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GEOMETRY THROUGH SPECTRAL TRIPLES

Algebra A, its faithful representation 7 on a Hilbert space #, a
selfadjoint operator D, satisfying several conditions:

@ Vac A[D,n(a)] € B(H), D~ is compact
@evenST:Ived :v2=1,y=+1 7D+ Dy=0,
@ 3J, antilinear J2 = £1,JJ7 = 1

Jvy = +4J,JD = £DJ, [Jr(a)J, =(b)] = O,

@ [[D, a], Jn(b)J] = 0 (D: first order differential operator)
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DEFINITION: THE SPECTRAL TRIPLE

Algebra A, its faithful representation 7 on a Hilbert space #, a
selfadjoint operator D, satisfying several conditions:

@ Vac A[D,n(a)] € B(H), D~ is compact
@ evenST:Ive A :42=1,y=~,yD+ Dy =0,
@ 3J, antilinear J2 = £1,JJt = 1
Jy = £4J,JD = +DJ, [Ir(a)J, n(b)] = 0,
@ [[D, a], Jn(b)J] = 0 (D: first order differential operator)
(< ] ...+ conditions of ,analysis” type

THEOREM [CONNES]

If A= C*>(M), M a spin Riemannian compact manifold,
H = L?(S) (sections of spinor bundle) and D the Dirac operator
on M then to (A, H, D) is a spectral triple (with a real structure).
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EXAMPLES OF SPECTRAL GEOMETRIES

e The Noncommutative Torus: UV = e2™? U
Dirac operator the same as on the torus [Connes]

e Finite matrix algebras (M,(C) & Mk(C) & - - -
Dirac operator is a finite hermitian matrix [AS & Paschke,
Krajewski]

o Quantum spaces (g-deformations of spheres)
Interesting Dirac operators [AS+Dabrowski, Landi, Varilly,
et al]

e Moyal deformation [x*, x"] = 6*¥
The usual Dirac [Gracia-Bondia et al] + sphere (AS with
M.E & R.W)

e r-deformation [x°, x'] = 1x/
Doubly Special Relativity [Matassa]

THE APPLICATION TO PHYSICS ?

So far: the finite spectral triple of the Standard Model
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THE GENERAL STRUCTURE

Let (A, H, D) be a finite-dimensional spectral triple, J an
antilinear isometry and call Ac the complex x-subalgebra of
Endc(H) generated by A (so A = Ac if Ais already complex).
Then:

N
Ac ~ P Mn,(C) .
i=1

If P; is the unit of the summand M, (C), then Py, ..., Py are
(represented by) orthogonal projections on H whose sum is 1.
The operators Q; := JP;J~" form a set of orthogonal
projections as well, commuting with the projections P;’s, and
whose sum is also 1.

THE DIRAC OPERATOR:

Dij,kl = P,'QjDPkQ/ 9
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THE GENERAL STRUCTURE OF DIRAC OPERATOR
We can decompose the Dirac operator into four pieces
D=Dy+ Dy + D>+ Dg,

Do:= > Djy,
inj.k: ik

Dy:= > Dji,
Dy:= > Dju,

ij,l: j#l
Dg:=> Djj.
if,1k i
I£K,j#l
so that:

JDgJ ' =’ Dy, JDJ'=€'Ds,

JDRJ ' =¢' Dp.




THE GENERAL STRUCTURE OF DIRAC OPERATOR

LEMMA (DIRAC AND DIFFERENTIAL FORMS)

Do + D5 € Q1D(A)

PROOF.

An explicit computation gives

Dy + Dy = Zi;ék P;DPy = Zi;ék P,'[D, Pk], where we used the
fact that P;Px = 0 for i # k.

LEMMA (1ST ORDER)

D satisfies the 1st order condition if and only if: Do = 0,
D, € A, and Dg, satisfies the 1st order condition.
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IS THAT HILBERT SPACE SAME AS SPINORS ?

WHAT ARE SPINORS ?
e Spinors are representations of Spin group

e Spinors are representations of the Clifford algebra

e Spinors are equivalence bimodule between algebra and
the Clifford algebra.

MORITA EQUIVALENCE
Recall what is Morita equivalence...



ARE SPECTRAL TRIPLES ONLY BASED ON SPINORS ?

THE HODGE-DIRAC OPERATOR

Take a Riemannian manifold M, the space of differential forms
Q*(M) and then consider: (C®(M), d + 6, L2(2*(M))).
(Exercise: with additional grading and reality ! )
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THE HODGE-DIRAC OPERATOR

Take a Riemannian manifold M, the space of differential forms
Q*(M) and then consider: (C®(M), d + 6, L2(2*(M))).
(Exercise: with additional grading and reality ! )

WHAT DO WE GET ?

We obtain a spectral triple, which satisfies all the conditions for
a spectral geometry (and indeed it could be used for index
computations for instance).

So, what is the difference ?
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ARE SPECTRAL TRIPLES ONLY BASED ON SPINORS ?

