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Dirac operator on quantum flag manifolds

Aim : Providing examples to study
Metric and Spectral Aspects in Noncommutative Geometry

Claim: Quantum flag manifolds belong to the best examples!

Features: Hermitian symmetric spaces M := G/H

I g = h ⊕m, [h, h] ⊂ h, [h,m] ⊂ m, [m,m] ⊂ h

I TeG = h ⊕m = Tvert
e G ⊕ Thor

e G

⇒ Get a connection for free!

I Dolbeault-Dirac operator: ∂̄ + ∂̄∗ on Ω(0,0) ⊕ ... ⊕ Ω(0,n)

I Spin bundle: (Ω(0,0) ⊕ ... ⊕ Ω(0,n)) ⊗
√

Ω(n,0)

⇒ Get the Clifford multiplication for free!



Spin Geometry of Quantum Flag Manifolds

Best case: Standard Podleś sphere S2
q := SUq(2)/U(1) � CP1

q
Dabrowski/Sitarz: Dirac operator on the standard Podleś quantum sphere, BCP 61, 2002.

I Spin bundle: S = O(SUq(2))�π (V1 ⊕ V−1) = (Ω(0,0) ⊕ Ω(0,1)) ⊗ E−1

I Dirac operator: D =

(
0 ∂E
∂F 0

)
, E, F invariant vector fields

I even, real structure (Tomita operator), first order condition

I 0+-summable with eigenvalues [k + 1]q := qk−q−k

q−q−1 , q ∈ (0, 1)

I Twisted Hochschild cycle:
∑

i a0
i ⊗ a1

i ⊗ a2
i ∈ HHθ−1

(O(S2
q))

I Invariant volume form:
∑

i a0
i da1

i ∧da2
j ∈ Ω2(S2

q)

I Orientation:
∑

i a0
i [D, a1

i ][D, a2
i ] = γq := diag[q−1,−q]

I Chern character, (q-)index computations, Poincaré Duality

I . . .



Higher Dimensional Examples

A-Series:

I F. D’Andrea, L. Dabrowski, G. Landi, 2008: CP2
q

I F. D’Andrea, L. Dabrowski, 2010: CPn
q

I R. Ó Buachalla, B. Das, P. Somberg, 2020: Kähler structures on CPn
q

B-Series:

I R. Ó Buachalla, F. Dı́az, E. Wagner, 2022: SOq(5)/(SO(2)xSOq(3))

from Bernstein-Gelfand-Gelfand resolution and quantum tangent space
Heckenberger/Kolb: J. Geom. Phys. 57, 2007.

Next “Podleś sphere”: Spin Geometry of CP3
q – An invitation!



Why irreducible quantum flag manifolds?
I Uq(l) ⊂ Uq(g) Levi factor, Ei0 ∈ Uq(g) \ Uq(l) simple root vector

I B := O(Gq)inv(Uq(l)) = {f ∈ O(Gq) : X . f = ε(X) f ∀X ∈ Uq(l)}

I {K1, ... ,Kl , E1, ... ,El}\{Ei0} ⊂ Uq(l), a, b ∈ B

⇒ Ei0 . (ab) = (Ei0 . a)(@@Ki0 . b) + a(Ei0 . b) = (Ei0 . a)b + a (Ei0 . b)

⇒ First order derivation!

I Tangent space: m := adq(Uq(l))(Ei0), where g = m ⊕ l ⊕m∗

⇒ adq(Ej)(Ei0) . b = (EjEi0−Ei0Ej)@
@

K−1
j . b = EjEi0 .b − Ei0

H
HHEj .b = EjEi0 .b

⇒ EjEi0.(ab) = (EjEi0.a)(HHHKjKi0.b)+(HHHEj .a)(KjEi0.b)+(Ei0.a)(XXXXEjKi0 .b)+a EjEi0.b

= (EjEi0 .a)b + a (EjEi0 .b)

⇒ m�B = span{Eik ···Ei1Ei0�B : k = 0, ... , dim(m)−1}, 1st-order diff. operators



Elliptic complex: Bernstein-Gelfand-Gelfand resolution
. Classical flag manifold: g simple Lie algebra, p ⊂ g of parabolic type

Classical BGG resolution: X1 = [Y1], . . . ,Xk = [Yk ] ∈ g/p, Z ∈ U(g)

⇒ δk (Z ⊗p X1 ∧ · · · ∧ Xk ) =
k∑

i=1
(−1)i+1(ZYi ⊗p X1 ∧ · · · ∧@@Xi ∧ · · · ∧ Xk )

+
∑
i<j

(−1)i+jZ ⊗p [ [Yi ,Yj] ] ∧ X1 ∧ · · · ∧@@Xi ∧ · · · ∧ SSXj ∧ · · · ∧ Xk

Problem: Replacement for the commutator [Yi ,Yj] in the quantum case?

