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General context

o Real spectral triple (A, Ha, Da,Ja,v4)-

@ NCGFT which reproduces the standard model Lagrangian coupled to
Gravity (Connes, Chamseddine, Marcolli, Suijlekom.. 1996 — 2012)

@ Based on the model of Almost-Commutative Manifold (A-C Manifold)
A=C®(M)@ A >4 NCGFT4

A: finite dimensional complex algebra.

Sa: spectral action.

Purpose: Set up a general formalism to build Grand Unified Theories
(GUTs) beyond the Standard Model of particle physics (SMPP) in the
NCGFT framework using AF-algebras for A.

Gaston Nieuviarts Spectral Triples and AF algebras (1/ 19)



Non-Commutative Gauge Field Theory (NCGFT)

beyond the Standard Model of Particle Physics (SMPP)

AF-algebra A: inductive limit of a sequence of finite-dimensional algebras:

Al = Ay = 5 Ay — -

Embedding structure encoded by ¢: A, & Ani1

Given A= C(M)® A and B = C(M) ® B with A% B
~» How NCGFT 4 and NCGFTj3 are connected?

If NCGFT 4 gives the SMPP, how NCGF T can represent a GUT extension
of the SMPP.

NCGFT 4, = NCGFT 4, — --- < NCGFT 4, — ---
@ — New way to create models beyond the SMPP.

@ T.Masson, G.N: Lifting Bratteli Diagrams between Krajewski Diagrams: Spectral
Triples, Spectral Actions, and AF algebras (arXiv:2207.04466)
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Essentials on Krajewski diagram

Notations for Algebras:
°o A= EB;:] M,,I.((C) ~ A = I_} 1 M"': ® Mr?f

e (/(A;) the inclusion map

Notations for Modules and Bimodules:
@ M,,(C) act on the irrep C".

e A:={n1,...,n,} each element n; corresponding to the irrep C"

© Hupn; = t/(A)) (A)°H H =& iy Ham,

© Hon, =CM QT > Hyn = Hopn, @ CHi = C @ CH5 @ C°
o uj is the multiplicity of the irrep Hpn;.

@ orthonormal basis {05}1§p§mj of CHi with p for the irreps
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Essentials on Krajewski diagram : vertex

The set of vertex M©) of the graph is equipped with a map
T - T@ — A x A such that 7,(v) = (n;,n;)

O = v eTO | my(v) = (nin)} ~ 19 =ug s,

° ‘75 € CHi — H, := Span{{; ® 05 ® 7 | & e CMy IS C°} >~ Hopn,
~ H =& ,cro Hy

The element 7,,(v) € A x A'is a decoration of the vertex v.

@ 7 induce sign decoration s(v) =+l of v ~ Ha=HOH,

J:H, — HH(V) K rg?r)y — rr(1?2|, /’%v “Hy — Hn(v)
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Essentials on Krajewski diagram : edges

o The space IM) < I(®) x () of edges = couples e = (v, v)
o Given e = (vi,v3) € T® x (©) we have D, : H,, — H,, such that:

0 if v#£wny

De(¢ ® o, @1°) =
e(§®ov ) {(Dg&)@avz@(D,(éln“’) ifv=w

(1,2) = notation for finite summation

e D.:H, — H,, defines a decoration of e.

@ 'D=—D — s(v2)=—s(v1)

@ D' = D is equivalent to Dz = D} with & := (v, v1)
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The Krajewski diagram

p(v) == njo

(Ck(v) ® (cp(v) —Cni ® cni°
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AF-algebras

I r — S
o A=®_; My, B =®;_1 Mm,
eVacA:a=0"_,a; aj € My,
a1 @ Lay, 0 0 0
0 az ®]lak2 0 0
oi(a) =7 0 ¢(a) = : : : L | € M,
0 0 o 2 ®1a, O
0 0 0 Ono.

A ®Lla, = | . . . ;i times.

