Vy_cye ). ifk > Cs,
index (Dag ) —
—k

0, otherwise

where 2M is the total dimension of the dc, A™ is the set of positive roots of g, and p is
the half-sum of positive roots.

In particular, if k > Cg, then

Ha€A+ (,0 + (k — Cy)w,, a)
Ha€A+ (’0’ a) .

index (D;g_k) = (—1M




TABLE 2. Irreducible quantum flag manifolds: mnotation for the CQGA-
homogeneous space, the Heckenberger—Kolb calculus complex dimension, and
the identification of the top holomorphic forms with a line module.

M = dim (Q19)) Canonical line module Q(:0)

S(TL 1 S) g—(n+1)

5—2n+1

8—(n+1)

E_2(n—1)

E_2(n—1)
E_12
E_18







Dziekuje za
wystuchanie




