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Aim:

@ One-forms (sections of the cotangent bundle) on the 2-sphere
have the interpretation of the direct sum of sections of two line
bundles with Chern numbers +2.

@ These correspond to holomorphic and anti-holomorphic forms.

@ This interpretation carries over to the standard quantum or
Podles$ two-spheres.

@ We address a question: is such an interpretation possible for
nonstandard Podles$ two-spheres?
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Quantum spheres

Quantum spheres are quantum homogeneous spaces of the quantum
group SUq(2).
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Quantum spheres

Quantum spheres are quantum homogeneous spaces of the quantum
group SUq(2).
The noncommutative coordinate complex algebra Oq4(SL(2)) is

g

«
generated by u = <7 5

) and relations

af =qfa, ay=qya, ad=da+(q-q B,

By =78, ~0=qdy, ad—qpy=1.

Brzezinski (Biatystok) Quantum spheres Krakéw, September 2025 3/24



Quantum spheres

Quantum spheres are quantum homogeneous spaces of the quantum
group SUq(2).
The noncommutative coordinate complex algebra Oq4(SL(2)) is

g

«
generated by u = <7 5

) and relations

af =qfa, ay=qya, ad=da+(q-q B,

By =76, 70 =qdy, ad—-qBy=1.

If g is real, the x-structure 6 = a*, 3 = —qv* makes O4(SL(2)) into
0q4(SU(2)) which can be completed to a C*-algebra if g € (0,1)
[Woronowicz ’86].
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Quantum spheres

04(SL(2)) is a matrix-type Hopf algebra, with comultiplication and
counit
Auy) =) uk®ug,  =(uy) = 5y,
K

and the antipode:
Sa=6, S8=-q '8, Sy=-qv, Si=oq.

This is compatible with the x-structure of O4(SU(2)).
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Quantum spheres
Noncommutative coordinate algebras of quantum spheres are left

coideal subalgebras of O4(SU(2)), i.e. subalgebras B of O4(SU(2))
such that A(B) C 04(SU(2)) ® B.
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Quantum spheres

Noncommutative coordinate algebras of quantum spheres are left
coideal subalgebras of O4(SU(2)), i.e. subalgebras B of O4(SU(2))
such that A(B) C 04(SU(2)) ® B.

[Podle$ '87]: Coordinate algebras of quantum spheres O, 5(S?) are
generated by

E=s(q7 2 -a®)+(1-85)g 'aB, n=s(g? - %)+ (s>— 1),

¢ = s(B5 — gay) + (1 — $°)qB~,

where s € [0,1].
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Quantum spheres

Noncommutative coordinate algebras of quantum spheres are left
coideal subalgebras of O4(SU(2)), i.e. subalgebras B of O4(SU(2))
such that A(B) C 04(SU(2)) ® B.

[Podle$ '87]: Coordinate algebras of quantum spheres O, 5(S?) are
generated by

E=s(q7 2 -a®)+(1-85)g 'aB, n=s(g? - %)+ (s>— 1),

¢ = s(85 — gar) + (1 = *)aB,
where s € [0, 1].The derived algebra relations are:

=05, nC=q%n, &n=(%-+1),
né = (2 — g 20)(g 3¢ +1).
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Quantum spheres

Noncommutative coordinate algebras of quantum spheres are left
coideal subalgebras of O4(SU(2)), i.e. subalgebras B of O4(SU(2))
such that A(B) C 04(SU(2)) ® B.

[Podle$ '87]: Coordinate algebras of quantum spheres O, 5(S?) are
generated by

§=s(q ' —a®)+(1-5)q "B, n=s(qy* — ) +(s* — 1),
¢ = s(85 — gar) + (1 = *)aB,
where s € [0, 1].The derived algebra relations are:
E=0%¢ nC=a%mn &n=(s"-OC+1),

né = (% = q2O)(a ¢+ 1).
Oq,5(S?) are x-subalgebras of Oy(SU(2)) with ¢* = ¢ and = &*.
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Quantum line bundles over Oy (S?)