@ «y; is the multiplicity of the embedding.
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AF-algebras

0 0 0 0 0
0 o 0o o0 0 .
dr(ai)=|0 0 a®1la, O 0| = Zzgl ¢;<,o¢(ai) : Mn; — M,
0 0 0
0 0 0 0 0

e The n;’s designate vertices in Bratteli ~» matrix blocs M,..
e Edges (n;, my) between two vertices of (\A,B) exist iff ay; # 0.

e The multiplicities «y; define the Bratteli diagram of the
AF-algebra.
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¢-compatibility condition

@ ¢-compatibility condition — link between NCGFT 4's and NCGFTg's
structure at the level of their spectral triples.

~~>  Physical meaning: conservation of actions on embedded Hilberts spaces

@ ¢-compatibility of Hilbert spaces: ¢3; : H4 — Hp is ¢-compatible if

dn(ay) = d(a)on(v) for any (a, 1) € (A, Ha)

¢ go
o Hp = ¢pnu(Ha) ® dpu(Ha)" — VBonHg B= <BB(i gi)'
$ CL
@ Given A on H 4 and B on Hp we said that they are:
o ¢-compatible if Vi) € H a: ¢y (AY) = B$¢H(¢)
= equality in ¢y (HA)

e Strong ¢-compatible if Vi) € H 4: ¢y (A) = Bow(v)
= equality in Hp

@ ¢-compatibility looks more natural for physics since it is based on
constraints on inherited degrees of freedom (dofs) only.
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Consequences of Phi-compatibility on real spectral Triples

Strong ¢-compatibility implies ¢-compatibility.

(A, Ha,Da,Ja,va) and (B, Hp, Dg, Jg, V) are said to be
¢-compatible if each of it's structure are.

— lift of arrows in a Bratteli diagram to arrows between Krajewski diagrams.

If two real spectral triples are strong ¢-compatible — same
KO-dimension (mod 8).

If two real spectral triples are ¢-compatible and Jp is strong
¢-compatible with J4 — same KO-dimension (mod 8).

If Aon H. and B on M5 are strong ¢-compatible then BY = 0.

¢

Va € A, mg o ¢(a) on Hp reduces to <7TBO°5(3)¢ ° )

0 mpod(a)t

Gauge transformations are preserved under certain circumstances.
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Embedding structure of AF algebras

o Let A=A, and B= A1, and (v, w) be nodes in (I'Eg), I'g))).
@ ¢y is injective.
® ¢y is totaly specified by the ¢, 's.

o Taking my,(v) = (n;, nj) and my,(w) = (my, my).
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Embedding structure of AF algebras

?3;  reduces to C" @ C%° — C" @ C* @ C* @ C"°.
Then it reduces to a linear map C — C @ C*4.
Therefore to an element u(v,w) € C* ®@ C*%, such that we have:
Swl(& @17) = (& @ u(vw) @ 17)  for any & @17 € Ha.
with the inclusion:
I €M @ C% @ C* @ C™° — C™ @ C™°

Then ¢3, , is completely determined by u(v,w) € My, xq,; =~ C @ C
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Embedding structure of AF algebras

The u(v, w) contain all the data of edges in the Bratteli Diagram, thus
linking Krajewski and Bratteli diagram structures:
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Link between scalar products

Scalar products on H 4 and Hp are linked by the relation:
< \7/-11(1/%1): ;-zt(w/Vz»HB = <1/}V17L‘\:i(w\lfz»HAYVITVlyvz
S T if Txp(v1) # Tap(v2)
W o Zwerg’) tr(u(ve, w) u(ve, w)) if map(va) = map(v2)
There are orthonormal bases {0 }1<p<,; of C*i such that:
° (93(Vn), o5 (1, )1 =0 if vi # va.
° <¢;{(¢V)v¢l}/—[( </)>’H5 = <1/1v,"¢ >HAV Vv.

° t,(v) =ty is a real number Vv.

. 1 2,0
Normalized r map: 63(8, o ) = X2, oot 851 (01)
~>  More natural because it preserve scalar products.

