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ABSTRACT: We propose two simple models of noncommutative space, which are exam-
ples of local noncommutativity, that is, a deformed space where the degree of noncom-
mutativity varies. Both models are generalization of spherically symmetric space, with
the first that (locally) preserves the q-deformed rotational symmetry, whereas, the second,
based on the fuzzy sphere has both local and global rotational invariance.
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1 Introduction

Within the last decades our understanding of the mathematical principles improved enor-
mously both at the small scale (particle physics) as well as at the big scale (cosmology).
However, we are still far from the theory, which could offer a complete, comprehensive
view of the entire fundamental physics. The gauge theories, with their roots in the mathe-
matical theory of principal fiber bundles and connections, lead to the formulation of clas-
sical and perturbative quantum field theory of interacting fields that describe interactions
in the world.

On the other side, a purely geometrical theory of gravity, which is mathematically
set in the Riemannian (or pseudo-Riemannian) geometry, lacks a consistent and mathe-
matically sound quantum version, the evasive quantum gravity. Although both theories
(quantum field theory and classical gravity) are well-tested and define the basics of our
current knowledge we still are uncertain whether they are just shadows of a bigger theory.
The hypothetical bigger, unique and satisfactory theory would need to combine both gauge
theories and gravity into one single mathematical framework.
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So far, many the attempts have been directed towards the presentation of General
Relativity, so that it is presented like a gauge theory, which could allow quantum formalism
following the more or less well understood. An attempt to look in the opposite direction
originated some time ago from the works of Alain Connes (see [1] for a review). The
basic idea is to look at gauge theories (on the classical level) as modifications of classical
gravity. This, however, requires us to enlarge our understanding of geometry and introduce
a set of new tools and methods. The answer (at least partial) is proposed in the framework
of Noncommutative Geometry (see [2] for a comprehensive introduction).

2 Models of noncommutative spaces

There are several examples that are used in the physically motivated models of the non-
commutative space-time. We shall present them very briefly and discuss their benefits as
well as limitations.

2.1 Global deformations

First or all, we have a family of cocycle deformations both of compact as well as locally
compact spaces: mostly so-called theta-deformations and Moyal deformation. The latter,
which is probably most studied originates first in the quantum phase-space but has gained
more attention through links to the quantization of target space-time in string theory [3].

Another most studied deformation of space-time (and more generally a class of de-
formation) comes from deformation of classical symmetries, quantum groups. In partic-
ular, one of the first result was the classification of possible quantum deformations of the
Lorentz (and Poincaré) group [7]. That includes not only q-Minkowski space [] but also
most studied κ-Minkowski [6] deformation, much popular due to the natural appearance
of a length scale while at the same time keeping the symmetries (though in the deformed
form).

Last large family of quantum spaces is based on the nontrivial approximation of
smooth manifolds through matrix algebras, known as fuzzy spaces. The idea first dis-
cussed and most studied for the fuzzy sphere [10] has an appealing air of simplicity (as
matrix algebras are rather easy to manipulate and allow to implement simulations) while
at the same time preserving at least some symmetries.

2.2 Dynamical noncommutativity

One of the first ideas of noncommutativity (in the sense of deformations) that is not fixed
globally but depends on some parameter (coordinate) of the deformation was proposed by
Doplicher, Fredenhagen and Roberts [8] who generalized the usual Moyal-type deforma-
tion to the local version:

[xµ, xν] = θµν,

where θµν is not treated as a constant but a central element of the algebra.
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A string-inspired version of target-space noncommutativity is related to the B-field
of string theory and, in the case of a field which is not constant it leads to a version of
noncommutative spacetime, however, in the most generic cases, resulting in nonassociative
algebras [5]. Only in special cases, where the deformation parameter has values in the
center of the algebra one can work with associative star algebras [13]. Such examples
are then deeply related to a family of deformations studied by Matsumoto for the three-
spheres and can be effectively described as a version of cocycle twisting, where the cocycle
is valued in the algebra invariant under the action of the torus [11].

