
POINTLESS GEOMETRY

Andrzej Sitarz

Kraków, 10.03.2016



GEOMETRY AND PHYSICS

A MARRIAGE MADE IN HEAVEN

early 20th century: gravitation and electromagnetism
formulated as field theories in four-dimensional space-time,
early 20th century: quantum physics formulated using the
analysis of linear operators and spectral theory
1955: Yang-Mills theory - geometry (vector bundles,
connections, curvatures, covariant derivatives and spinors)

ATIYAH, DIJKGRAAF, HITCHIN

Recent ideas from quantum gravity and string theory challenge the
fundamental concepts of geometry at an even deeper level. Physical
intuition tells us that the traditional pseudo-Riemannian geometry of
space-time cannot be a definite description of physical reality.
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GEOMETRY AND PHYSICS

THE FUTURE:
The idea is that the classical laws of gravity (and classical field
theories) only appear in some limit, very similar to the
emergence of the macroscopic laws of thermodynamics out of
the microscopic description of statistical mechanics. The
definite mathematical formulation of such a concept of
"quantum geometry" is still far away.

THE QUANTUM GEOMETRY

There are numerous ways and approaches to quantum
geometry . Even the phrase noncommutative geometry has
several interpretations.

THE QUESTION ?
Is there a way to describe geometry using the methods, which
do not use the existence of points ?
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GEOMETRY WITHOUT POINTS

HOW DO WE SEE A POINT IN A SPACE?

We don’t. We see and „measure” functions on the space.

EXAMPLE

If X is a (locally) compact Hausdorff space and C(X) is the
algebra of continuous functions on X, then C(X) is a
commutative (non) unital C∗-algebra.

WHAT IS A C∗-ALGEBRA?
Let A be an involutive Banach algebra (that is a complex
normed algebra, which is complete as a topological space in
the norm). If:

||aa∗|| = ||a||2,

then A is a C∗-algebra.
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GELFAND-NAIMARK THEOREMS

THEOREM (GELFAND-NAIMARK (GNS))
Every abstract C∗-algebra A is isometrically ∗-isomorphic to a
concrete C∗ algebra of operators on a Hilbert space H. If the
algebra A is separable then we can take H to be separable.

THEOREM (GELFAND-NAIMARK (GN))
If a C∗ algebra is commutative then the Gelfand transform,
µ : A → C0(XA), where XA is the Gelfand spectrum of A
(space of homomorphisms from A to C):

µ(a)(χ) = χ(a), a ∈ A, χ ∈ XA,

is an isometric ∗-isomorphism.
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WHAT IS NONCOMMUTATIVE TOPOLOGY

TOPOLOGY VS ALGEBRA
(locally compact) topological space C∗-algebra
homeomorphism automorphism
continuous proper map morphism
compact space unital C∗-algebra
open (dense) subset (essential) ideal
compactification unitization
Stone-Čech compactification multiplier algebra
cartesian product tensor product

IS THAT ENOUGH?

There is much more to geometry than topology
There are groups, vector bundles, connections and metric.
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THE FINAL DICTIONARY

GEOMETRY ALGEBRA
vector bundle finitely generated projective module
differential forms differential forms
differential forms Hochschild homology
de Rham cohomology cyclic cohomology
vector fields operators
group Hopf algebra
Lie algebra Hopf algebra
principal fibre bundle Hopf-Galois extension
measurable functions von Neumann algebra
infinitesimals compact operators
metric Dirac operator
spinc geometry spectral triple
spin geometry real spectral triple
integrals exotic traces



THE IMAGE OF NONCOMMUTATIVE GEOMETRY

IS THERE A GAIN FOR PHYSICS ?

YES! We have a much broader interpretation of what geometry
is and we can look at what is observed from a completely
different point of view.
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THE DIRAC OPERATOR

FORGET THE USUAL CONSTRUCTION

Riemannian manifold (compact, closed) with a metric g. Find
Clifford algebra bundle, identify the spinor bundle, then lift the
metric connection (the Levi-Civita one if you want the true
Dirac), lift it to the spinor bundle, compose with Clifford map –
you get D. Then prove some theorems about D.

FOLLOW THE OPERATIONAL DEFINITION

Take an algebra represented on a Hilbert space and look for
operators, which behave like Dirac operators: first order
differential operator such that gives you the metric:

d(x, y) = sup
||[D,f ]≤1

|f(x)− f(y)|,

is unbounded, discrete spectrum and the eigenvalues have
certain growth.
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GEOMETRY AND THE HILBERT SPACES.