@ In NCG finitely generated projective (left or right) modules £ over
an algebra B are interpreted as sections of vector bundles over
the NCG space represented by B.

Brzezifiski (Biatystok) Quantum spheres Krakéw, September 2025 6/24



Quantum line bundles over Oy (S?)

@ In NCG finitely generated projective (left or right) modules £ over
an algebra B are interpreted as sections of vector bundles over
the NCG space represented by B.

@ For a left B-module projectivity means that the action map
B® & — £ has a B-linear section (splitting).
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Quantum line bundles over Oy (S?)

@ In NCG finitely generated projective (left or right) modules £ over
an algebra B are interpreted as sections of vector bundles over
the NCG space represented by B.

@ For a left B-module projectivity means that the action map
B® & — £ has a B-linear section (splitting).

@ Line bundles correspond to invertible modules, i.e. such & for
which there exists right B-module F such that F ®g £ = B.

Brzezinski (Biatystok) Quantum spheres Krakéw, September 2025 6/24



Quantum line bundles over Oy (S?)

@ In NCG finitely generated projective (left or right) modules £ over
an algebra B are interpreted as sections of vector bundles over
the NCG space represented by B.

@ For a left B-module projectivity means that the action map
B® & — £ has a B-linear section (splitting).

@ Line bundles correspond to invertible modules, i.e. such & for
which there exists right B-module F such that F ®g £ = B.

@ There is a specially nice construction of NCG vector bundles for
quantum homogeneous spaces.
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Quantum line bundles over Oy (S?)

@ The right ideal J of O4(SU(2)) generated by (,{ +s,n+ sisa
coideal in O4(SU(2)), i.e.

A(J) € 04(SU(2)) ® J + J @ Og(SU(2)).
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Quantum line bundles over Oy (S?)

@ The right ideal J of O4(SU(2)) generated by (,{ +s,n+ sisa
coideal in O4(SU(2)), i.e.

A(J) € 04(SU(2)) ® J + J @ Og(SU(2)).

@ In consequence C = Oq4(SU(2))/J is a coalgebra and
m: Oq(SU(2)) — Cis a coalgebra epimorphism.
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Quantum line bundles over Oy (S?)

@ The right ideal J of O4(SU(2)) generated by (,{ +s,n+ sisa
coideal in O4(SU(2)), i.e.

A(J) € 04(SU(2)) ® J + J @ Og(SU(2)).

@ In consequence C = Oq4(SU(2))/J is a coalgebra and
m: Oq(SU(2)) — Cis a coalgebra epimorphism.

@ In consequence O4(SU(2)) is a right C-comodule with coaction
Ag = (id® ) o A.
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Quantum line bundles over Oy (S?)

@ The right ideal J of O4(SU(2)) generated by (,{ +s,n+ sisa
coideal in O4(SU(2)), i.e.

A(J) € 04(SU(2)) ® J + J @ Og(SU(2)).

@ In consequence C = Oq4(SU(2))/J is a coalgebra and
m: Oq(SU(2)) — Cis a coalgebra epimorphism.

@ In consequence O4(SU(2)) is a right C-comodule with coaction
Ar=(id®m)oA.

@ Crucially,

0q,s(S°) = {a€ 0g(SU(2)) | Ar(a) = aw n(1)},

[Brzezinski '97].
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Quantum line bundles over Oy (S?)

Unexpectedly, C has a basis of grouplike elements ¢, n € Z,

. <H (a+qk1s[3)> - (ﬁ (a—i—qks'y)) . n>o,

k=0 k=0

Ch = 7'('(1), I’IZO,

™ (ﬁ (6 - qk136)> = <_ﬁ1 (6 — qksv)> , n<oO,

k=1 k=0

[Brzezifiski-Majid *00], [Miiller-Schneider '99].
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Quantum line bundles over Oy (S?)

