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The starting dictionary

vector bundle finitely generated projective module
differential forms differential forms
differential forms Hochschild homology
de Rham cohomology cyclic cohomology
vector fields operators
group Hopf algebra
Lie algebra Hopf algebra
principal fibre bundle Hopf-Galois extension
measurable functions von Neumann algebra
infinitesimals compact operators
metric Dirac operator
spin® geometry spectral triple
spin geometry real spectral triple
integrals exotic traces
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Extend the notion of vector bundles

Theorem (Serre-Swan)

Let M be a compact manifold, and E — M a finite dimensional vector
bundle. Then the space of continuous sections of E is a finitely
generated projective modules over C(X) and every such module is a
space of sections of a vector bundle over M.

v

A module M over an algebra 4 is projective if and only if one of the
following conditions is satisfied:

@ M is a summand of a free module: M & N\ = 4",

@ Any surjective module morphism 7 : Al — M splits, 3 a morphism
p: M — N, such that mop = idy,,
@ Given a surjective module morphism : A" — A any

homomorphism p : M — A can be lifted to a homomorphism
p': M — N such that p =mop/,

v
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Projective modules and projections

How to construct...

...projective modules ? Take an algebra 4, take a free module 4", take
p € M,(A4) such that p> = p = p* (a projection) and define:

M,=A"p

It is a finitely generated projective module. WHY?

Let M be a left module over 4 and Q* a DGA. The map
VM — Q'(4)®4 M is a connection if:

V(ag) =aV(E)+da®4&.

If the module 9 is projective there always exists a connection (actually
it is equivalent to M being projective)

v,
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Spectral triples

Define: a spectral triple
Algebra 4, its faithful representation & on a Hilbert space #/, a
selfadjoint operator D, satisfying several conditions:

©Q Vac A [D,n(a)] €B(H), D" is compact

Q evenST: Iy c 2 :¥=1,y=y ,yD+Dy=0,

© 3/, antilinear J> =+1,JJ7 =1

Jy=+YJ,JD = £DJ,[Jn(a)J,n(b)] = 0,
Q [[D,a],Jn(b)J] = 0 (D: first order differential operator)
(5 ) ...+ conditions of ,,analysis” type

v

If 4 =C>(M), M a spin Riemannian compact manifold, # = L?(S)
(sections of spinor bundle) and D the Dirac operator on M then to
(4,7(,D) is a spectral triple (with a real structure).

V
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Insights

Insights

The Geometer of Particle Physics
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Examples of spectral geometries

@ The Noncommutative Torus: UV = ¢*™VU
Dirac operator the same as on the torus [Connes]

@ Finite matrix algebras (M,,(C) & M(C) & -
Dirac operator is a finite hermitian matrix [AS & Paschke,
Krajewski]

@ Quantum spaces (¢g-deformations xy = gyx)
Interesting Dirac operators [AS, Dabrowski, et al

@ Moyal deformation [x*,x"] = 6+
The usual Dirac [Gracia-Bondia et al]

@ «-deformation [x%,x] = Lx’
Doubly Special Relativity

There is so far no general method. Mathematically, spectral triple is an
unbounded Fredholm module, a representative of the K-homology
class.
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How to get some numbers?

The Dixmier trace is a good example, take 7' a positive operator:

N

T o(T) = lim —— Y (7).

= Vo logN &~

Take an unbounded operator D such that D~' is compact. For a
sufficiently large r > 0 |D|~" is trace class, consider:

Cp(z) =Tr |D|*

as a complex function - then it is analytic for the real part of z
sufficiently big. Then take the analytic continuation to C and just
compute the residue:

Res.—4Cp(z)
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Getting the numbers...

The Dirac operator is De, = ne,, the C function is

It is a discrete set in the complex plane l

idd,d—1,d—2,...

it could be a set of real numbers... I
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Family of Dirac operators

Dirac operators as dynamical variables

One we have one Dirac operator we have many of them, just take the
space of all inner fluctuactions of Dirac operators:

D4 = {D'=D+A},

where A is a self-adjoint one-form A = Y, a;[D, b;]. Classically This
corresponds to twisting of the Dirac operator by a (trivial) complex line
bundle, so adding U (1) gauge field.

