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Oscillatory integrals
Weights on Lie groups

G Lie group, Lie algebra g
p€ C®(G, RY) is a weight if
QO VX cg [X(u)| < Cu
@ ul(xy) < Cpr(x)pR(y)
Q@ 1Y(x) = pu(x71) idem
Example:
0 d(x) := /1 + |Adx2 + |Ad, 1|2
@ modular weight Ag
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Symbol spaces

(5, {‘ |j}j€N) Fréchet space, Qo= {,uj}jeN

BYG,E) == {[FeC®(G,E) |V, AclUlg) : ’ﬁ(F)‘. < Cuj}

A(F)‘ , } Fréchet
J

o 1
[Flja = SUPXGG{ ey)
Lemma: If i/ >~ p, then

(D(G, €&)) D BYG,¢E)

closureBi(G ©)
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Oscillatory integrals
Tempered Lie groups

G group with
R = G

bijection such that multiplication and inverse are tempered
functions.

Examples: 1. (R, +)

2. R = R:xsinh(x) ~ (R,+6nh)

Deformation quantization for actions of non-Abelian Lie groups.
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Oscillatory integrals
Tempered pairs

G Lie group
S:G — R smooth

such that
dS : G —g* : x> dS, = [9— R: X — X (S)]
equips G with a structure of tempered Lie group

(G,S) is called a tempered pair
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Oscillatory integrals
Kaehlerian Lie groups: symplectic symmetric spaces

Proposition. Let ) := SO,(1,1) x R? denote the Poincaré
group. Then

© Every generic coadjoint (massive) orbit M of 9 carries a
unique Poincaré-invariant linear connection V.

@ The connection V is torsionfree and symplectic.
© Every geodesic symmetry centered at a point x € M:

Sx : M—M:y— s(y)

is affine: s, (V) = V.
@ The kaleidoscope map

® : MxMxM — MxMxM : (x,y,z) — (€, s,(€), s, (s:(€)))

where § = sc(sy(s2(9)))

is well-defined as a global diffeomorphism.
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Oscillatory integrals
Tempered pairs for Kahlerian Lie groups

B = SO,(1,1) x R C P = SO,(1,1) x R?
B — M C Lie(PB)*: x — Ad’(&) diffeomorphism

SM(vaaZ) = /(D( )wKKS
X,¥,Z

S:G:=BxB—=>R:(x,y)— Su(x,y,e) .
Then: (G, S) is a tempered pair.
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Oscillatory integrals
Admissible phases

(G,S) tempered pair
N
g = @Vn (1)
n=0

For every n=0,..., N ~ ordered basis of V,

{7 }io=1,....dim(Va)
~» global coordinates on G:

= (efS)(x) (2)
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Oscillatory integrals

Set E := exp(iS) (G, S) is called admissible, if
Vn=0,....,N 3IX,e&V,) cU(g)
)~<,,E =: apE:
()3 Co, pn>0: |an] > Go(1 + |xal?")
(i)Y n=0,...,N 3 tempered function 0 < p, € C*(G):
(ii.1) For every A € []i_o S(Vk) C U(g) there exists Ca > 0
such that: _
‘Aan| < Ca ‘an’ Mn -

_(ii.2) The function p, is independent of the variables
{X#}jrzl,...,dim(v,), for all r < n:

O
axr

=0, Vr<n, Vj,=1,...,dim(V,).
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Oscillatory integrals

Kahlerian Lie groups

Theorem. Let B be a Kahlerian Lie group. Then: the associated
tempered pair

(G :=BxB,S = Su(.,.,e))

is admissible.
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Oscillatory integrals

Oscillatory integrals: the fundamental operators

Theorem. (G, S) admissible tempered pair, 1= {j}jen
tempered weights.