@ Thereisamap ¢ : C — Oq(SU(2)) ® Oq(SU(2)), which ensures
that O4(SU(2)) is a C-equivariantly projective Oq s(S?)-module
and generates line bundles.

@ Let/l,:=/(cn). Thenly =1®1and, forallne N,

(gv+ g "s8)ln(—B + q"sa) + ( + g " 1sB)n(5 — G7"sY)
b1 = 1+g2ng?

(6 — 9""7)l-n(a + 9"sB) + (aq"s — " B)¢-n(q"S6 +7)

fon-1 = 1+ g2ns?

[Brzezifiski-Majid *00]
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Quantum line bundles over Oy (S?)

o Letln=> 0, ® L

@ Forall n,
ngm.g;;’i -1, [Brzezinski-Majid 00].
iel

e Forall n,i,j,

ot € Ogs(S?),  [Brzezinski-Hajac '03].

n,i*n.j

@ Hence, {¢] ;}ic; generate projective left Oq.5(S?)-modules &p,
while {¢’_, ;}ic/ generate projective right Oq.5(S?)-modules &p.

@ Each of these modules can be interpreted as a line bundle
(viewed as a left or right module, correspondingly) of the
topological charge n € Z.
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|
Bundles of charges +2

@ &, is generated by:
ef = B-s(1+q ?)ap+q 's°0®, ef =—qi°+s(qg+q " )y5—5>,

eg = qBd —qs(1+(q+q ")B7) + s%ay.
o &£ ,is generated by:

e; =P +s(q+q o+ q s,

e, = —qPay—qs(1+(q+q ")By) — q 's°80,
e; = —qa® —s(1+q ?)ap — q 2sp2
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|
Bundles of charges +2

@ &, is generated by:
ef = B-s(1+q ?)ap+q 's°0®, ef =—qi°+s(qg+q " )y5—5>,

eg = qBd —qs(1+(q+q ")B7) + s%ay.
o &£ ,is generated by:

e; =P +s(q+q o+ q s,
e, =—q°ay—gs(1+(q+q ")Bv) — g 's%85,
e; = —qa® —s(1+q ?)ap — q 2sp2
o Note g = ¢,
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The case of the standard sphere

@ The case s = 0 or the standard quantum sphere O4(S?) is very
different from other cases.
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The case of the standard sphere

@ The case s = 0 or the standard quantum sphere O4(S?) is very
different from other cases.

@ Make C a Hopf algebra with the product ¢,¢, = cmn and
antipode Sc, = ¢_p,i.e. C = O(U(1)) =Clz,z71].
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The case of the standard sphere

@ The case s = 0 or the standard quantum sphere O4(S?) is very
different from other cases.

@ Make C a Hopf algebra with the product ¢,¢, = cmn and
antipode Sc, = ¢_p,i.e. C = O(U(1)) =Clz,z71].

@ Then w is a Hopf algebra map and consequently Ag is an algebra
map.
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The case of the standard sphere

@ The case s = 0 or the standard quantum sphere O4(S?) is very
different from other cases.

@ Make C a Hopf algebra with the product ¢,¢, = cmn and
antipode Sc, = ¢_p,i.e. C = O(U(1)) =Clz,z71].

@ Then 7 is a Hopf algebra map and consequently Ag is an algebra
map.

@ This makes O4(SU(2)) a strongly Z-graded algebra, &, = £, and

Oq(SU(Z)) - @gn, gngm — gn'H.n.

nez
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The case of the standard sphere

@ The case s = 0 or the standard quantum sphere O4(S?) is very
different from other cases.

@ Make C a Hopf algebra with the product ¢,¢, = cmn and
antipode Sc, = ¢_p,i.e. C = O(U(1)) =Clz,z71].

@ Then 7 is a Hopf algebra map and consequently Ag is an algebra
map.

@ This makes O4(SU(2)) a strongly Z-graded algebra, &, = £, and

Oq(SU(Z)) - @gn, gngm — gn'H.n.

nez

@ There is a natural covariant 2D-calculus (no such calculus if s # 0,
[Podles '89]).
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|
2D calculus on O4(S?)