THE HODGE-DIRAC OPERATOR

Take a Riemannian manifold M, the space of differential forms
Q*(M) and then consider: (C®(M), d + 6, L2(2*(M))).
(Exercise: with additional grading and reality ! )

WHAT DO WE GET ?

We obtain a spectral triple, which satisfies all the conditions for
a spectral geometry (and indeed it could be used for index
computations for instance).

So, what is the difference ?

THE DIFFERENCE
e First of all, it may be reducible
e The "spinors" are a bimodule over the Clifford algebra



THE FINITE SPECTRAL TRIPLE OF THE SM
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THE FINITE SPECTRAL TRIPLE OF THE SM

THE SM HILBERT SPACE

We arrange particles in a 4 x 4 matrix in the following way:

The Hilbert space of our spectral triple is H ~ F & F*.

THE GRADING AND THE REAL STRUCTURE

The real structure is given by

)= [%]
w v*
The grading v on F is the operator of left multiplication by the
diagonal matrix diag(+1,+1,—1,—1).

= = =



THE FINITE SPECTRAL TRIPLE OF THE SM

THE SM ALGEBRA AND ITS REPRESENTATION

We identify End¢(H) with the algebra M, (C) @ Ma(C) ® My(C),

represented on H as follows:
vl [avp! a v] [av+bw
eeten],] =] (re[23]er) 0] - [ an]

forall o, 8, v,w € My(C), a,b,c,d € C.

QT
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THE FINITE SPECTRAL TRIPLE OF THE SM

THE SM ALGEBRA AND ITS REPRESENTATION

We identify End¢(H) with the algebra My (C) @ Ma(C) @ My(C),
represented on H as follows:

vl [avp! a v] [av+bw
cworenll]-[2) (el 28]on) -2
forall o, 8, v,w € My(C), a,b,c,d € C.

awpt
The algebra A ~ C @ H & Mj3(C) has elements

QT

‘0 0-‘ |_)\|0 0 0-|
0 0 Re1+ 8 ® €20 D 1
o :

with A € C, q € Q a quaternion and m € M3(C).

m

1
o >
o o>l o




WHAT ARE POSSIBLE DIRAC OPERATORS ?

ARE THERE TRUE "SPINORIAL" SPECTRAL TRIPLES ?
To rephrase the question: are there Dirac operators so that the
Hilbert space is equivalence bimodule between the

complexified algebra of the Standard Model and Clifford
algebra ?
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WHAT ARE POSSIBLE DIRAC OPERATORS ?

ARE THERE TRUE "SPINORIAL" SPECTRAL TRIPLES ?

To rephrase the question: are there Dirac operators so that the
Hilbert space is equivalence bimodule between the
complexified algebra of the Standard Model and Clifford
algebra ?

LEMMA (FDA & LD)

No Dirac operators for the Hilbert space of the SM can possibly
guarantee the Morita equivalence condition.
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WHAT ARE POSSIBLE DIRAC OPERATORS ?

ARE THERE TRUE "SPINORIAL" SPECTRAL TRIPLES ?

To rephrase the question: are there Dirac operators so that the
Hilbert space is equivalence bimodule between the
complexified algebra of the Standard Model and Clifford
algebra ?

LEMMA (FDA & LD)

No Dirac operators for the Hilbert space of the SM can possibly
guarantee the Morita equivalence condition.

IS THERE A WAY OUT ?

The next best idea: the Hodge-Dirac operator and Hodge
condition.



THE HODGE CONDITION - THE BASICS
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THE HODGE CONDITION - THE BASICS

We say that a real spectral triple (A, H, D, J) satisfies the
second-order condition if

() Clp(A) and Clp(A)

commute.
We say that the Hodge condition holds if,

(i) Clp(AY = Clp(A)°.

There are four classes of Dirac operators for the spectral triple

of the Standard model so that the Hodge condition is satisfied.



WHAT ARE THE POSSIBLE HODGE-DUALITY SM
TRIPLES?

THE DIRAC OPERATORS

[ ‘ a1z Qs -‘
(6% (0%
Dy = [—— B2 Re10e+
Qi3 Q23
Q14 Q24

[ gw 214]
23 [o4
+ [@3 B ®e®(1 —ern)

B1a Boa

012 | 013 514-| y §21
021 022 | 023 024 012 022
013 023

=F Kepp®eq +
{ J {314 024

J®621®e11

where ajj, Bjj, 0 € C and zeroes are omitted.

[m] = =

it
€



THEOREM




FIRST CASE

Let all § vanish. Then the Hodge duality is satisfied if and only
if: (i) the matrices

| o3 aqa _ ,813 ﬂ14
o= [0423 a24] b= [523 ﬂ24]

have no zero rows and (ii) there are no ¢, € R such that

i
[ )

The complex algebra generated by A and D is:
B’ ~ My(C) @ My(C) ® C @ M3(C) ~ B and we have B° = B'.

o

&



SECOND CASE

THEOREM

COr Fr < =>»
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SECOND CASE

THEOREM

Let Dy as above with o1 = 0 and 13 = 14 = 0 the Hodge
duality is satisfied if and only if (23, 524) # (0,0) and of the four
vectors

(13, v14) (o3, r24) (612,613, 614) , (022, 623, 624) ,
at least three are not zero.

