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THE PILLOW

4-pillow torus



THE NONCOMMUTATIVE PILLOW

Looking on the algebra of functions we have:

f (s, t) 7→ f (−s,−t),

so for the generiting functions:

U = e2πis, V = e2πit ,

we have:
U 7→ U∗, V 7→ V ∗.

For the noncommutative torus:
The above action remains an automorphism of the algebra of
the noncommutative torus:

UV = e2πiθVU,

for any 0 ≤ θ < 1.
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THE NONCOMMUTATIVE PILLOW

DEFINITION

We define the fixed point algebra of the noncommutative torus
under the above action of the group Z2 as the noncommutative
pillow.

The generators of the algebra of NC pillow are:

x = U + U∗, y = V + V ∗, z = UV ∗ + VU∗,

with following relations (λ = e2πiθ):

xz − λ̄zx = (1− λ2)y
zy − λ̄yz = (1− λ̄2)x
xy − λyx = (1− λ2)z

x2 + y2 + λ̄2z2 − xzy = 2(1− λ̄2)

Is this a manifold or an orbifold ?
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THE DIFFERENTIAL CALCULUS OVER NC PILLOW
Since the pillow algebra could be embedded in the algebra of
the noncommutative torus we could check what happens with
the differential calculus.

Theorem

If λ4 6= 1 then the module of two-forms is generated by a sin-
gle two-form, which generates the module of two-forms over the
noncommutative torus.

dx = (V−V ∗)ωV , dy = (W−W ∗)ωW , dz = (VW ∗−V ∗W )(ωV−ωW ),

The generating two-form is:

ω =λ3 x dz dy + (1− λ2)λ(1 + λ4) z dy dx

− (1 + λ2)λ(1 + λ4) y dx dz − (3λ4 + 1)λ y dz dx ,

= (3λ4 + 1)(1− λ4)ωV ωW .
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DIFFERENTIAL FORMS AND INTEGRAL FORMS

Dually to a differential calculus on A one considers its integral
calculus. Let ΩA be a differential calculus on A. The space of
n-forms ΩnA is an A-bimodule. Let InA denote the right dual of
ΩnA, i.e. the space of all right A-linear maps ΩnA→ A. Each of
the InA is an A-bimodule with the actions

(a · φ · b)(ω) = aφ(bω), for all φ ∈ InA, ω ∈ ΩnA, a,b ∈ A.

The direct sum of all the InA, denoted IA = ⊕nInA, is a right
ΩA-module with action

(φ·ω)(ω′) = φ(ω∧ω′), for all φ ∈ In+mA, ω ∈ ΩnA, ω′ ∈ ΩmA.

A divergence on A is a linear map ∇ : I1A→ A, such that

∇(φ · a) = ∇(φ)a + φ(da), for all φ ∈ I1A, a ∈ A.



INTEGRABLE DIFFERENTIAL CALCULI

DEFINITION

An n-dimensional differential calculus ΩA is said to be
integrable if ΩA admits a complex of integral forms (IA,∇) for
which there exist an algebra automorphism ν of A and
A-bimodule isomorphisms Θk : ΩkA→ νIn−kA, k = 0, . . . ,n,
rendering commutative the following diagram:

A d //

Θ0
��

Ω1A d //

Θ1
��

Ω2A d //

Θ2
��

. . .
d // Ωn−1A d //

Θn−1
��

ΩnA

Θn
��

νInA
∇n−1 // νIn−1A

∇n−2 // νIn−2A
∇n−3 // . . .

∇1 // νI1A ∇ // νA .

The n-form ω := Θ−1
n (1) ∈ ΩnA is called an integrating volume

form.



INTEGRABLE CALCULI AND VOLUME FORM

THEOREM (EQUIVALENT CONDITIONS)
ΩA is an integrable differential calculus.
ΩA has a volume form ω such that all left multiplication
maps

`kπω : ΩkA→ In−kA, ω′ 7→ πω · ω′, k = 1, . . . ,n−1,

are bijective, where:

πω(ωa) = a, for all a ∈ A,

and the right multiplication is:

(φ · ω)(ω′) = φ(ω ∧ ω′).



SMOOTHNESS

DEFINITION (SMOOTHNESS)
An algebra with integer Gelfand-Kirillov dimension n is said to
be differentially smooth if it admits an n-dimensional connected
integrable differential calculus.

GELFAND-KIRILLOV DIMENSION

Let us write V(n) for the subspace of A spanned by 1 and all
words in generators of A of length at most n. The algebra A is
said to have polynomial growth if there exist c ∈ R and ν ∈ N
such that dimV(n) ≤ cnν for all sufficiently large n. The
Gelfand-Kirillov dimension of A is a real number defined as

GKdim(A) := inf{ν | dimV(n) ≤ nν , n� 0},
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THE SPECTRAL TRIPLE PICTURE

DEFINITION

Spectral triple A spectral triple is (A,H,D) - an algebra A,
faithfully represented on a Hilbert space H, and a densely
defined, unbounded, selfadjoint operator with a compact
resolvant such that

[D,a] ∈ B(H), ∀a ∈ A.