3 Local noncommutativity

We shall introduce here two models, which can be used effectively used in the description
of both very short-scale quantum physics and quantum gravity or in the models of the
evolution of the universe.

3.1 The q-deformed quantum rotationally symmetric R3

Let q be a real smooth function defined on a positive part of the real line such that for all
r we have 0 > q(r) > 1. We can always assume that for large r the function q(r) = 1.

3.1.1 The algebra.

Consider an algebra Aq(r), which is constructed out of smooth functions from R+ (in-
cluding 0) into the algebra of standard quantum Podles spheres Sq(r). Of, course, q can
be 1 over a significant part of the real line thus reducing to the classical case. If q = 1
identically then we are fully in the commutative case.

More precisely we should consider a unitization of the algebra of functions that vanish
at r = 0 as otherwise shall rather be constructing a noncommutative space with a boundary
that will be a Podles sphere. We can restrict the algebra further, stating precisely that our
algebra shall be generated by elements of the form:

f(r)P(A,B),

where P(A,B) is a polynomial in the generators of the algebra of the standard quantum
Podles sphere A,B:

AB = q2BA, AB∗ = q−2B∗A,

BB∗ = q−2A(1 −A), B∗B = A(1 − q2A).
(3.1)

We define the Hilbert space in a similar manner to be the square summable function
from R+ to the Hilbert space on which S2

q(r) is equivariantly represented, with the restric-
tion that at r = 0 they vanish. The scalar product between two spinor fields is taken to
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be:
(Ψ,Φ) =

∫∞
r=0
r2 (Ψ(r),Ψ(r))dr,

where the scalar product at point r is the usual.

πN(B)|l,m〉 = qm
√
[l+m+1][l+m+ 2] r+(l) |l+1,m+1〉

+ qm
√
[l+m+1][l−m] r0(l) |l,m+1〉

+ qm
√

[l−m][l−m−1] r−(l) |l−1,m+1〉,

πN(B
∗)|l,m〉 = qm−1

√
[l−m+ 2][l−m+1] r−(l+1) |l+1,m−1〉

+ qm−1
√
[l+m][l−m+1] r0(l) |l,m−1〉

+ qm−1
√

[l+m][l+m−1] r+(l−1) |l−1,m−1〉,

πN(A)|l,m〉 = −qm+l+ 1
2
√
[l−m+1][l+m+1] r+(l) |l+1,m〉

+
q−

1
2

1 + q2

(
([l−m+1][l+m] + q2[l−m][l+m+1]

)
r0(l)+q

1
2 |l,m〉

+ qm−l−
1
2
√
[l−m][l+m] r−(l) |l−1,m〉,

(3.2)

where [x] denotes a q-number

[x] =
qx − q−x

q− q−1
,

the functions r± and r0 are:

r0(l) = q−
1
2
(q− 1

q
)[l+ |N|+ 1][l− |N|]± q±1[2|N|]

[2l][2l+ 2]
,

r+(l) =
q−l− 3

2−N

[2l+ 2]

√
[l+N+ 1][l−N+ 1]√

[2l+ 1][2l+ 3]
,

r−(l) = −qlr+(l− 1).

(3.3)

and, for the standard spinorial representation we take N = ± 1
2 .

3.1.2 The geometry.

The geometry for this space is introduced through the Dirac operator, built in similar way
as the Dirac operator for R3 is built in the classical case. Assume that we have a Dirac
operator Dq over each of the quantum spheres Sq as constructed in [9]. One technical
point which differs from the classical case is that in principle we may not fix (yet) the
volume of the quantum sphere. For simplicity, however, we assume that the coefficient in
from of the spherical Dirac operator is the same as classically,

D3 = iγ

(
∂r +

1
r

)
+

1
r
Dq. (3.4)
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D2
3 = −(∂r)

2 −
2
r
∂r +

1
r2 (Dq)

2 −
i

r2γDq +
i

r
γ∂r(Dq).

