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A geometry for the space of quantum spaces

Founding Allegory of Noncommutative Geometry

Noncommutative geometry is the study of noncommutative
generalizations of algebras of smooth functions over geometric
spaces.
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My project brings together ideas from meftric geometry and
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e Pioneered by Rieffel (1998-), inspired by Connes (1989).
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A geometry for the space of quantum spaces

Founding Allegory of Noncommutative Metric Geometry

Noncommutative metric geometry is the study of
noncommutative generalizations of algebras of Lipschitz
functions over metric spaces.

The Project

My project brings together ideas from meftric geometry and
noncommutative geometry to construct a geometry on
hyperspaces of quantum spaces.

e Pioneered by Rieffel (1998-), inspired by Connes (1989).
@ Motivated by mathematical physics.

o The focus is on various generalizations of the
Gromov-Hausdorff distance.
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@ Metric Spectral Triples
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Spectral Triples

Spectral triples have emerged as the preferred method to encode
geometric information about quantum spaces.

Definition (Connes, 85)

A| spectral triple | (1, 72, D) is given by:

o a Hilbert space 7,

o aself-adjoint operator 1D defined on a sense subspace
dom (D) of 77, with compact resolvent,

@ aunital C*-algebra %, *-represented on .77,
such that

Ap ={aeA: adom (D) <€ dom (D) and [D, a] is bounded}

is a dense *-subalgebra of 2.
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The fundamental example

Example

Let M be a compact spin Riemannian manifold. Let ID be the (clo-
sure of) Dirac operator of M, which acts on the Hilbert space .77
of square integrable sections of the spinor bundle of M. Then
(C(M), 7, D) is a spectral triple.
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The fundamental example

Example

Let M be a compact spin Riemannian manifold. Let ID be the (clo-
sure of) Dirac operator of M, which acts on the Hilbert space .77
of square integrable sections of the spinor bundle of M. Then
(C(M), 7, D) is a spectral triple.

Theorem (Connes, 89)

If M is moreover connected, then for all x, y € M, the distance from
X toyis:

sup{lf(x) = fWI: |12, FI||| , <1}

The Gromov-Hausdorff distance in noncommutative geometry/ Metric Spectral Triples Frédéric Latrémoliere



The fundamental example

Example

Let M be a compact spin Riemannian manifold. Let ID be the (clo-
sure of) Dirac operator of M, which acts on the Hilbert space .77
of square integrable sections of the spinor bundle of M. Then
(C(M), 7, D) is a spectral triple.

Theorem (Connes, 89)

If M is moreover connected, then for all x, y € M, the distance from
X toyis:

sup{lf(x) = fWI: |12, FI||| , <1}

The proof hinges on the fact: [D, f] is the Clifford multiplication by
gradf, so ||| (D, f1 ||| is the Lipschitz constantof f.
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L

induced by m is:

L= Sup{ m(x, y)

|f(x) = F)

:x,yeX,x;éy}

forall f esa(C(X)) = C(X,R) (allowing co).
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

|f(x) = F)

L= Sup{ m(x, y)

:x,yeX,x;éy}

forall f esa(C(X)) = C(X,R) (allowing co).

The Monge-Kantorovich metric on . (C(X)) is given for all
Borel-regular probability measures p, v by:

ka(p,v):sup{Udey—j;(fdv

:fesa(CX),L() < 1}.
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The Monge-Kantorovich metric

Let (X, m) be a compact metric space. The Lipschitz seminorm L
induced by m is:

|f(x) = F)

L= Sup{ m(x, y)

:x,yeX,x;éy}

forall f esa(C(X)) = C(X,R) (allowing co).

The Monge-Kantorovich metric on . (C(X)) is given for all
Borel-regular probability measures p, v by:

ka(p,v):sup{Udey—j;(fdv

:fesa(CX),L() < 1}.