Then: there exists D € DO(G) such that
D*E=E

and
D(F) € LYG,&) VFe BYG,E)
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Oscillatory integrals
Oscillatory integrals: Integrations by parts

(G, S) admissible tempered pair, m € B*(G), then
D(G,E) = £ - Fi—>/ mEF:/ ED(mF)
G G

extends to continuous map:

—_—

/mE:B“(G,E)—n?,
G

that we refer to as an oscillatory integral.
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Oscillatory integrals

Oscillatory integrals: Fréchet symbol spaces

Lemma: Let A be a Fréchet algebra and B a Lie group. Then
R* x R* : BX(B, A) x BX(B, A) — BLE (B x B, BLE(B, A))

(F1, F2) —~ [(X,y) = RIFLRJF = [B— Az Fi(2x) F2(zy)]]

Theorem: Assume (G := B x B, S) is admissible pair. Then the
bilinear map

&S = / mEo (R* x R) : BY(B, A) x BX(B, A) — BYA(B, A)
G

is separately continuous.
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Oscillatory integrals
Kahlerian Lie groups

Theorem. Let B be a Kahlerian Lie group with kaleidoscope map
¢ : B3 — B3. Let § € Ry. Then:
(i) the formula

1

uxg v(x) = o

) [Jace(x, y, )]1/2 g0 Sulxy.2) u(y)v(z) dydz

extends from (v, v) € D(B) x D(B) to an associative Hilbert
algebra structure:

e L2(B) x L2(B) — L%(B).

(i) For all u,v € D(L), one has the asymptotic expansion:

0
uxg v o~ ouv o+ E{U,V}KKS + 0(6?)
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Oscillatory integrals
Tempered Fréchet G-module-algebras

(Aa {| |j}jeN) Fréchet algebra
a:GxA—=A:(x ) ax(f)

linear action by automorphisms.
@ Strongly continuous: V f € A

a(f) : G — A x— ax(f) is continuous
@ Tempered: Vj 3 u; weight such that
lax(F)lj < Cpi(x) [Fligy -
The space of C*-vectors:
A® = {a€ A : aff) € C°(G,A)}
is Fréchet for

|f

ja = |Ala(n)(e)| (Acu)
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Oscillatory integrals
Fundamental property of tempered actions

Proposition. Let («, {j}) be a tempered action of G on Fréchet
algebra A. Then

© The action a on A is tempered: v 4 = oAl 1
Q o : A*® — B¥(G,A>) continuous injection.
© The evalution map de : BY(G,A®) — A>® : F — F(e)

is continuous.

Corollary. Let (B x B =: G,S) admissible tempered pair. Let
(o, 1) tempered action of B on Fréchet algebra A. Then, the
formula

a %5 b = 4. (a(a) XS a(b))
defines a jointly continuous bilinear map:

*aoo © Ao X Ay = Aoy .
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Oscillatory integrals

UDF for tempered actions of Kahlerian Lie groups

Lemma. Let B be a Kahlerian Lie group with kaleidoscope map ¢
and associated admissible tempered pair (G :=B x B, S). Then

m = |Jace|*? € BY(G).

Corollary. Let (a, 1) tempered action of B on Fréchet algebra A.
Then, the formula

a x3e b = Oe (a(a) *° a(b))

defines an associative Fréchet algebra (A, %3..).
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Oscillatory integrals

The Spectral: C*-algebras <= NC-Calderon-Vaillancourt

A . C*-algebra R
(HO,m7 7"'Hm) € B

SC3(B, A) = “B~(B, A “non-Abelian Schwartz space”
“Cheap” : Pseudo-differential (Weyl-type) calculus (quantization)

Qpm : SO (B, A) — K(CHpm) ® A
extends to (use UDF for Fréchet)
v Qpm : SCDB, A) — L(CHpm) @A .
“Harder” : Calderon-Vaillancourt :
Qom : SC)(B, A) — B(CHpm) @A .

Theorem. (A™, x3..) carries a pre-C* structure.
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Oscillatory integrals

(Quantum) Symmetry 7

e “Oscillating quantum groups” (Smooth) OK !
@ But those are not Locally compact quantum groups !

@ Kohn-Nirenberg quantization ~~ Locally compact quantum
groups (deforming B)

@ But ... non smooth !!
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