@ By a 1-st order differential calculus on an algebra B we mean a
B-bimodule Q2 together with a map d : B — Q such that

d(ab) = d(a)b+ ad(b), Q={>_ ad(b)| a b€ B}.
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|
2D calculus on O4(S?)

@ By a 1-st order differential calculus on an algebra B we mean a
B-bimodule Q2 together with a map d : B — Q such that

d(ab) = d(a)b+ ad(b), Q={>_ ad(b)| a b€ B}.

@ [Woronowicz '89] There is a unique 3D calculus on O4(SU(2))
compatible with the Z-grading.
@ Qis afree left Oq(SU(2))-module gen. by wy, w+ with degrees

wol =0, |ws| = +2.
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|
2D calculus on O4(S?)

@ By a 1-st order differential calculus on an algebra B we mean a
B-bimodule Q2 together with a map d : B — Q such that

d(ab) = d(a)b+ ad(b), Q={>_ ad(b)| a b€ B}.

@ [Woronowicz '89] There is a unique 3D calculus on O4(SU(2))
compatible with the Z-grading.
@ Qis afree left Oq(SU(2))-module gen. by wy, w+ with degrees

wol =0, |ws| = +2.

@ It descends to a calculus I on Oy(S?) generated by e w_, e/ w.,
sothatmT 2 & @ & ».
@ The calculus splits into antiholomorphic and holomorphic parts

D:0g(S?) = &,  0:04(S?) — & 2.
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N
The case of Og(S?)

@ Want to construct (anti)holomorphic calculi on Oq7s(82) with forms
£, € o
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|
The case of Og(S?)

@ Want to construct (anti)holomorphic calculi on Oq.5(S?) with forms
Ex, E o.
@ Podles$’ “no-go” theorem tells us the above method will not work.
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|
The case of Og(S?)

@ Want to construct (anti)holomorphic calculi on Oq7s(82) with forms
Ex, E o.

@ Podles$’ “no-go” theorem tells us the above method will not work.

@ Idea: use the action of the universal enveloping algebra Uy(sk) on
04(SU(2)).
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|
The case of Og(S?)

@ Want to construct (anti)holomorphic calculi on Oq.5(S?) with forms
Ex, E o.
@ Podles$’ “no-go” theorem tells us the above method will not work.

@ Idea: use the action of the universal enveloping algebra Uy(sk) on
04(SU(2)).
@ This will help to construct calculi on Oq 5(S?)

where ¢ = ¢,¢,nand x € Oq,5(S?).
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B ——
Uy(sk) and its action on O4(SU(2))

Uq(shk) is generated by K*', E, F with relations:

K- K1

KE = °EK, KF =q 2FK, [E,F]= PEr=g

and Hopf algebra structure, K is grouplike and
AE=EoK+1®E, AF=Fe1+K'oF,

S(E)=-EK™', S(F)=—KF.
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B ——
Uy(sk) and its action on O4(SU(2))

Uq(shk) is generated by K*', E, F with relations:

_ -1
KE = °EK, KF =q 2FK, [E,F]= %
q-q
and Hopf algebra structure, K is grouplike and

AE=EQK+19E, AF=F@1+K '®F,
S(E)=-EK™', S(F)=—KF.
Hopf algebra dual pairing (—, —) : Ug(sk) x Oq(SL(2)) — Ciis:

<K’O‘>:q_1v <K75>:qv <E>’7>:<Faﬁ>:1'
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B ——
Uy(sk) and its action on O4(SU(2))

The left action of Uy(sk) on O4(SL(2)), which is given by
Xox = x1)(X, X(2)), forall X € Uq(sk), x € Og(SL(2)),
comes out as
Eva=p8, Erf=0, Eby=4, Evdi=0,

KDa:q’1a, K8 = qpB, KD’YZCIA% Ké = g6,
Fra=0, Frf=a, Fry=0, Fpd=nr.
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B ——
Uy(sk) and its action on O4(SU(2))