First of all observe that D3 has always bounded commutators with all elements of
the algebra. Indeed, we know that the generators of the quantum sphere behave in the
following way:

π̃N(B)|l,m〉N =
√

1−q2(l+m+2)
√

1−q2(l+m+1)ql−N |l+1,m+1〉N
+ ql+m

√
1−q2(l+m+1) |l,m+1〉N

− q2(l+m)ql−N |l−1,m+1〉N + o(q2l),

π̃N(B
∗)|l,m〉N = −q2(l+m)+1ql−N |l+1,m−1〉N

+ ql+m−1
√

1−q2(l+m) |l,m−1〉N
+ ql−N−1

√
1−q2(l+m)

√
1−q2(l−m−1) |l−1,m−1〉N+o(q2l),

π̃N(A)|l,m〉N = −ql+mql−N+1
√

1−q2(l+m+1) |l+1,m〉N
+ q2(l+m) |l,m〉N
+ ql+mql−N−1

√
1−q2(l+m−1) |l−1,m〉N + o(q2l),

(3.5)

up to an element of order ql. Since the parameter q is a function of r we need to make
sure that derivation with respect to r shall leave all coefficients bounded.

However, note that for q(r) < 1:

|
∂

∂r
qn(r)| = |n(∂rq(r))q

n−1| < 1,

for sufficiently large n and therefore whenever q< 1 then the derivative is also bounded.
In the case q = 1 the derivative must vanish as we assume that q(r) is smooth and 0 6
q(r) 6 1.

The model could equally be studied for N = 0 (or any integral or half-integral value
of N) providing generalization of scalar or higher-spin fields in the model.

3.2 Rotationally symmetric fuzzy R3

The concept of the fuzzy sphere [10] is an interesting as it provides an approximation
of the continuous manifold (a commutative algebra) through a finite-dimensional matrix
algebra while at the same time keeping the rotational symmetry intact.

3.3 The algebra

Let us define M∞(C) as an algebra of infinite matrices, understood as a a direct limit of
matrices of finite rank with the natural embedding of matrices of smaller rank into a bigger
rank. By ρ(m) we understand the largest N so that m ∈ MN(C) (note that this does not
need to coincide with the rank ofm).
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Consider the following set

A = {f : R+ →M∞(C) such that ρ(f(r)) < H(r)},

where H(r) is a an increasing function and, whenever ρ(f(r)) = ∞ then the algebra is
commutative and for each r is the algebra of smooth functions on a sphere.

As the function ρ is regular under addition and multiplication (that means that ρ(m1m2) 6
max(ρ(m1), ρ(m2)) and the same applies to the sum). we see that with the standard addi-
tion and multiplication the above set becomes an algebra. Yet still we can have a model,
which has a strong discontinuity (for example) when passing from the classical to non-
commutative regime.

The main idea beyond this model is to have a model with rotational symmetry, simarly
as for the usual model of R3 and, for a large value of the varable r behaving like a classical
(commutative) space. We want, however, that it shall demonstrate strong noncommutativ-
ity for small r. The interpretation of the parameter r could be as the a radial parameter of
the coordinate system that describes a (fuzzy) noncommutative space.

To precisely define the algebra consider the spinorial representation of the sphere
algebra. It could be seen as the limit of the q-sphere representation presented above,
with the explicit formulas for the generators of spherical harmonics given by (here again
N = ± 1

2 ),

πN(b)|l,m〉 =
√

(l+m+ 1)(l+m+ 2)α+
l |l+ 1,m+ 1〉

+
√

(l+m+ 1)(l−m)α0
l |l,m+ 1〉

−
√

(l−m)(l−m− 1)α+
l−1 |l− 1,m+ 1〉,

πN(b
∗)|l,m〉 =−

√
(l−m+ 2)(l−m+ 1)α+

l |l+ 1,m− 1〉

+
√

(l+m)(l−m+ 1)α0
l |l,m− 1〉

+
√

(l+m)(l+m− 1)α+
l−1 |l− 1,m− 1〉,

πN(a)|l,m〉 =−
√

(l−m+ 1)(l+m+ 1)α+
l |l+ 1,m〉

+mα0
l |l,m〉

−
√

(l−m)(l+m)α+
l−1 |l− 1,m〉.