+ several conditions, which we choose to omit...

Over the noncommutative torus there exists a well-known and
well-studied spectral triple made of the Dirac operator acting on
a dense subspace of L2(A)⊗ C2:

D = σ1δ1 + σ2δ2,

where δi , i = 1,2 are the derivations on the noncommutative
torus:

δ1(U) = U, δ2(U) = 0, δ1(V ) = 0, δ2(V ) = V .



THE SPECTRAL TRIPLE PICTURE

DEFINITION

Spectral triple A spectral triple is (A,H,D) - an algebra A,
faithfully represented on a Hilbert space H, and a densely
defined, unbounded, selfadjoint operator with a compact
resolvant such that

[D,a] ∈ B(H), ∀a ∈ A.

+ several conditions, which we choose to omit...

Over the noncommutative torus there exists a well-known and
well-studied spectral triple made of the Dirac operator acting on
a dense subspace of L2(A)⊗ C2:

D = σ1δ1 + σ2δ2,

where δi , i = 1,2 are the derivations on the noncommutative
torus:

δ1(U) = U, δ2(U) = 0, δ1(V ) = 0, δ2(V ) = V .



THE SPECTRAL TRIPLE:

One of the extra conditions is the existence of the Hoschchild
cycle

∑
a0 ⊗ a1 ⊗ a2 such that:

γ =
∑

a0[D,a1][D,a2],

For the Noncommutative Torus we have:

U∗V ∗ ⊗ V ⊗ U − V ∗U∗ ⊗ U ⊗ V ,

gives the desired cycle.

Remark
It has been shown by Rennie & Varilly that this condition (for any
chain not necessarily a Hochschild chain) cannot be satisfied on
orbifolds.
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SPECTRAL TRIPLE OVER NC PILLOW

Imagine we restrict the spectral triple that we have over the NC
Torus to the NC Pillow - this could be easily done (just take a
smaller algebra and the smaller Hilbert space, while keeping
the Dirac operator restricted to the smaller subspace.

Is the cycle (chain) conditions satisfied or not ?

Result:

(λ+ λ̄)z [D, x ] [D, y ]− λ[D, yz] [D, x ] + λy [D, z] [D, x ]+

+ (1 + λ2)z [D, y ] [D, x ]− [D, xz] [D, y ] + x [D, z][D, y ]

= 2(λ2 − λ̄2)γ.

WARNING: we demonstrate the existence of chain
not a Hochschild cycle !
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BIEBERBACH GROUPS AND MANIFOLDS

What are Bieberbach manifolds?

Bieberbach manifolds are compact manifolds, which are quo-
tients of the Euclidean space by a free, properly discontinuous
and isometric action of a discrete group. The first nontrivial low-
dimensional examples appear in dimension three and have been
already described in the seminal works of Biebierbach.

The history

L. Bieberbach, “Über die Bewegungsgruppen der Euklidischen
Räume”, Math. Ann. 70, no. 3, 297–336, (1911),
L. Bieberbach, “Über die Bewegungsgruppen der Euklidischen Räume
(Zweite Abhandlung.) Die Gruppen mit einem endlichen Fundamen-
talbereich.” Math. Ann. 72, no. 3, 400–412, (1912),
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WHY BIEBERBACH MANIFOLDS?

Three-dimensional flat manifolds with different spin
structures

Known spectrum of Laplace and Dirac operator
F. Pfäffle, “The Dirac spectrum of Bieberbach manifolds”, J.
Geom. Phys. 35 (367-385), 2000

Models for cosmology (flat compact space)
Directly computable spectral action.
P. Olczykowski, A. Sitarz, “On spectral action over Bieberbach
manifolds", Acta Phys.Pol. 42, 6, (2011), 1189
M. Marcolli, E. Pierpaoli, K. Teh, “The spectral action and cosmic
topology”, arXiv:1005.2256

Are quotients of T3 by actions of a finite group
K. Y. Ha, J. H. Jo, S. W. Kim and J. B. Lee, Classification of free
actions of finite groups on the 3-torus, Topology Appl., 121
(2002), 469-507

Could be made noncommutative (slightly)
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FREE ACTIONS OF FINITE GROUPS ON 3-TORUS

name group G genG action of G on U,V ,W
B2 Z2 e e . U = −U, e . V = V ∗, e .W = W ∗

B3 Z3 e e . U = e
2
3πiU, e . V = W ∗, e .W = W ∗V

B4 Z4 e e . U = iU, e . V = W , e .W = V ∗

B5 Z2 × Z2 e1,e2 e1 . U = −U, e1 . V = V ∗, e1 .W = W ∗

e2 . U = U∗, e2 . V = −V , e2 .W = −W ∗

B6 Z6 e e . U = e
1
3πiU, e . V = W , e .W = WV ∗

name group G genG action of G on U,V ,W ,
N1 Z2 e e . U = −U, e . V = V , e .W = W ∗

N2 Z2 e e . U = −U, e . V = VW , e1 .W = W ∗

N3 Z2 × Z2 e1,e2 e1 . U = −U, e1 . V = V ∗, e1 .W = W ∗

e2 . U = U, e2 . V = −V , e2 .W = W ∗

N4 Z2 × Z2 e1,e2 e1 . U = −U, e1 . V = V ∗, e1 .W = W ∗

e2 . U = U, e2 . V = −V , e2 .W = −W ∗



NONCOMMUTATIVE BIEBERBACH MANIFOLDS

Let’s take a noncommutative 3-torus realized as a twisted
group algebra C∗(Z3, ωθ) with the cocycle over Z3:

ωθ(~m, ~n) = eπi
∑3

j,k=1 θjk mj nk , ~m, ~n ∈ Z3,

where θjk is a real antisymmetric matrix (0≤θjk < 1).