The left action of Uy(sk) on O4(SL(2)), which is given by
Xox = x1)(X, X(2)), forall X € Uq(sk), x € Og(SL(2)),
comes out as
Eva=p8, Erf=0, Eby=4, Evdi=0,

KDa:q’1a, K8 = qpB, KD’YZCIA% Ké = g6,
Fra=0, Frf=a, Fry=0, Fpd=nr.
Uq(sup) is a x-Hopf algebra with K* = K, E* = KF.
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B ——
Uq(sk) and its action on Oq(SU(2))

The left action of Uy(sk) on O4(SL(2)), which is given by
Xox = x1)(X, X(2)), forall X € Uq(sk), x € Og(SL(2)),
comes out as
Eva=p8, Erf=0, Eby=4, Evdi=0,
Kea=q 'a, Kef=9g8 Koy=q 'y, Kboé=qs,

Fra=0, Frf=a, Fry=0, Fpd=nr.

Uq(sup) is a x-Hopf algebra with K* = K, E* = KF.The pairing is
compatible with the x-structure in the sense that,

<K7X*> = <Ki1ax>’ <E7X*> = _q<Fa X>’ <F3X*> = —C]_1<E, X>'
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Differential structures on O 5(S?)

@ By construction of the left action Uy(sk) on Oq(SU(2)),
Xe(xy) = (X@)pX)(X2)>y).
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Differential structures on O 5(S?)

@ By construction of the left action Uy(sk) on Oq(SU(2)),

Xe(xy) = (X@)pX)(X2)>y).
@ Since K is grouplike, o = K'>— is an algebra auto of Oy(SU(2)).
@ If we find X such that

AX)=X@K+1®Xand X»¢' = €,

then Xo—: Og5(S?) — &2 C Og(SU(2)) will satisfy o-skew
Leibniz rule.
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Differential structures on O 5(S?)

@ By construction of the left action Uy(sk) on Oq(SU(2)),

Xe(xy) = (X@)pX)(X2)>y).
@ Since K is grouplike, o = K'>— is an algebra auto of Oy(SU(2)).
@ If we find X such that

AX)=X@K+1®Xand X»¢' = €,

then Xo—: Og5(S?) — &2 C Og(SU(2)) will satisfy o-skew
Leibniz rule.
@ This will give a derivation 0 : Og,5(S?) — QO = £,0(04.5(S?)).
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Differential structures on O 5(S?)

@ By construction of the left action Uy(sk) on Oq(SU(2)),

Xe(xy) = (X@)pX)(X2)>y).
@ Since K is grouplike, o = K'>— is an algebra auto of Oy(SU(2)).
@ If we find X such that

AX)=X@K+1®Xand X»¢' = €,

then Xo—: Og5(S?) — &2 C Og(SU(2)) will satisfy o-skew
Leibniz rule.
@ This will give a derivation 0 : Og,5(S?) — QO = £,0(04.5(S?)).
@ [Noumi-Mimachi '90] Any such X is necessarily a linear
combination of E, K — 1 and KF, but do they exist?
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Main theorem

Theorem (with R O Buachalla)
Forany a,c € C, let

s(a—c)

E® = aE + —

(K —1) + s2qcKF.

Then A(ES) = ES @ K + 1@ ES, and

ESv¢ = (a—cs?)ef, E°s(=(a—cs?)ey, Evn=(a-cs’)ej.

Hence, if a # s2c, then Q%) = £,0(0, s(S?)), together with
J:0qs(S?) — Q0D x s (a—s%c) " ESpx,

is a first order differential calculus on Oq s(S?).

Brzezinski (Biatystok) Quantum spheres Krakoéw, September 2025

18/24



|
Main theorem (cd)

Theorem (with R O Buachalla)
Letz = K~ '>— and

s(a—c)
g

F = —qaF + (K'—1)—s?eK'E.

