
Geometry of Quantum Graphs:
Unknowns and Why They Matter

Arkadiusz Bochniak1

1Max Planck Institute of Quantum Optics

1 October 2025

[Joint work with P. Kasprzak, P.M. Sołtan, I. Chełstowski and D. Jasiński]

Arkadiusz Bochniak Geometry of Quantum Graphs



Quantum Graphs: Motivation

Let A and B be two finite sets.

Consider a noisy classical channel

Φcl : A −→ Prob(B),

with Φcl(b|a) denoting the transition matrix, i.e., the conditional probability of b
given a.

One can define the confusability graph

GΦcl = (VΦcl ,EΦcl )

by taking VΦcl = A and

(a1, a2) ∈ EΦcl ⇔ ∃b ∈ B such that Φcl(b|a1)Φcl(b|a2) ̸= 0.

Arkadiusz Bochniak Geometry of Quantum Graphs



Quantum Graphs: Motivation

Let A and B be two finite sets.

Consider a noisy classical channel

Φcl : A −→ Prob(B),

with Φcl(b|a) denoting the transition matrix, i.e., the conditional probability of b
given a.

One can define the confusability graph

GΦcl = (VΦcl ,EΦcl )

by taking VΦcl = A and

(a1, a2) ∈ EΦcl ⇔ ∃b ∈ B such that Φcl(b|a1)Φcl(b|a2) ̸= 0.

Arkadiusz Bochniak Geometry of Quantum Graphs



Quantum Graphs: Motivation

Let A and B be two finite sets.

Consider a noisy classical channel

Φcl : A −→ Prob(B),

with Φcl(b|a) denoting the transition matrix, i.e., the conditional probability of b
given a.

One can define the confusability graph

GΦcl = (VΦcl ,EΦcl )

by taking VΦcl = A and

(a1, a2) ∈ EΦcl ⇔ ∃b ∈ B such that Φcl(b|a1)Φcl(b|a2) ̸= 0.

Arkadiusz Bochniak Geometry of Quantum Graphs



Arkadiusz Bochniak Geometry of Quantum Graphs



Arkadiusz Bochniak Geometry of Quantum Graphs



Graphs as operator spaces

With a classical graph G = (V ,E) one can associate operator space
SG = span{|vi⟩⟨vj | : (vivj) ∈ E} in von Neumann algebra B(ℓ2(V)).
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Quantum channels

Let HA and HB denote Hilbert spaces associated to the input and output.

Physical idea: Quantum channel Φ should map density matrices acting on HA

to density matrices acting on HB.

Therefore, Φ should
1 be linear
2 preserve cone of positive elements (also after coupling with

finite-dimensional ancillas)
3 preserve traces

CPTP map L(HA) −→ L(HB)
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Dual picture

Φ∗ maps observables on B to observables on A, and Φ∗(I) = I.

ucp map C(B) −→ C(A)
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Dual picture

Consider a ucp map Ψ ≡ Φ∗ : Matn −→ Matm.

Choi’s theorem ⇒ Ψ(a) =
N∑

i=1
KiaK∗

i with N ≤ nm

{Ki}N
i=1 - the set of Kraus operators

Define an operator system SΦ = span{K∗
i Kj}.

Idea:
Quantum graph = an operator system S satisfying some extra properties.
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Another perspective

Instead of specifying the set of edges E for a classical graph G = (V ,E), we can
work with the adjacency matrix A.

One can consider C(V) and think of the adjacency matrix in terms of the
operator A : C(V) → C(V).

Intuitively: Ai,j corresponds to |vi⟩⟨vj | ∈ SG, for the classical graphs.

Under certain technical assumptions, operator systems defining quantum graphs
correspond to some endomorphisms A of the C∗-algebra C(V).
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Another perspective G = (V, ψ,A)

V - finite quantum space

ψ : C(V) → C - faithful state⇝ GNS L2(G)

m : L2(G)⊗ L2(G) → L2(G), η : C → L2(G)

mm∗ = δ2idL2(G) for some δ > 0

A : L2(G) → L2(G) s.t.

A = δ−2m(A ⊗ A)m∗, A = (id ⊗ η∗m)(1 ⊗ A ⊗ 1)(m∗η ⊗ id).
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Characteristics of (quantum) graphs

clique number

colorings and chromatic numbers

connectivity

...
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Clique numbers

ω(G)=max
{
|{ψk ∈ L2(G) : k ∈ K}| : ψk ̸= 0 , |ψi⟩⟨ψj | ∈ SG for i, j, k ∈ K and i ̸= j

}
.

ω(G) = max{|Kn| : Kn → G}

(We say that there exists a homomorphism between quantum graphs G and F ,
and write G → F , if there exists a Hilbert space H and an isometry
J : L2(G) → L2(F)⊗ H s.t. JSGJ ∗ ⊆ SF ⊗ B(H).)

One can also define the quantum clique number ωq(G) by replacing in the above
definition the complete graph by its quantum analog.
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Colorings

The quantum graph G possesses a quantum c-coloring if there exists a finite von
Neumann algebra N and a partition of unity {Pa}c

a=1 ⊂ C(G)⊗N , i.e. a set of

orthogonal projections satisfying
c∑

a=1
Pa = 1C(G)⊗N , and such that

∀1≤a≤c ∀X∈SG : Pa(X ⊗ 1N )Pa = 0.

The quantum chromatic number:

χq(G) = min{c ∈ N| ∃ c-colouring with dim(N ) <∞}.