Observation: irreducible flag manifold, g = m ⊕ p

⇒ hermitian symmetric space

⇒ [m,m] ⊂ p

⇒ [ [Yi ,Yj] ] = 0

⇒ δk (Z ⊗ X1 ∧ · · · ∧ Xk ) =
k∑

i=1
(−1)i+1(ZYi ⊗ X1 ∧ · · · ∧@@Xi ∧ · · · ∧ Xk )



Quantum Bernstein–Gelfand–Gelfand Resolution
. Quantum generalized Verma modules: Ck := Uq(g) ⊗Uq(l) Λkm

Heckenberger/Kolb, 2007: There exists a complex

0 −→ Cn
δn−1
−→ Cn−1

δn−2
−→ · · ·

δ1
−→ C1

ε
−→ C −→ 0, n := dim(m)

given by unique embeddings of Verma modules

δk (Z ⊗ Yi1 ∧ Yi2 ∧ · · · ∧ Yik+1) =
∑

j αij Z Yij ⊗ Yi1 ∧ · · · ∧@@
Yij ∧ · · · ∧ Yik+1

Dualizing: C ′k :=
(
Uq(g) ⊗Uq(l) Λkm

)′
⊃ O(Gq)2Λkm∗

⇒ differential calculus: Ω(0,0) ∂̄1
−→Ω(0,1) ∂̄2

−→ · · ·
∂̄n
−→Ω(0,n)

Ω(0,k) � O(Gq)2Λkm∗ ⊂ C ′k
∂̄k := δ∗k : C ′k−1 −→ C ′k

⇒ Completely explicit description!



BGG resolution for quantum SO(5)/(SO(2)×SO(3))
. Uq(g) ⊗

Uq(l)
Λ3m

δ3
−→ Uq(g) ⊗

Uq(l)
Λ2m

δ2
−→ Uq(g) ⊗

Uq(l)
Λ1m

δ1
−→ Uq(g) ⊗

Uq(l)
C

δ3(1⊗X−1 ∧X0 ∧X1) = X−1 ⊗X0 ∧X1 −X0 ⊗X−1 ∧X1 + 1
[3]2

X1 ⊗X−1 ∧X0

δ2(1 ⊗ X−1 ∧ X0) = [2]1X0 ⊗ X0 − X1 ⊗ X−1 [n]1 := qn−q−n

q−q−1

δ2(1 ⊗ X−1 ∧ X1) = [2]1X−1 ⊗ X0 − X0 ⊗ X−1, [n]2 :=
qn

2−q−n
2

q2−q−1
2

δ2(1 ⊗ X0 ∧ X1) = [3]2 X0 ⊗ X1 − X1 ⊗ X0 q2 :=
√

q

δ1(Z−1 ⊗ X−1 + Z0 ⊗ X0 + Z1 ⊗ X1) = Z−1X−1 + Z0X0 + Z1X1

⇒ δk−1 ◦ δk = 0.

Dualizing: ⇒ ∂̄k := (δk )∗ : Ω(0,k−1) −→ Ω(0,k), ∂̄k+1 ◦ ∂̄k = 0

Ω(0,k) = O(SOq(5))2Λkm∗

=
{∑

fi ⊗ ωi :
∑

(X . fi) ⊗ ωi =
∑

fi ⊗ (ωi /X), ∀X ∈ Uq(l)
}

⊂ O(SOq(5)) ⊗ Λkm∗



Matrix representation of the Dolbeault complex

Ω(0,0) = O(SOq(5))2Λ0m∗ ⊂ O(SOq(5))

Ω(0,1) = O(SOq(5))2Λ1m∗ ⊂ O(SOq(5)) ⊗ Λ1m∗ �
⊕3

i=1 O(SOq(5))

Ω(0,2) = O(SOq(5))2Λ2m∗ ⊂ O(SOq(5)) ⊗ Λ2m∗ �
⊕3

i=1 O(SOq(5))

Ω(0,3) = O(SOq(5))2Λ3m∗ ⊂ O(SOq(5))

∂̄0 =

X−1

X0

X1

, ∂̄1 =

−X0 [2]1X−1 0
−X1 [2]1X0 0

0 −X1 [3]2X0

, ∂̄2 = ( 1
[3]2

X1,−X0,X−1)

⇒ Bounded commutators!