Then QU0 = 5(04.5(S?))&_2 together with
9:0gs(8%) = QU0 x s (23— s%) " Fopx,

is a first order differential calculus on Qg s(S?).
Furthermore,Q(1.9)" = Q01 and, for all x € O 5(S?),
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Maximal prolongations

@ To prolong maximally 1st to 2nd order diff. calc. need
d: Q' -2 =" 2 Q'/N,

with N generated by ) °; da; ® db;, whenever ) _; a;db; = 0.
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Maximal prolongations

@ To prolong maximally 1st to 2nd order diff. calc. need
d: Q' -2 =" 2 Q'/N,

with N generated by ) °; da; ® db;, whenever ) _; a;db; = 0.
@ What are the zero relations in Q1) and Q(1.0?
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-]
Maximal prolongations

@ To prolong maximally 1st to 2nd order diff. calc. need
d: Q' -2 =" 2 Q'/N,

with N generated by ) °; da; ® db;, whenever ) _; a;db; = 0.
@ What are the zero relations in Q1) and Q(1.0?

@ Use the explicit description of Q%) and Q(1.9) as projective
modules provided by the strong connection lifting ¢.
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]
Toward 2

@ |dempotent for & is

p= (g, ,2,/')7?:1:17 i =6, 2 = Ci€;
where
1 (@' +q?)?
C1 = 5 CZ — 9
(1+s2)(1+qg2s2) (1+82)(1+qg2s?)
-2
C3 = q

(1+s2)(1+ g 2s?)
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]
Toward 2

@ |dempotent for & is

p= (g, ,2,/')7?:1:17 i =6, 2 = Ci€;
where
1 (@' +q?)?
C1 = 5 CZ — 9
(1+s2)(1+qg2s2) (1+82)(1+qg2s?)
-2
C3 = q

(1+s2)(1+ g 2s?)
@ Note (1 —p)e™ =0, and so

0= 2(5’7 — p,-j)égf, ie. 8_5’ = Z,O,'jéfj.
J j
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where
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C1 = 5 CZ — 9
(1+s2)(1+qg2s2) (1+82)(1+qg2s?)
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@ Note (1 —p)e™ =0, and so
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]
Toward 2

@ Note that the idempotent for & is also the idempotent for £_5 .
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]
Toward 2

@ Note that the idempotent for & is also the idempotent for £_5 .

@ So also _
> oc'op; =o0.
i
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Conclusions

@ Theorems show how (suitably enriched) sections of line bundles
over Oq s(S?) with topological charges +2 can be interpreted as
holomorphic/antiholomorphic forms.
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@ One can set d = 9 + 0 and this will generate the ful bimodule of
one-forms Q' € Q(1:9) ¢ QO.1),
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@ Open questions:

o Is Q' =Q1.0 g Q017
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Conclusions

@ Theorems show how (suitably enriched) sections of line bundles
over Oq s(S?) with topological charges +2 can be interpreted as
holomorphic/antiholomorphic forms.

@ One can set d = 9 + 0 and this will generate the ful bimodule of
one-forms Q' € Q(1:9) ¢ QO.1),

@ Open questions:

o Is Q! = Q(1.0) g Q0.9
o Are Q29 = Q(02) = 0 in the maximal prolongation?
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Conclusions

@ Theorems show how (suitably enriched) sections of line bundles
over Oq s(S?) with topological charges +2 can be interpreted as
holomorphic/antiholomorphic forms.

@ One can set d = 9 + 0 and this will generate the ful bimodule of
one-forms Q' € Q(1:9) ¢ QO.1),

@ Open questions:

o Is Q' =Q1.0 g Q017
e Are Q29 = Q(02) — 0 in the maximal prolongation?
e and many more...
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And now for something completely different (sorry,
Pierre!)

The older the fiddle, the sweeter the tune:

Happy 60th Birthday Andrzej!
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And now for something completely different (sorry,
Pierre!)

The older the fiddle, the sweeter the tune:
Happy 60th Birthday Andrzej!

Happy 70th Birthday Ludwik!
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