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Dirac operator on quantum flag manifolds

Aim : Providing examples to study
Metric and Spectral Aspects in Noncommutative Geometry

Claim: Quantum flag manifolds belong to the best examples!

Features: Hermitian symmetric spaces M := G/H

» g=bhem, [h,h]ch, [h,m]cm, [mm]ch

» To.G=hom=Tr"Ge TG

= Get a connection for free!

» Dolbeault-Dirac operator: 8 + d* on Q9 @ ..o QO
» Spin bundle: (29 ¢ ...e Q") g VQ(n0)

= Get the Clifford multiplication for free!



Spin Geometry of Quantum Flag Manifolds

Best case: Standard Podle$ sphere SZ := SUq4(2)/U(1) = CP},
Dabrowski/Sitarz: Dirac operator on the standard Podle$ quantum sphere, BCP 61, 2002.

>

>

Spin bundle: S = O(SU4(2)) oz (Vs @ V_1) = (QLD ¢ QO 0 &_4

Dirac operator: D = (8OF 805), E, F invariant vector fields

even, real structure (Tomita operator), first order condition
K _~—k
0T-summable with eigenvalues [k + 1]q := %, ge(0,1)

Twisted Hochschild cycle: ;2% ® a' ® a? € HH’ '(O(SZ))
Invariant volume form: 33, a?da] Ada? € Q3(S%)
Orientation: ¥;a°[D, a'][D, a?] = vyq := diag[qg™', —q]

Chern character, (g-)index computations, Poincaré Duality



Higher Dimensional Examples

A-Series:

» F. D’Andrea, L. Dabrowski, G. Landi, 2008: CPg

» F. D’Andrea, L. Dabrowski, 2010: CPZ

» R. O Buachalla, B. Das, P. Somberg, 2020: Kahler structures on CPg

B-Series:
» R. O Buachalla, F. Diaz, E. Wagner, 2022: SO4(5)/(SO(2)xSO4(3))

from Bernstein-Gelfand-Gelfand resolution and quantum tangent space
Heckenberger/Kolb: J. Geom. Phys. 57, 2007.

Next “Podles sphere”: Spin Geometry of CPg — An invitation!



Why irreducible quantum flag manifolds?
> Ug(1) € Uqg(a) Levi factor, Ej, € Ug(g) \ Uq(1) simple root vector
> B :=0(Gy)™ W) = (f e O(Gq) : X» f = &(X)f VX € Ug(1)}
> {Ki,....K), E1,...,E}\{E,) c Uqg(1), a,beB
= Ej, > (ab) = (Ej, > a)(Ky > b) + a(Ej, > b) = (E, > a) b + a(Ej, » b)
= First order derivation!
» Tangent space: m := adq(Uq(1))(Ej,), where g =m@alom*
= adg(E;)(Ej,)» b = (E,-E,-O—E,-OE,-)N> b = EjEj,»b — EEy=b = EjE;,»b

= EjEj»(ab) = (EjEj»a)(F5K»b)+(Ep=a) (KjEipb)+(Ei>a) (Efi<,=b)+a E;Eib
- (ElElo Da)b +a (E]E'o >b)

= mlg = span{Ej, - E; Ej,lg: k = 0,...,dim(m)—1}, 15"-order diff. operators



Elliptic complex: Bernstein-Gelfand-Gelfand resolution

Classical flag manifold: g simple Lie algebra, p c g of parabolic type

Classical BGG resolution: X; = [Yq],..., Xk = [Y«] € a/p, Z € U(g)
k .

= 6k(Z@p X1 A= AX) = X (=1)T(ZYi@p Xy A AXA - A Xk)

i=1

X (-1)MHZ @ [V YIIAXi Ao AXA - AXA - A X

i<j
Problem: Replacement for the commutator [Y;, Y]] in the quantum case?

Observation: irreducible flag manifold, g = m& p
= hermitian symmetric space

= [m,m]cp

= [[Y.Yi]l=0

= Kk(Z@X1 A AXk) =

I

(-D)FN(ZYi@ Xy A AXA -+ A Xk)

Tpg=



Quantum Bernstein—Gelfand—Gelfand Resolution
Quantum generalized Verma modules: Cy := Uy(g) ®y, 1) A“m

Heckenberger/Kolb, 2007: There exists a complex
0—>Cn@>Cn 1 LE S —>C1 =5 C—0, n:=dim(m)
given by unique embeddings of Verma modules

k(Z®Yiy ANYip Ao AYj ) =5 ZY @Yy A AX A A Y
Dualizing: C;, := (Uq(s) ®u,() /\km)' > O(Gq)DAkm

— differential calculus: Q@9 21 q@.1) %2, .. % o)
Q0K = O(Gy) D Am* ¢ C
Ok =0, : C;_, — C;

= Completely explicit description!