Hermitian metric
Kähler geometry: Hodge ?-operator ⇔ Hermitian inner product

?ᾱ ∧ β = 〈α, β〉C vol, where Ω(n,n) = B ·vol

Observation: ∂̄k unique up to a constant

⇒ May rescale 〈·, ·〉 : Ω(0,k) × Ω(0,k) −→ C.

Inner product: Set

〈·, ·〉h : O(SOq(5)) × O(SOq(5)) −→ C, 〈a, b〉h :=h(a∗b) (Haar state).

Choose 〈·, ·〉k : Λkm∗ × Λkm∗ −→ C (orthogonal weight vectors).

Recall: Ω(0,k) = O(SOq(5))2Λkm∗ ⊂ O(SOq(5)) ⊗ Λkm∗

Define 〈·, ·〉 := 〈·, ·〉h ⊗〈·, ·〉k : Ω(0,k) × Ω(0,k) −→ C.

Remark: ∂̄†k , ∂̄
∗
k , where 〈∂̄k (x), y〉 = 〈x, ∂̄†k (y)〉

Reason: ∂̄∗k does not leave (Ω(0,k))⊥ ⊂ O(SOq(5)) ⊗ Λkm∗ invariant!

⇒ need to apply orthogonal projection onto Ω(0,k)



Reducing computations to highest weight vectors
. Unitary equivalence:

J0 : µµV
(0,0)

(0,0)
−→

µ
µΩ(0,0), J0(a) := 1

c0
a

J1 : µµV
(0,2)

(0,2)
−→

µ
µΩ(0,1), J1(a) := 1

c1

(
1

[2]22
F2

2.a⊗υ−1 + 1
[2]2

F2.a⊗υ0 +a⊗υ1

)
J2 : µµV

(1,2)

(1,2)
−→

µ
µΩ(0,2), J2(a) := 1

c2

(
1

[2]22
F2

2.a⊗ω−1+ 1
[2]2

F2.a⊗ω0+a⊗ω1

)
J3 : µµV

(3,0)

(3,0)
−→

µ
µΩ(0,3), J3(a) := 1

c3
a ⊗ ν0

⇒ ð0 := J∗1◦∂̄0◦J0 : µ
µV

(0,0)

(0,0)
−→

µ
µV

(0,2)

(0,2)
, ð0(v) = c1

c0
X1(v)

ð1 := J∗2◦∂̄1◦J1 : µ
µV

(0,2)

(0,2)
−→

µ
µV

(1,2)

(1,2)
, ð1(v) = c2

c1

[3]2−1
[3]2

pr(1,2) ◦X0(v)

ð2 := J∗3◦∂̄2 ◦J2 : µ
µV

(1,2)

(1,2)
−→

µ
µV

(3,0)

(3,0)
, ð2(v) = c3

c2
pr(3,0) ◦X−1(v),

with orthogonal projections

pr(1,2) :=(1 − 1
[4]2

F2E2) : µ
µV

(1,2)

(1,2)
⊕
µ
µV

(0,4)

(1,2)
−→

µ
µV

(1,2)

(1,2)

pr(n,0) :=(1− 1
[2]2

F2E2+
1

[2]22[3]2
F2

2 E2
2 ) : µµV

(n,0)

(n,0)
⊕
µ
µV

(n−1,2)

(n,0)
⊕
µ
µV

(n−2,4)

(n,0)
→

µ
µV

(n,0)

(n,0)



Adjoint operators
.

ð†0 : µ
µV

(0,2)

(0,2)
−→

µ
µV

(0,0)

(0,0)
, ð†0(v) = c1

c0
pr(0,0) ◦X∗1 .v

ð†1 : µ
µV

(1,2)

(1,2)
−→

µ
µV

(0,2)

(0,2)
, ð†1(v) = c2

c1

[3]2−1
[3]2

pr(0,2) ◦X∗0 .v

ð†2 : µ
µV

(3,0)

(3,0)
−→

µ
µV

(1,2)

(1,2)
, ð†2(v) = c3

c2
X∗
−1 .v

Observation: u ∈ µ
µV

λk
λk

,

dim(µµV
λk
λk

) = 1 ⇒ ð†kðk (u) = ρλk u, ðk−1ð
†

k−1(u) = σλk−1u

dim(µµV
λk
λk

) = 2 ⇒ dim(µµV
λk−1
λk−1

) = dim(µµV
λk+1
λk+1

) = 1

spec(ð†kðk )\{0} = spec(ðkð
†

k ))\{0}

⇒ It is enough to compute the spectrum of 1-dimensional operators!

⇒We do not need to know explicitly the inner product!