The Gelfand map x € (X, m) — § € (¥ (C(X)), mk) is an isometry.
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Compact Quantum Metric Spaces

Definition (Connes, 89; Rieffel, 98; L., 13)
&, L) is a quantum compact metric space when:

@ 2is a unital C*-algebra,
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Compact Quantum Metric Spaces

Definition (Connes, 89; Rieffel, 98; L., 13)
&, L) is a quantum compact metric space when:
@ 2lisa unital C*-algebra,

@ L isa seminorm defined on a (dense) Jordan-Lie subalgebra
dom(L) of sa() ={aeA:a* =a},

Q f{aesa®):L(a)=0}=R1g,
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Compact Quantum Metric Spaces

( Definition (Connes, 89; Rieffel, 98; L., 13)
(A, L) is a quantum compact metric space when:
@ 2lisa unital C*-algebra,
@ L isa seminorm defined on a (dense) Jordan-Lie subalgebra
dom (L) of sa () ={aeA:a* = a},
Q {acsa®):L(a)=0}=R1gy,
@ The weak* topology on .7 () is metrized by the
Monge-Kantorovich metric mk|, defined Vo, v € . (2) by:

mk (@, ¥) = sup{lp(a@) —y(a)|: acsa@),L(a) <1}
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&, L) is a quantum compact metric space when:
@ 2lisa unital C*-algebra,

@ L isa seminorm defined on a (dense) Jordan-Lie subalgebra
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Compact Quantum Metric Spaces

( Definition (Connes, 89; Rieffel, 98; L., 13)
&, L) is a quantum compact metric space when:
@ 2lisa unital C*-algebra,

@ L isa seminorm defined on a (dense) Jordan-Lie subalgebra
dom (L) of sa(@) ={ae:a* = a},

Q {acsa®):L(a)=0}=R1gy,

@ The weak* topology on .7 () is metrized by the
Monge-Kantorovich metric mk|, defined Vo, v € . (2) by:

mk (@, ¥) = sup{lp(a@) —y(a)|: acsa@),L(a) <1}

© L(25) v (2:) < F(lalloL () + L@ blla) + KL(@L (b);
O {aedom(l):L(a)<1}isclosedin 2.

We call L an L-seminorm.
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Examples of Compact Quantum Metric Spaces

Example: Rieffel, 98

If a is an action of a compact metric group G with continuous length
function ¢, acting on a unital C*-algebra 2, and if

lag(a)— ally

Vae2l L(a) :sup{ )

:gEG\{l}}

then (24, L) is a quantum compact metric spaceiff kerL = C1.
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Examples of Compact Quantum Metric Spaces

Example: Rieffel, 98

If a is an action of a compact metric group G with continuous length
function ¢, acting on a unital C*-algebra 2, and if

lag(a)— ally

Vae2l L(a) :sup{ )

:geG\{l}}

then (2, L) is a quantum compact metric spaceiff kerL = C1.

Example: Aguilar, L., 15

Let A = cl(U,,e;w A 5) be AF, with 2y = C, 2, finite dimensional for
all n € IN, with a faithful tracial state 7. Then there exists a condi-
tional expectation I, : % — 2, for all n € IN. Set:

Vaed L(a)=supdim®,)lla—E,(a)ly.
nelN

Then (2, L) is a quantum compact metric space.
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Metric Spectral Triples

Definition (L., 18)

A spectral triple (21, 57, D) is metric when mkj is a metric on the
state space . (2(), which induces the weak* topology.
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Metric Spectral Triples

Definition (L., 18)

A spectral triple (21, 57, D) is metric when mkj is a metric on the
state space . (2(), which induces the weak* topology.

In other words, (2, .77, D) is a metric spectral triple, if and only if,
setting:

dom(Lp) ={aesa®l):a-dom (D) < dom (D), [, a] bounded}
and, for all a € dom (L p),
Lp(a) = IIID, allll ,,

then (2, Lp) is a compact quantum metric space.
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Examples of Metric Spectral Triples

Example: Connes’ recipe for groups (89)

If G is a discrete group, acting on ¢2(G) via left regular representa-
tion, and if / is some length function over G, then setting:

VEe?(G) Dé:geG—l(g)E(g)

defines a spectral triple (Cr*ed(G), 02(G), D).
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Examples of Metric Spectral Triples

Example: Connes’ recipe for groups (89)

If G is a discrete group, acting on ¢2(G) via left regular representa-
tion, and if / is some length function over G, then setting:

VEe?(G) Dé:geG—l(g)E(g)

defines a spectral triple (Cr*ed(G), 02(G), D).
This spectral triple is metric when G is hyperbolic (Rieffel, Ozawa,
05), or nilpotent (Rieffel, Christ), for word length functions.
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Examples of Metric Spectral Triples

Example: Connes’ recipe for groups (89)

If G is a discrete group, acting on ¢2(G) via left regular representa-
tion, and if / is some length function over G, then setting:

VEe?(G) Dé:geG—l(g)E(g)

defines a spectral triple (Cr*ed(G), 02(G), D).
This spectral triple is metric when G is hyperbolic (Rieffel, Ozawa,
05), or nilpotent (Rieffel, Christ), for word length functions.