THE CLOFFORD ALGEBRA

The complex algebra generated by A and D is:
B' ~ M(C) & Ms(C) & M3(C) @ C ~ B, and so B° = B..
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THE OTHER TWO CASES

THE SYMMETRY
Let us also define:

U=111+e1®(e12+e1—1)®@ey.
This is a permutation matrix: U = U* and U? = 1 (hence a
unitary). It’s action on the Hilbert space is to exchange the

basis vectors vg and J(vRg).



THE OTHER TWO CASES

THE SYMMETRY
Let us also define:

U=111+e1®(e12+e1—1)®@ey.

This is a permutation matrix: U = U* and U? = 1 (hence a

unitary). It’s action on the Hilbert space is to exchange the
basis vectors vg and J(vRg).

LEMMA

U commutes with A and J.
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THE OTHER TWO CASES

THE SYMMETRY

Let us also define:
U=111 + e11 ®(e12+621 —1)®e11 .

This is a permutation matrix: U = U* and U? = 1 (hence a
unitary). It’s action on the Hilbert space is to exchange the
basis vectors vg and J(vRg).

LEMMA

U commutes with A and J.

THE SYMMETRY APPLIED

Since the symmetry does not change anything in the spectral
triple apart from the Dirac operator, if Dy is such that Hidge
duality holds, same is true for UDyU. This is how the other two
cases are recovered.

= =y = =7 DA
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THE PROOFD

Compute explicitly the commutant and check whether it is
exactly C¢p(A)°.

A LAZY PROOF

Use Burnside’s theorem.

THEOREM

Burnside 1905 A set of matrices generates a full matrix algebra
iff they have no common invariant subspace.



HOw TO APPLY BURNSIDE’S THEOREM ?

EXAMPLE - CASE 1

«O0>» «F»r» « >



HOw TO APPLY BURNSIDE’S THEOREM ?

EXAMPLE - CASE 1

«O0>» «F»r» « >



HOw TO APPLY BURNSIDE’S THEOREM ?

EXAMPLE - CASE 1

«O0>» «F»r» « >



How TO APPLY BURNSIDE’S THEOREM ?

The algebra is:
Asu = (C1 & C2 & My(C))™ & (Cy & Ma(C))™

We take the operator Dy and check what is the maximal
algebra they generate.

The algebra generated by Agy, and Dy is a subalgebra of Ay:

M4(C) & (Ms(C))® & (Cy & Ms(C))@ .
algebra)

Then we verify that its commutant is the same (using basic



How TO APPLY BURNSIDE’S THEOREM ?

EXAMPLE - CASE 1
The algebra is:

Asy = (C1 ® C2 @& My(C))® & (C1 & Ma(C))™@

We take the operator Dy and check what is the maximal
algebra they generate.
The algebra generated by Agy, and Dy is a subalgebra of Ay:

M4(C) & (Ms(C))® & (Cy & Ms(C))@ .

Then we verify that its commutant is the same (using basic
algebra)

Then we check conditions under which Dy and Agy generate
this algebra (using Burnside’s theorem)
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(that is, the Hodge duality is satisfied)

BAD NEWS:

Still, a Dirac operator that allows for SU(3) breaking and
leptoquarks is possible see: Paschke, M., F. Scheck, and A.
Sitarz (1999). Can (noncommutative) geometry accommodate
leptoquarks? Phys. Rev. D59 035003 )
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CONCLUSIONS

GOOD NEWS:

It appears that indeed, SM spectral triple is of Hodge-Dirac type
(that is, the Hodge duality is satisfied)

BAD NEWS:

Still, a Dirac operator that allows for SU(3) breaking and
leptoquarks is possible see: Paschke, M., F. Scheck, and A.
Sitarz (1999). Can (noncommutative) geometry accommodate
leptoquarks? Phys. Rev. D59 035003 )

MORE GOOD NEWS:

There are no relations between masses but there should be no
degeneracies.

MORE BAD NEWS:

Possibly introduction of families does not keep Hodge duality.
[m] [ = =



OUTLOOK

NEXT

There are variations of that duality to be checked, for example:
Twisted Reality Condition for Dirac Operators, Brzezinski,

Ciccoli, Dgbrowski, Sitarz. Math Phys Anal Geom (2016) 19:
16.
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There are variations of that duality to be checked, for example:
Twisted Reality Condition for Dirac Operators, Brzezinski,
Ciccoli, Dgbrowski, Sitarz. Math Phys Anal Geom (2016) 19:
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THANK YOU !
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