BGG resolution for quantum SO(5)/(SO(2)xSO(3))
Uq(g)u<g(>])/\3m &, Uq(g)U@(>I)/\2m 2, Uq(g)UQZ(JI)/\‘m o, Uqg(g) ® C

q

q Uq(D)
63(1 ® X_1 /\Xo/\X1) =X 4®XgAXi—

52(1® X1 A Xo) = [2]1X0 ® Xo — X1 ® X_4 [}y = L=2r

52(1®X_1 A X1) = [2]1X1 ® Xo — Xo ® X_1, [Nz := 37;’
52(1® Xp A X1) = [3]2 Xo ® X1 — X1 ® Xo Q= g
01(Z4®@X 4+ X0 +2Z1® X1) =

Z_41 X4+ ZoXo + Z1 Xq
= 0k-1 00k =0.

Dualizing: = dx := (6x)* : QK1) — Q(0k)

, Okp100k =0
QK = O(S04(5)) O Akm*

={Shew: L(X-f)ew = 3o (w<X), VX e Ug(l)
C  O(S04(5)) ® Akm*

Xo® X1 A Xy + [] ==X1 @ X_1 A Xp



Matrix representation of the Dolbeault complex

Q0 = O(S04(5)) O A%m* c O(SO4(5))

Q01 = 0(S04(5)) O A'm* € O(SO4(5)) ® A = P>, O(SO4(5))

002 = O(S04(5)) O A2m* C O(SO4(5)) ® N2m* = (B>, O(S04(5))

Q03) = O(8S04(5)) O A*m* c O(SO4(5))

_ X4 _ -Xo [2]1 X_4
0o =1| Xo 01 =|-X4 [2]1 Xo
Xi 0 -Xi

= Bounded commutators!

0
0

0o = ([;?X1,—X0,X_1)
[3]2Xo




Hermitian metric

Kéhler geometry: Hodge x-operator < Hermitian inner product
*x@ A B = {(a,B)cvol, where Q") = B.vol

Observation: d, unique up to a constant

= May rescale (-,-): Q0K x Q0K _ C.

Inner product: Set

(»9h 1 O(804(5)) x O(SOq4(5)) — C, (a,b)n:=h(a*b) (Haar state).

Choose (-,-)x : Akm* x Akm* — C (orthogonal weight vectors).

Recall: Q%) = 0(S04(5)) O Am* c O(SOq4(5)) ® Afm*

Define (-,-) := (-, Ih®(, -y : QO x Q0K — .

Remark: él # 0y, where (9k(x),y) = (x, él(y))

Reason: 3 does not leave (Q(®%))* c O(SO4(5)) ® A*m* invariant!

= need to apply orthogonal projection onto (%)



Reducing computations to highest weight vectors
Unitary equivalence:

do Vo) — 1000, so(a) == La
J1 :ZV((S”;) N ZQ(OJ), Ji(a) = 01—1([21—13F§>a®v_1 +[21$F2>a®vo+a®u1)
b 4VHE — 40002), gy(a) = ciz([;—]gF22>a®w_1+[21$F2>a®wo+a®w1)
J3 :ﬁV((;’g)) — 1Q03) ys(a) := zae?
= 80 := Jodoody : hViog) — hVoms Bo(v) = L X (v)
81 = Jzodrody + hVios) — VLD, 8i(v) = 2 Bl priy 5 0 Xo(v)
oo = dyadeode - IVIZ) VS 0o(1) = prgey X (1)

with orthogonal projections

pri1)=(1 - -FeE2) : AV

@ﬁ V(OA) Ly H V(1 2)

i F (1’(2) ) ﬂ( (1’2)> (n-2.4) (n.0)
L 1 | 1 2 =2\ . n,0 n-1,2 n-2,4 wy/(n0



Adjoint operators

.1y (02) (0,0) Ty — x
dy : ZV(O,Z) — zV(O,O)’ Bp(v) = g—;)pr(o’o) oX{>v

T .omyy(12) (0.2) Ty) — 2 Bla—1 x

61 . ﬁV(Lz) — ZV(O,Z) , 61 (V) = g—f [32]2 pr(o,z) o XO >V
T . 1y(3.0) (12) Ty — *

3, : ,’;‘V(&O) —>ZV(1’2), 0,(v) = 2X* v

Observation: u e ﬁvjkk

dim(;Vi<) =1 = 8.8k(u) = pa,u, k-10,_,(u) = o4y U
dim(jVy¥) =2 = dim(;V}*") = dim(} vjkk:j) =1
spec(d] k) \{0} = spec(dxd] ))\{0}

= It is enough to compute the spectrum of 1-dimensional operators!

= We do not need to know explicitly the inner product!



The spectrum of the Dirac operator D := 9 + o'

uelVy,  dim(Vi) =1, 83(u) = pau,

Us = Padk(U) = Jk11(0k(u)) = D(us) = ++pa, Uz

Hy Ak sy ARy i _
Ve #V/lk_*_1 N dlm(# V/lk+1 ) = 1, 6k6k(v) =0V,

Ve 1= o dk(V) £ dkr1 () (v)) = D(va) = = \oa, Va
2 g2 [2)2 I+2 11411
k=0: p(anz) = Z_:% q” (2] (In+1+ ]E?E]r12+ll1+[+ ]1[]1)’