~ |dea of dilution of the dofs.
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The Corresponding AC-Manifold

A= C®(M)® A and B:= C*(M)® B are said ¢-compatible if A
and B are.

STa=(A:=C¥(M)@ A, H ;= L2(S)@Ha, D=
Dy @1+ Iy @D, Jz:=Im® 4,77 =M @74)

5T = (ngg, Dg:=Duy® 1+ Ju® D, IJn ® I, ym ® VB)

Fluctuated Dirac operator:

Dﬁ’w:Dm®1+7“®Bﬂ+7M®¢

B, and ® are the usual gauge connections and Higgs fields.

¢-compatibility condition is taken on w (it's equivalent to take it on B, and ®).
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Bosonic and Fermionic’s Lagrangian

@ Given the spectral triple ST 4 the associated action is:

Salw, ¥] = Sp.alw] + Sr.alw, V]

with the Bosonic spectral action and Fermionic action given by:

Sb,A[w] =Tr f(D_,Z\\’w/A) Sf,.A[w7 TZ] = <J.ZQZ7 D_,Z\\’w’z/;>’;¥:[ﬁ
NCSMPP: dim(M) = 4, and KO dimension of A (then B) is 6.
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Comparison between the Lagrangian of A and B

If (w,1,~b) and (w’,iz’) are ¢-compatible, the action of STp is:
Sglw’, ¥'] = Salw, ¥] + TNIC

TNIC = Terms with Non-Inherited Components.

The Spectral action of A is recovered, new terms that correspond to the
mixing with new dofs appear.

This structural result works in general KO dimension for A (then B).

= Constraints of a NCGFT on B with another on A
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Perspective to create models beyond the SMPP

e General framework for building phenomenological models.

@ Explore the way in which the interplay between old and new dofs
permits to extend the NCSMPP.

@ In arXiv:2106.08358 (Derivation-based noncommutative field theories
on AF algebras) we study the phenomenology of these embeddings:

o My — Mj

o My ® My, — M,

o My ® My — Ms

o My ® M3 — Msg o Georgi-Glashow model

@ Many possibilities to do unified theories in different ways.
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Thank you

Suggested readings:

@ WD Van Suijlekom: Noncommutative geometry and particle physics.
@ KR Davidson: C*-algebras by example.

o T Masson, G Nieuviarts: Derivation-based noncommutative field
theories on algebras.

e T Masson, G Nieuviarts: Lifting Bratteli Diagrams between Krajewski
Diagrams: Spectral Triples, Spectral Actions, and AF algebras.
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Backup slides
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The operator J

o J, = ¢(v,d) Joky = €(v,d)Rvdo : Hy — Hy)

1 for i(v) < j(v),
_Je for i(v) > j(v),
(v d) = 1 for i(v) =j(v) and d =0,1,7, )
&M for i(v) =j(v) and d = 2,3,4,5,6.
o Jy=¢€"vJ ~ sok==¢'s S=e
o ¢°: A° — B as ¢f =@ ¢°, ie. (a1 ® a3) = ¢(a1) ® ¢°(a3)
@ ¢y restricts to maps Hj — 7—[;.
e Jp is strong ¢-compatible with J4 iff V(v, w) € (FEE), FgJ)) :
ea(v,da) .
u v),kp(w)) = ————u(v,w 2
(a(v). () = A (v, w) 2)

where d4 (resp. dp) is the KO-dimension of A (resp. B).
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¢-compatibility condition

@ ¢-compatibility for Hilbert spaces :

S (aibf ) = Gi(a)d)(by)° By (1)

e ¢-compatibility for operators :

szel' (ZS’H Wz(AVleI) = Zwler Bj’rv/; H, w1(¢v1)
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Bosonic and Fermionic’s Lagrangian

o Spalw] ~ [1, L(Bu, ®),d*x + O(A™Y)
e Bosonic Lagrangian : L(B,,®) = Lg(B,) + L,(B,, ®)
— L5(B,) = 29 tr(F, F)
— LBy, ®) = — 2887 t1(0?) + L9 tr(0%) + L9 tr (D, @) (D))
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