THE SIGNIFICANCE OF ATIYAH-SINGER

All classical geometry can be encoded in terms of operators on
a separable Hilbert space.

HOW DO WE RECONSTRUCT GEOMETRY ?

1 differential calculus: da = [D, a]

2 metric: d(x, y) = sup||[D,f ]||≤1 |f(x)− f(y)|
3 additional connection (if spinors twisted by a vector bundle)
4 dimension (growth of eigeinvalues: N(Λ) ∼ Λd),
5 integral (exotic traces)

Tr(a) = Resz=dtr(a|D|−z)
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PHYSICS

WHY IS THAT A DIFFERENT POINT OF VIEW IN PHYSICS ?

We do not need points and manifolds.
We look for representations of algebras rather than groups.
Symmetries are easily generalized in terms of Hopf
algebras.
Metric and gauge fields are unified in an elegant way.
The theory is not abstract (not formal manipulations).
The concept is mathematically sound and meaningful.
Develops on K-theory and K-cohomology, Hochschild and
cyclic homology, index theorems, pseudodifferential
operators, C*-algebras,
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SPECTRAL GEOMETRY

THE SPECTRAL TRIPLE

Algebra A, its faithful representation π on a Hilbert space H, a
selfadjoint unbounded operator D, satisfying several conditions:

1 ∀a ∈ A [D,π(a)] ∈ B(H), D−1 is compact

2 even ST: ∃γ ∈ A′ : γ2 = 1, γ = γ†, γD +Dγ = 0,
3 ∃J , antilinear J2 = ±1, JJ† = 1
Jγ = ±γJ, JD = ±DJ, [Jπ(a)J, π(b)] = 0,

4 [[D, a], Jπ(b)J ] = 0 (D: first order differential operator)
5 ...+ conditions of „analysis” type

THEOREM

If A = C∞(M), M a spin Riemannian compact manifold,
H = L2(S) (sections of spinor bundle) and D the Dirac operator
on M then to (A,H, D) is a spectral triple (with a real structure).
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TWISTED SPECTRAL GEOMETRY

DEFINITION (TWISTED REAL SPECTRAL TRIPLE)
Let A be a ∗-algebra, (H,π) a representation of A, D a linear
operator on H, and let ν be a linear automorphism of H. We
say that the triple (A, H,D) admits a ν-twisted real structure if
there exists an anti-linear map J : H → H such that J2 = ε id,
and, for all a, b ∈ A,

[π(a), Jπ(b)J−1] = 0,

[D,π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D,π(a)],

DJν = ε′νJD,

where ε, ε′ ∈ {+,−}.
νJν = J,

[Brzezinski, Dabrowski, Ciccoli, Sitarz, January 2016]



TWISTED SPECTRAL GEOMETRY

DEFINITION (TWISTED REAL SPECTRAL TRIPLE)
Let A be a ∗-algebra, (H,π) a representation of A, D a linear
operator on H, and let ν be a linear automorphism of H. We
say that the triple (A, H,D) admits a ν-twisted real structure if
there exists an anti-linear map J : H → H such that J2 = ε id,
and, for all a, b ∈ A,

[π(a), Jπ(b)J−1] = 0,

[D,π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D,π(a)],

DJν = ε′νJD,

where ε, ε′ ∈ {+,−}.
νJν = J,

[Brzezinski, Dabrowski, Ciccoli, Sitarz, January 2016]



TWISTED SPECTRAL GEOMETRY

DEFINITION (TWISTED REAL SPECTRAL TRIPLE)
Let A be a ∗-algebra, (H,π) a representation of A, D a linear
operator on H, and let ν be a linear automorphism of H. We
say that the triple (A, H,D) admits a ν-twisted real structure if
there exists an anti-linear map J : H → H such that J2 = ε id,
and, for all a, b ∈ A,

[π(a), Jπ(b)J−1] = 0,

[D,π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D,π(a)],

DJν = ε′νJD,

where ε, ε′ ∈ {+,−}.
νJν = J,

[Brzezinski, Dabrowski, Ciccoli, Sitarz, January 2016]



TWISTED SPECTRAL GEOMETRY

DEFINITION (TWISTED REAL SPECTRAL TRIPLE)
Let A be a ∗-algebra, (H,π) a representation of A, D a linear
operator on H, and let ν be a linear automorphism of H. We
say that the triple (A, H,D) admits a ν-twisted real structure if
there exists an anti-linear map J : H → H such that J2 = ε id,
and, for all a, b ∈ A,

[π(a), Jπ(b)J−1] = 0,

[D,π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D,π(a)],

DJν = ε′νJD,

where ε, ε′ ∈ {+,−}.