Inner fluctuation of inner fluctuation are inner fluctuations!

The space of all possible Dirac operators is much bigger in the
classical case than the space of metrics (but for real spectral
geometries it excludes U(1) gauge connections). The Dirac operators
with torsion are, for instance, allowed.
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A proposition for the action...

For a fixed function f (cutoff) consider the following functional on the

space of Dy:
D
S(DA)=Tr f (f) ,

Then use the asymptotic expansion

S(Da,f,A) = Y fih* (Resi—ilp, (2)) + £(0) {p, (0) + O(A™?)

keSd+

where Sd* is the positive part of the dimension spectrum of (4, #, D),
fie= 1[5 f(t)t*/>~1dr. Moreover:

0, (0) — Lp(0) = Z “'Res._g (Tr(AD™)7|D| ),
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What is the aim?

@ We aim to reconstruct the classical Lagrangian

@ The fermionic fields: elements of the Hilbert space
@ All remaining (bosonic) fields come from geometry
@ Freedom is in the choice of the Dirac operator

@ This includes gravity (metric)

@ This includes (possibly) torsion, dilaton...

@ This includes gauge fields D + A!

@ This includes Higgs doublet!
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How can it be possible ?

.. of the two-point space.

(5 &)=10 o) (5 3))

So, what is the space of all Dirac operators ?

M®=(g*§)

BUT if you consider M* x Z,: then you obtain (take M* to be flat):

S(D,®,A) = A*Vol(M) + c¢(A?) /

(@D* —1)>+¢ / (V) (VD)*.
M M

o
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A more refined model...

For the geometries of the type M x F, where M is a Riemannian
manifold and F is a discrete geometry we obtain

s = Lusint-paer o) [zt

96f2/\2—f00/ 4
——— [ R
+ a2 Ved'x

11
+ 15‘;2 / (G KR~ 3Cnpo C*VP%) g d x + -+
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How to get that?

@ Choose a suitable finite geometry:
F=CoHoM;(C)
@ Take a product geometry:
A=C"(M)QF
@ Choose the Hilbert space (representation):
H=..

@ Construct all possible NCG on this algebra:

D=D®1+Yy® Dy,
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How to choose the Hilbert space?

@ Start from a bigger algebra:

F 3 (A,q,m) = ((A1),q,(A,m)) € HOH® My (C)
Then the Hilbert space is a unique fundamental representation of
dimension 32.

@ Look for all possible Dirac operators, which satisfy order one
connection and connect all disconnected components. Take 4 as
the maximal subalgebra such that [D, 4r] # 0.

@ Or: take the input from physics !

@ Once we are finished we can identify the elements of the Hilbert
space with fermions: leptons and quarks.

@ The finite part of the Dirac operator is an arbitrary self-adjoint
matrix, which satisfies order one condition.
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CONCLUSIONS

@ NCG is a way to describe geometry more generally.
@ NCG allows for much broader scope than differential geometry.

@ NCG is a sound mathematics !

@ NCG is not a claim that the world looks like Moyal or k-Minkowski !
@ NCG allows for freedom yet restricts quite a lot !
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CONCLUSIONS:

The last time | checked the world was commutative...

Hydrngsn‘,H
|667.8 g 5015| |4921 |4713  |447,0 [402:6

L L L 1 L d
I ] T T 1 1
700 600 500 400
Helium 3He
6234 6152  579)|577 [546.1 [s025 4358 4078|4047

k
I
700
Mercury ﬁug

d
T
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Noncommutative
Geometry

Basic

Noncommutative f Quantum Fields

Geometry

The slides and the some earlier notes (a bit
more mathematical but with many more
examples) will be available soon on my web
page. Notes for these lectures will appear later.

Geometry,
An Introduction to
Noncommutative

Alain Connes Geometry
Matilde Marcolli

& and Motives

v @AMS

Noncommutative Geometry e

Elements of

v,
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