The spectrum of the Dirac operator D := ∂̄ + ∂̄†

u ∈ µ
µV

λk
λk
, dim(µµV

λk
λk

) = 1, ð†kðk (u) = ρλk u,

u± :=
√
ρλk Jk (u) ± Jk+1(ðk (u)) ⇒ D(u±) = ±

√
ρλk u±

v ∈ µ
µV

λk+1
λk+1

, dim(µµV
λk+1
λk+1

) = 1, ðkð
†

k (v) = σλk v ,

v± :=
√
σλk Jk (v) ± Jk+1(ð†k (v)) ⇒ D(v±) = ±

√
σλk v±

k=0: ρ(2n,2l) :=
c2

1
c2

0

q2 [2]22 ([n+l+2]1[n+l]1+[l+1]1[l]1)

[3]2
,

k=1: ρ(2n+1,2l) :=
c2

2
c2

1

q2 [2]2 ([3]2−1)2 ( [n+l+2]1[n+l+1]1+[n+2]1[n]1)

[3]22 [2]21
,

k=2: σ(2n,2l) :=
c2

2
c2

1

q2 [2]2 ([3]2−1)2 ( [n+l+2]1[n+l]1+[n+1]1[n]1)

[3]22 [2]21
,

k=3: σ(2n+1,2l) :=
c2

3
c2

2

q2 ([n+l+2]1[n+l+1]1+[n+2]1[n]1)
[3]2

.

Multiplicities: dim
(
(n,l)Vλk

λk

)
= 1

6 (n+1)(l+1)(n+l+2)(2n+l+3)

[n]1 := qn−q−n

q−q−1 , [n]2 := qn/2−q−n/2

q1/2−q−1/2



Branching laws
Peter-Weyl Theorem: O(SOq(5)) =

⊕
(n,l)∈N0×2N0

V (n,l)∗ ⊗ V (n,l)

∑
fi ⊗ ωi ∈ Ω(0,k) ⇔

∑
(X . fi) ⊗ ωi =

∑
fi ⊗ (ωi /X) ∀X ∈ Uq(l)

⇒ span
{
fi : i = 1, ..., dim(Λkm∗)

}
and span

{
ωi : i = 1, ..., dim(Λkm∗)

}
are the same (dual) representations of Uq(l)

Branching laws: V(m, k) := irred. rep. of Uq(l) of highest weight (m, k)

I Ω(0,0)Ω(0,0)Ω(0,0): V(0, 0) ⊂ V (n,l)

I Ω(0,1)Ω(0,1)Ω(0,1): V(0, 2) ⊂ V (n,l)

I Ω(0,2)Ω(0,2)Ω(0,2): V(1, 2) ⊂ V (n,l)

I Ω(0,3)Ω(0,3)Ω(0,3): V(3, 0) ⊂ V (n,l)

Notation: µVλ := irred. right Uq(g) and left Uq(l) of h. w. µ and λ resp.
µ
νVλ

ρ := corresponding weight spaces



Branching laws
Peter-Weyl Theorem: O(SOq(5)) �

⊕
(n,l)∈N0×2N0

V (n,l)∗ ⊗ V (n,l)

Branching law: How many times occurs V(λk ) � Λkm∗ in V (n,l)?

Answer: dim
(
V (n,l)
λk

)
− dim

(
V (n,l)
λk +α2

)
, λk = (0, 0), (0, 2), (1, 2), (3, 0)



Branching law: result for Uq(l) ⊂ Uq(so(5))

Ω(0,0)Ω(0,0)Ω(0,0): V(0, 0) ⊂ V (n,l)

I multiplicity 1 in V (2n,2l)

Ω(0,1)Ω(0,1)Ω(0,1): V(0, 2) ⊂ V (n,l)

I multiplicity 2 in V (2n+2,2l+2),
I multiplicity 1 in V (2n+1,2l+2), V (2n+2,0) and V (0,2l+2)

Ω(0,2)Ω(0,2)Ω(0,2): V(1, 2) ⊂ V (n,l)

I multiplicity 2 in V (2n+3,2l+2),
I multiplicity 1 in V (2n+2,2l+2), V (2n+3,0) and V (1,2l+2)

Ω(0,3)Ω(0,3)Ω(0,3): V(3, 0) ⊂ V (n,l)

I multiplicity 1 in V (2n+3,2l),

I multiplicity 0 in all other cases, where n, l ∈ N0.

Cohomology: 0 −→ V (2n,2l)
(0,0)

ð0
−→ V (2n,2l)

(0,2)

ð1
−→ V (2n,2l)

(1,2)
−→ 0 and

0 −→ V (2n+1,2l)
(0,0)

ð1
−→ V (2n+1,2l)

(0,2)

ð2
−→ V (2n+1,2l)

(1,2)
−→ 0 exact but for V (0,0)

(0,0)



Highest weight vectors