(3.6)

where α+
l ,α0

l are

α0
l =

N

l(l+ 1)
,

α+
l =

√
1 −

N2

(l+ 1)2

1√
(2l+ 1)(2l+ 3)

(3.7)

Consider now a family of diagonal operators on the Hilbert space, which are defined
as follows:

P(r)|l,m〉 = η
(

l

H(r)

)
|l,m〉
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where η is smooth version of the step function that is

η(x) =

{
1 x < 1 − ε,

0 x > 1 + ε
,

for a small ε > 0.
Though P(r) is not a projection for an arbitrary r it always is a finite rank operator

whenever H(r) <∞. Therefore the algebra generated by:

f(r)P(r)aP(r), g(r)P(r)bP(r), h(r)P(r),

for any functions f,g,h such that f,g vanish at r = 0, will be a finite-dimensional algebra
for any such r. It is easy to see that in fact it will be a simple algebra, that is, isomorphic
to a full matrix algebra.

3.3.1 The geometry

Consider now a family of operators, which are the standard Dirac operator on the sphere,
truncated through the projection P(r):

D2(r)|l,m〉 = (l+N)P(r)|l,m〉, (3.8)

Certainly, if P(r) is finite rank then D2(r) is again a finite rank operator. We propose that
the geometry of the consructed model of a fuzzy three-space is given by:

D3 = γ

(
∂r +

1
r

)
+

1
r
D2(r). (3.9)

Next we shall prove that it is a good candidate for the Dirac operator, that is it has
bounded commutators with the elements of the algebra. Indeed, for functions f(r),g(r),h(r)
that are smooth, their commutator with ∂r gives again a bounded function. Similarly, by
definition P(r), which for any r is finite rank has a bounded derivative.

The square of the Dirac operator becomes

D2
3 = −(∂r)

2 −
2
r
∂r +

1
r2 (D2(r))

2 −
i

r2γD2(r) +
i

r
γ∂r(D2(r)).

4 The application of local noncommutativity models

In what follows we give a brief sketch of possible applications of the above geometrical
models to typical examples of physical models. Being aware of all limitations we do not
treat the models as definitive but rather as an effective way to approach possible effects of
noncommutativity on physics. Note that unlike in the "global" deformation models here
we work with parameters that vary in space and therefore we can link the evidence of
commutative space-time (see for example [14]) with the concept of quantum-space time
at Planck scale.
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4.1 The wave function on local q-space

Let us consider a wave equation on the sections of the spinors (though the scalar version is
also possible) split into the spherical eigenfunctions of the Dirac operator. Assuming that
we take the exact form of the Dirac operator,

(Dq)
2|l,m〉 = [l+N]q(r)|l,m〉, (4.1)

and postulate the solution of the wave equation in the form

Ψl,m(r, t) = F(r, t)|l,m〉, (4.2)

we obtain using (3.9) and the square of the Dirac the following equation for F in the scalar
case (by analogy with the classical case we interpret the scalar version of the Laplace
operator as N = 0 case with the grading γ in D2

1 set to i).

(∂t)
2F(r, t) = − (∂r)

2F(r, t) −
2
r
∂rF(r, t)

+

(
[l]2q(r)

r2 +
[l]q(r)

r2 − ∂r[l]q(r)

)
F(r, t).

(4.3)

Of course, for the limiting case of constant q(r) = 1 we recover the usual equation
for the wave function in spherical coordinates (as the last term vanishes since q is constant
and [n]q = n at q = 1).

There are, however, two interesting cases of possible effects that could depend on q.
First of all, if q < 1 but constant (locally) in r, we obtain an equation of motion, which is
similar to the classical one, however, with the q-dependent parameters. In particular, the
solutions with a fixed frequency will be of the type

F(r, t) = eiωt
√
π

2ω
Bα(ωx),

where Bα(x) is a Bessel function of order

α = [l]q +
1
2

.

We see that the solution is exactly the same as in the classical case, with the only
difference in the order of the Bessel function. Since the order enters the asymptotics of
the solution (Bessel function) only as the phase factor, we see that the presence of the
noncommutative region can cause a phase shift in the wave passing through this region,
which can be potentially observable.