νJν = J,

[Brzezinski, Dabrowski, Ciccoli, Sitarz, January 2016]



TWISTED SPECTRAL GEOMETRY

DEFINITION (TWISTED REAL SPECTRAL TRIPLE)
Let A be a ∗-algebra, (H,π) a representation of A, D a linear
operator on H, and let ν be a linear automorphism of H. We
say that the triple (A, H,D) admits a ν-twisted real structure if
there exists an anti-linear map J : H → H such that J2 = ε id,
and, for all a, b ∈ A,

[π(a), Jπ(b)J−1] = 0,

[D,π(a)]Jν̄2(π(b))J−1 = Jπ(b)J−1[D,π(a)],

DJν = ε′νJD,

where ε, ε′ ∈ {+,−}.
νJν = J,

[Brzezinski, Dabrowski, Ciccoli, Sitarz, January 2016]



TWISTED SPECTRAL GEOMETRY

Let Ω1
D be a bimodule of one forms:

Ω1
D := {

∑
i

π(ai)[D,π(bi)] | ai, bi ∈ A}.

The standard fluctuaction of a spectral triple (A,H,D) consist
of adding to the Dirac operator D a selfadjoint one form α ∈ Ω1

D.

In case of a real spectral triple the fluctuated D is
D + α+ ε′JαJ−1, where α+ ε′JαJ−1 is selfadjoint.

For our case of ν-twisted real spectral triple we set the
fluctuated Dirac operator Dα to be:

Dα := D + α+ ε′νJαJ−1ν,

with the requirement that α+ ε′νJαJ−1ν is selfadjoint.
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THE TOOLS OF SPECTRAL GEOMETRY

THE ACTION: HEAT TRACE

Take the Dirac operator DA (that depends on physical degrees
of freedom: gauge fields and metric: A). Compute:

lim
t→0

Tr e−t(DA)2
= t−

d
2 a0(A) + t−

d
2

+1a2(A) + · · ·

THE ACTION: RESIDUES

Define for any number s, any operator T from the algebra A:∫
s
T := Resz=sTr T |DA|−z,

Then propose for the action

S(DA) = Λd
∫
d

1 + Λd−2

∫
d
(DA)2 + Λd−4

∫
d
(DA)4 + · · ·
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THE SPECTRA



GRAVITY

THE ACTION FUNCTIONAL

For the geometries of the type M × F , where M is a
Riemannian manifold and F is a discrete geometry we obtain

S =
1

π2
(48 f4 Λ4 − f2 Λ2 c+

f0
4
d)

∫
√
g d4x

+
96 f2 Λ2 − f0 c

24π2

∫
R
√
g d4x

+
f0

10π2

∫
(
11

6
R∗R∗ − 3Cµνρσ C

µνρσ)
√
g d4x+ · · ·

· · · +
(−2 a f2 Λ2 + e f0)

π2

∫
|ϕ|2√g d4x+

f0
2π2

∫
a |Dµϕ|2

√
g d4x

− f0
12π2

∫
aR |ϕ|2√g d4x+

f0
2π2

∫
b |ϕ|4√g d4x

+
f0

2π2

∫
(g23 G

i
µν G

µνi + g22 F
α
µν F

µνα +
5

3
g21 Bµν B

µν)
√
g d4x
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GRAVITY

SPECTRAL ACTION FOR FLAT GEOMETRIES

There are 6 different compact flat three-dimensional manifolds
(Bieberbach manifolds). With P.Olczykowski we have
demonstrated that the symmetric spectral action (depending on
D2) does not distinguish which manifold we consider.

THE ASSYMETRIC ACTION AND η INVARIANT

However, if the action depends on D (not only on even function
of D) then the difference is seen at the level of conformally
invariant term – where a η invariant appears.
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SPECTRAL ACTION...

...AND THE NEUTRINO MASS

An interesting possibility occurs when one considers an
extension of the spectral action for fermions, say:

S = Tr f
(

(D + PΨ)2

Λ2

)
,

and then there are some interesting terms, which appear in the
order Λ−2.