Find all possible values of the matrix θjk such that the actions of
the finite group G (as discussed earlier) are compatible with the
cocycle.
We say that the action of the finite group G is compatible with
the cocycle ωθ if:

g . (a ∗ωθ b) = (g . a) ∗ωθ (g . b), ∀a,b ∈ C∗(Z3),g ∈ G.
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NONCOMMUTATIVE BIEBERBACH MANIFOLDS

DEFINITION

Let C(T3
θ), be a twisted group algebra over Z3 corresponding to a

cocycle obtained from θ12 = θ21 = 0 and θ23 = −θ for an irrational
0 < θ < 1. Then the generating unitaries U,V ,W satisfy relations:

UV = VU, UW = WU, WV = e2πiθVW .

We define the algebras of noncommutative Bieberbach manifolds as
the fixed point algebras of the following actions of G on C(T3

θ):

name group action of ZN on U,V ,W
B2θ Z2 e . U = −U, e . V = V ∗, e .W = W ∗,
B3θ Z3 e . U = e

2
3πiU, e . V = e−πiθV ∗W , e .W = V ∗,

B4θ Z4 e . U = iU, e . V = W , e .W = V ∗,
B6θ Z6 e . U = e

1
3πiU, e . V = W , e .W = e−πiθV ∗W ,

N1θ Z2 e . U = U∗, e . V = −V , e .W = W ,
N2θ Z2 e . U = U∗, e . V = −V , e .W = WU∗,



PROPERTIES OF THE ACTION

Freeness of a coaction of a Hopf algebra H on a C∗-algebra A
means (for a right coaction) that the spans of (a⊗ id)∆(b) and
∆(b)(a⊗ id), a,b ∈ A are dense in A⊗ H for a minimal tensor
product.

THEOREM (P.OLCZYKOWSKI, AS)
The actions of the cyclic groups ZN , N = 2,3,4,6 on the
noncommutative three-torus, as given in the previous table, are
free.

Proof
Easy: in the B2,B3,B4,B6 case the coaction of the dual Hopf al-
gebra to the group algebra ZN is simply: ∆U = U ⊗ ẽ, where ẽ
is the generator of C(ZN). Since U (and its powers) are invert-
ible, it is evident that (a⊗ id)∆(Un) and ∆(Un)(a⊗ id) are dense
in A ⊗ C(ZN). In the N1θ,N2θ case the same argument applies
when we take V instead.
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THE K-THEORY GROUPS OF BIEBERBACHS

THEOREM (P.OLCZYKOWSKI, AS)

K0(B2θ) = Z2 ⊕ (Z2)2, K1(B2θ) = Z2,

K0(B3θ) = Z2 ⊕ Z3, K1(B3θ) = Z2,

K0(B4θ) = Z2 ⊕ Z2, K1(B4θ) = Z2,

K0(B6θ) = Z2, K1(B6θ) = Z2,

Remarks
The result is valid also for rational θ (requires some arguments).
The method is straightforward (though technically complicated).
Almost all Bieberbachs have torsion in K-theory.
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CLASSIFICATION OF FLAT REAL SPECTRAL TRIPLES

Step 1: Prove that any spectral triple comes from the NC
3-torus.

Step 2: Classify all equivariant actions of ZN on the Hilbert
space.
Step 3: Find all ZN equivariant Dirac operators.
Compute the spectra of D for noncommutative spin
structures.
Compute spectral action, spectral invariants, some
perturbations...

LEMMA

Let {BNθ,H, J,D} be a real spectral triple over a
noncommutative Bieberbach manifold BNθ. Then, there exists
a spectral triple over three-torus, such that this triple is its
reduction.
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EXAMPLE N = 3 AND RESULT

LEMMA

The only D-equivariant and real-equivariant action of ZN on H,
which implements the action of ZN on the algebra is possible if:

N 3 4 6

τ e
1
3πi e

1
2πi e

1
3πi

ε2 0 ε 0
ε3 0 ε 0

THEOREM (P.OLCZYKOWSKI, AS)
Number of possible noncommutative spin structures for
Bieberbach BNθ:

N 2 3 4 6
# 8 2 4 2
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CONCLUSIONS

Quotients of NC tori to study some ideas.

Noncommutativity removes orbifold singularities.

Algebraic and spectral methods give same answers.

Open questions: tricornet !

Spin structures correspond to real spectral triples.

Possibility to distinguish between spin structures η-invariants.
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