Another interesting situation is q(r), which is very slowly varying with r, as the which
triggers the term in the equation that depends on the derivative of the eigenvalues with
respect to the radial coordinate.
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Assuming a very small ε correction to logq(r) which is linear in r we obtains that the
correction to the wave equation in of order ε2:

ε2
(

1
6
l(l2 − 1)(2l− 1)F(r, t)

)
,

which results in the respective change in the frequency of the wave of the same order:

ω ′ ∼ ω

(
1 − ε2 1

6
l(l2 − 1)(2l− 1)

)
.

Thus, a slowly varying noncommutative region can possibly cause a slight frequency
shift of the traveling wave. As the shift depends on the l-parameter, of the multipole
expansion of the wave then we have a very specific pattern that can in principle be verified
in observations.

4.2 The wave function on fuzzy three-space

The wave equation for the fuzzy version of local noncommutativity requires special atten-
tion as the Hilbert space, in which we seek the solutions is in fact very deeply depending
on the actual size of the algebra at this point.

Therefore, for r such that P(r) is finite rank we will have only a finite number of mul-
tipole solutions. Let us fix l and consider a solution of the wave equation for the fuzzy R3

in the region that |l,m〉 is in the range of P(r). Then the solution is not different form the
classical one, that is a combination of fundamental solutions of Bessel functions. How-
ever, if |l,m〉 is not in the range of P(r) the solution must vanish identically. Therefore,
we infer that strong noncommutativity region will enforce reflection of all waves that have
high l in the multipole expansion.

On the other hand the emission and propagation of waves from the highly noncommu-
tative region will be naturally limited to low l (in the multipole expansions). Such effects,
though, discussed here only in a qualitative way are, in principle, detectable. For exam-
ple, the microwave background radiation can provide significant indications whether high
multipole components of the radiation are present and therefore put an experimental limit
on the possible noncommutativity of the very early universe.

5 Conclusions

The presented two models are nothing else but examples, or toy models, of the way a lo-
cal noncommutativity can be introduced and explored. We have chosen two possible way
to implement locality of the noncommutative space, while preserving either the spherical
symmetry or the deformed version of spherical symmetry. In either case the noncommu-
tativity can occur at the scale that is beyond reach of current experiments (even by a large
factor exceeding the Planck scale) yet the model can have the observational consequences
for the long-distance effects and observations far from the noncommutative regions.
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The models are based on the two well-studied and mathematically well-understood
models of a noncommutative spheres, being realized in a three-dimensional space that, for
large r is the observed local R3. Our intention was to present a model, which is mathemat-
ically consistent and provides a good example of a spectral triple. We have shown that the
proposed algebras and the Dirac operators satisfy the basic conditions required (bounded
commutators) though it is easy to see that further conditions (like the first order condition)
will be satisfied as well provided that appropriate spectral triples are built for the spheres.

Of course, a lot depends on the assumed model of noncommutativity, that is on the
behavious of the deformation parameter q(r) or the rank of the fuzzy sphere P(r). In prin-
ciple that can be treated either as a free parameter for the equations of motions determining
the metric (which relates to the algebra and its structure) or as a given parameter for the
model.

We postpone the analysis of the possible gravity action that involves both the Dirac op-
erator and the noncommutativity function to our further study. It is desirable to see whether
a noncommutative models could effectively replace solutions in General Relativity (like
the Schwarzschild solution) and cosmology (Robertson-Walker) where the singularity dis-
appears and is replaced by noncommutativity while approaching r = 0.

Our intention was to show that even in such simplified models the noncommutativity,
which is local, and therefore very well compatible with the observations setting limits
on any potential global noncommutative parameters, can have some easy observational
consequences. In the first model that can be visible though the phase shift of waves with
different spherical multipole moments as well as possible frequency shifts. Second model
suggests the cut-off for higher multipole number waves and both can be investigated for
early universe radio sources as well as microwave bagckround radiation.
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