WILCZEK TERMS

Lm = κ
(
ecLH

+ − νcH0
) (
H+eL −H0ν

)
,

where el, ν is the doublet of left-handed leptons, H+, H0 are the
Higgs field components and κ is a coefficient (or a matrix if we
take into account flavors)
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SPECTRAL ACTION

SPECULATE: (A.S: EUROP.PHYS.LETT., 86 (2009) 10007)
The speculation was such terms arise from quantum gravity
corrections [Weinberg] gives the neutrino mass of the range of
10−5eV , which was much less than the experimental
estimations. f we take the value of the cutoff parameter
Λ = 1015GeV and estimate the resulting neutrino mass (taking
the coefficient in the term to be of order 1) we obtain the values
of order 10−2eV , which agrees with the current experimental
data.

...AND THE NEUTRINO MASS

Suppose we take it seriously - then it means that the nature of
neutrino masses is completely different than the masses of
fermions. Such terms do not affect the other fermions and the
interactions (as these are corrections). However, they do affect
the renormalizability of the theory.
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SPECTRAL ACTION

...AND THE TORSION:
The usual Dirac operator comes from the torsion-free
connection. However, the operators with torsion are in fact
almost indistinguishable from the torsion-free operators. In
d = 3 torsion is nothing but a scalar perturbation.

LEMMA (A.SITARZ, A.ZAJĄC: LETT.MATH.PHYS. 98,3, 2011)

The heat kernel coefficients for scalar perturbation of Dirac in
dimension d = 3 read:

[a1] =2(4π)−
3
2

(
− 1

12
R+ 2φ2

)
, [a2] = (4π)−

3
2

8

3
(∇iφ)(∇iφ).

A. SITARZ, JPDO, 5,3, PP 305-317 (2014)
In d = 4, the noncommutative Wodzicki residue on the
noncommutative torus, the action cannot be minimized.
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SPECTRAL ACTION

An interesting (though very special) example is that of the
Standard Quantum Podleś Sphere M. Eckstein, B. Iochum, A.
Sitarz, CMP 332, 627– 668 (2014)

THE DIMENSION SPECTRUM

The dimension spectrum of the Podleś sphere is

Sd(S2
q ) = −N + i 2π

log q Z

and the poles are at most of the second order.

THE ACTION

Tr e−t |DS | = 1
log2 q

[
2 log2(ut) + hS

(
log(ut)

)
log(ut) + cS

(
log(ut)

)]
+ · · ·

where u = |w| q
1−q2 and hS , cS are periodic bounded C∞-functions on R
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Standard Quantum Podleś Sphere M. Eckstein, B. Iochum, A.
Sitarz, CMP 332, 627– 668 (2014)

THE DIMENSION SPECTRUM

The dimension spectrum of the Podleś sphere is
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SPECTRAL ACTION

... AND THE GAUSS-BONNET FOR THE NONCOMMUTATIVE TORI

Imagine we take a noncommutative torus (UV = λV U ) algebra
and take the following Dirac operator:

Dk = σ1δ1 + σ2
(
k δ2 + 1

2δ2(k)
)

THEOREM (L.DABROWSKI, A.SITARZ, SIGMA 11 (2015), 075)

The dressed scalar curvature for the asymmetric torus is:

R̃ = F11(∆
(1)
,∆

(1)
∆

(2)
)(δ1(k) · δ1(k)) + F22(∆

(1)
,∆

(1)
∆

(2)
)(δ2(k), δ2(k))+

F
′
11(∆

(1)
)(δ1(k)

2
) + F

′
22(∆

(1)
)(δ2(k)

2
) + F1(∆

(1)
)(δ11(k)) + F2(∆

(1)
)(δ22(k)),

F11(s, t) = −
2π

3k3

(2s2 + 4st + 4s + 3 + 8t + 3t2)

(t + 1)3(s + 1)(s + t)
, F22(s, t) =

π

2k

(t2 − 6t + 1)

(t + 1)3
,

F
′
11(s) =

4π

3k3

1

(s + 1)3
, F

′
22(s) = −

π

2k

(s2 − 6s + 1)

(s + 1)3
,

and

F1(s) =
2π

3k2

1

(s + 1)2
, F2(s) = 0.

The trace of R vanishes.
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IS IT POINTLESS ?

Geometry is more than what we have learned

The input from physics matters - and tells us what
geometry is
Physics is not the geometry we imagine it should be
Physics (as we observe) requires new geometry.
Reevaluate more possibilities: Einstein -Cartan
Benefits (or drawbacks): NO supersymmetry (!)
Future: Geometry as Quantum Field Theory
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