The classical chromatic number

χloc(G) = min{c ∈ N| ∃ c-colouring with dim(N ) = 1}.
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Colorings

Chromatic numbers can be reformulated in terms of non-local games.

Additional conditions on the second leg of the tensor product lead to different
scenarios (winning strategies) in terms of quantum (non-local) games. [This is
closely related to the MIP*=RE problem].
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Some classical problems can be made quantum

Does there exist a triangle-free graph of arbitrarily large chromatic number?

Mycielski construction: from a given graph G, we can construct a larger one
µ(G) s.t. ω(µ(G)) = ω(G) and χ(µ(G)) = χ(G) + 1.

We found a quantum version of this construction and studied how it impacts
(quantum) characteristics of quantum graphs.
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Symmetries of quantum graphs

The quantum symmetry group of G is the compact quantum group QAut(G) equipped
with a ψG-preserving action ρG : C(G) → C(G)⊗ C(QAut(G)) such that

ρG ◦ AG = (AG ⊗ idC(QAut(G))) ◦ ρG and which is universal among all ψG-preserving
compact quantum group actions α : C(G) → C(G)⊗ C(G) such that

α ◦ AG = (AG ⊗ idC(G)) ◦ α.
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Symmetries preserving partitions of unity

Let A be a unital C∗-algebra and let ρ : A → A ⊗ C(G) be an action of a compact
quantum group G on the quantum space underlying A.

Let P = {P1, . . . ,Pn} be a partition of unity in A, and define the ideal J ⊂ C(G)

generated by

(ω ⊗ id)ρ(Pa)− ω(Pa)1, ω ∈ A∗, a = 1, . . . , n.

Set
C(GP) := C(G)/J, π : C(G) → C(GP),

ρP := (id ⊗ π) ◦ ρ : A → A ⊗ C(GP).
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Symmetries preserving partitions of unity

Let Y be a compact quantum space and φ : C(G) → C(Y) a unital
∗-homomorphism with (id ⊗ φ)ρ(Pa) = Pa ⊗ 1. Then J ⊂ kerφ.

Thus there exists a unique Λ: C(GP) → C(Y) such that φ = Λ ◦ π.

Applying this to Y = GP × GP and φ = (π ⊗ π) ◦∆G, we get a unique
∆GP

: C(GP) → C(GP)⊗ C(GP) s.t. (π ⊗ π) ◦∆G = ∆GP
◦ π.

It satisfies (ρP ⊗ id) ◦ ρP = (id ⊗ φ) ◦ ρ = (id ⊗∆GP
) ◦ ρP and

∆GP
⊗ id) ◦∆GP

◦ π = (id ⊗∆GP
) ◦∆GP

◦ π.

Furthermore, the density conditions hold, i.e., (C(GP),∆GP
) is a compact

quantum group.
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Distinguishing labeling

A c-distinguishing labeling of G is a function ϕ : V → {1, . . . , c} such that for
every σ ∈ Aut(G) \ {id}, there exists v ∈ V such that ϕ(v) ̸= ϕ(σ(v)).

The distinguishing number D(G) of G is the smallest c such that G has a labeling
that is c-distinguishing.

Quantum version: Let P = {P1, . . . ,Pc} ⊂ C(G)⊗ B(H ) be a quantum
c-labeling of G. We say that P is a quantum c-distinguishing labeling of G if the
quantum group QAut(G)P is trivial.

Arkadiusz Bochniak Geometry of Quantum Graphs



Distinguishing labeling

A c-distinguishing labeling of G is a function ϕ : V → {1, . . . , c} such that for
every σ ∈ Aut(G) \ {id}, there exists v ∈ V such that ϕ(v) ̸= ϕ(σ(v)).

The distinguishing number D(G) of G is the smallest c such that G has a labeling
that is c-distinguishing.

Quantum version: Let P = {P1, . . . ,Pc} ⊂ C(G)⊗ B(H ) be a quantum
c-labeling of G. We say that P is a quantum c-distinguishing labeling of G if the
quantum group QAut(G)P is trivial.

Arkadiusz Bochniak Geometry of Quantum Graphs



Connectivity

For classical graphs G, connectivity properties are expressed in terms of
(combinatorial) Laplacian.

E.g., λ2(L(G)) = 0 iff G is disconnected.

For quantum graphs: A quantum graph SG ⊆ Matn is connected if there exists p
such that Sp

G = Matn.

There exist (several) notions of Laplacian for quantum graphs, e.g., L = D − A,
where Dx = x(A1) is the quantum degree operator.

Question: Explore connectivity properties in terms of quantum Laplacians and
quantum incidence operators
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Insight into representation theory

Let G be quantum Cayley graph associated with some quantum group G. What
information about G is contained in the spectrum of L(G)?

Classically: the eigenvalues of the Laplacian of a Cayley graph are related to the
irreducible representations of the underlying group.

The spectral gap relates to the expander properties of the graph.
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Laplacian is important also because...

The Colin de Veriére invariant defined in terms of the spectrum of the
(generalized) Laplacian tells us about planarity of the graph.

Spectrum of Laplacian characterize spanning trees.

. . . and many others!
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Another perspective

But in NCG we expect that L“ = ”D2 for some Dirac operator D.

Question: Which characteristics of quantum graphs we can read from spectral
triples?

Question: What are the physical implications on noisy quantum channel?

Spectral Geometry for Quantum Information?
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Thank you for your attention!
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