2 o 12
k=1: pant12) = 2_?2 " [2]2 ((3]2=1) (["+[’;]r§2%;][?+’+1]1+["+2]1[“]1),
% Q2o (8la=1)? (In++2)1 [n+1 +[n+1]1[n]1)
cf , [313 (215 ’
2
K=3: o (ani12) = Z_ZZ, q ([”+’+2]1[”Jr[’341r21]1+[”+2]1[”]1).

k=2: 0'(2,,,2/) =

Multiplicities: dim((™)V}) = {(n+1)(I+1)(n+1+2)(2n+1+3)

n_~—n n/2_ ~—n/2
[n]1 = qq,C?w ; [n]2 := %




Branching laws

Peter-Weyl Theorem: O(SO4(5)) = P VvrDrg vin)
(n,)eNyx2Ng

Yhiew el o N(Xef)ow =X fi®(wi<X) YX e Uy(l)
= span{f,- D= 1,...,dim(/\km*)} and span{w,- L= 1,...,dim(/\km*)}
are the same (dual) representations of Uy(1)

Branching laws: V(m, k) := irred. rep. of Uy(T) of highest weight (m, k)

» Q09): v(0,0) c v(n)
» QO: v(0,2) c v(n)
» Q02): v(1,2) c v(r)
» Q003): v(3,0) c v(»)

Notation: # V1 := irred. right Uq(g) and left Ug(I) of h.w. i and A resp.
3V, := corresponding weight spaces



Branching laws

Peter-Weyl Theorem: O(SO4(5)) = @ v(»)gv)
(n,))eNgx2Ng

Branching law: How many times occurs V(1x) = Afm* in V(") ?

Answer: dim(V{™) - dim(V{") ). 4 = (0,0). (0.2). (1.2), (3.0)

s \'/(z».'ﬂ =
1 *(a.z) L
(03 = oo
Ql‘:b asBes .1 (.‘1 4
. . . . o C .
o _(1(0.0 a = 1" - ¥
e @ - o © © @ y ., .
2 ’-leow\ Sy Wy 5 4 W2 %y
Py
<, NEIS: I T/ fGe - THESEP- A
o o ) ¢ 9, e ), 0.0, 9, §
oo 5. % 6,9,9, 9, 06,
e @ .
% % & -
1 4
i




Branching law: result for U,(1) € Ug(so(5))
Q©9: v(0,0) c v(n)

» multiplicity 1 in V(272)

QO: v(0,2) c V(™)

» multiplicity 2 in V(2n+2.21+2),

» multiplicity 1 in V(21+1.21+2) \/(21+20) gpg \/(02142)
Q©2): y(1,2) c v(n)

» multiplicity 2 in V/(&n+3:2+2),

» multiplicity 1 in V(21+221+2) \/(21+30) gng y/(1214+2)
Q©3); v(3,0) c v(n)

» multiplicity 1 in V(2n+3.2)),

» multiplicity 0 in all other cases, where n, [ € Ng.

V2 0 2o i 0

(2n+121) 31\ (2n+1.21) B2\ (2n+1.2]) 00)
° V(O’O) V(0,2) V(1,2) — 0 exact but for V(o,o)

Cohomology: 0 —



Highest weight vectors

1.

2

(2n,20) 1 A(0,0) 11 1,2 213
(2non Vo) = span{ (uyug)" (uyuz — quiug)'}, n,l € No.
(202 1, 1ym—1, 1, 17 1,2 2 13y

. [2“12”1'“':2} = spand (wjut )" tujui(ujus — quiuz ),

4

(udud ) (udud — quiul)(uled — qu%ué}“l}, n=0,1=0,

2,0)17(0.2)
20.0) ¥ (0.2)
02131 £(0.2)
0.2y ¥ (0.2)
n+1.20)y A(02) Ly b=t 1.1, 9 221
2:1+1:QI]‘{0:2) = spany (ujug) ug(ugug — quiug)

b -
—qul(ubu? — quﬁu%}) (utu? — quiud)! 1}1 neiMy, [ =0

= span{(uiul)" tujull, n =0,

= span{(ulu? — gudul)(ulu? — quiul)=1}, 1> 0,

2020 #(1.2 _
. 52: 2;31"}[‘1_2}] = 1-;1)':111{(1:}1[%)" 1('r1.:1;'r1é{-11_11-11§ — quiui)

—quiul(uiui — r;uﬁu;)){_u%ug - qu%ué}“l}: n=0,1=0,

(2n+12)y 02y _ | 1, lym—1, 17 I327, 1.2 2,14
(ans12) V1) = Span (uqueg )" P lug ) (ujuz — quiug)’,

(ufu},)"Hé{uiu%—r;u.fu.é)['r;%u%—qu.%u.é)!_l}_. n=0,1=0,
(2n4+1,0)y (1.2 ) 1,,1yn—1,17,1%2
[2:1+1:0}1’[1,2]) = span{(ujuy)* tug(ui)*}, n >0,
1207 (1.2 5 1
51,213""([1:2]] = span{ul (ulu? — guiud)(ulu? — quiud)=1} 1 = 0.

[2041,21)y (3.0) - : : 2
[2:_'_1:21]1’{51:“) = span{{uded) Hul) (b2 — quiul)}, 0> 0, 1 € N,