Example: Rieffel, 98

The usual spectral triples on quantum tori are metric.
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Examples of Metric Spectral Triples

Example: Connes’ recipe for groups (89)
If G is a discrete group, acting on ¢2(G) via left regular representa-
tion, and if / is some length function over G, then setting:

VEe?(G) Dé:geG—l(g)E(g)

defines a spectral triple (Cr*ed(G), 02(G), D).
This spectral triple is metric when G is hyperbolic (Rieffel, Ozawa,
05), or nilpotent (Rieffel, Christ), for word length functions.

Example: Rieffel, 98

The usual spectral triples on quantum tori are metric.

Example: Aguilar, Kaad, 18

Dabrowski and Sitarz’s spectral triple on the Podles sphere is met-
ric.
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Spectral triples from compact Lie group actions

Example: R., 98, 21

Let G be a compact Lie group. Let (:,-); be some inner product on
the Lie algebra g of G — giving a left invariant Riemannian metric
over G.
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Spectral triples from compact Lie group actions

Example: R., 98, 21

Let G be a compact Lie group. Let (:,-); be some inner product on
the Lie algebra g of G — giving a left invariant Riemannian metric
over G.

Let a be a strongly continuous action of G on a unital C*-algebra 2(
suchthat{aeA:Vge G a8(a)=a}=Cly.

For each X € g, let ax be the derivation induced by a — ax(a) =

. exp(tX) ,_
lim, g 22 a=a

n for a is some dense *-subalgebra 2, common to
all these derivations.
Defined:a€As— (Xeg— aX) eAp®g'.

Let € be the Clifford algebra of g for (:,-)¢.

IZ):Q[OO®Hﬂﬂo@®g’®H—>Q[oo®€®Hﬂ>2loo®H.

77, ID) is a metric spectral triple.
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© The Gromov-Hausdorff Propinquity

The Gromov-Hausdor(f di: in ive g y/ The Gromov-Hausdor{f Propinquity Frédéric Latrémoliere




The Gromov-Hausdorff Distance

Te Hausdorff distance Haus; between two closed subsets A; and A,
of a compact metric space (X, d) is defined by

Haus;(A;,A2) = max sup inf d(x,y).
{j;k}:{l,Z}xe}l)jyeAk Y
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The Gromov-Hausdorff Distance

Te Hausdorff distance Haus; between two closed subsets A; and A,
of a compact metric space (X, d) is defined by

Haus;(A;,A2) = max sup inf d(x,y).
{j,k}:{l,Z}xe}x)jyeAk Y

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)
The Gromov-Hausdorff distance between two compact metric

spaces (X, my) and (Y, my) is:

(Z,mz) compact metric space,
inf{ Hausp,, (tx(X),ty (Y))| tx : X — Z isometry, ,
ly : Y — Z isometry.

where Haus; is the Hausdorff distance induced by a metric d.
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The Gromov-Hausdorff Distance

Te Hausdorff distance Haus; between two closed subsets A; and A,
of a compact metric space (X, d) is defined by

Haus;(A;,A2) = max sup inf d(x,y).
{j,k}:{l,Z}xe}x)jyeAk Y

Definition (Hausdorff, 1903; Edwards, 75; Gromov, 81)
The Gromov-Hausdorff distance between two compact metric

spaces (X, my) and (Y, my) is:

(Z,mz) compact metric space,
inf{ Hausp,, (tx(X),ty (Y))| tx : X — Z isometry, ,
ly : Y — Z isometry.

where Haus; is the Hausdorff distance induced by a metric d.

The Gromov-Hausdorff distance is a complete metric, up to
isometry, on the class of compact metric spaces.
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Quantum Isometries
A Lipschitz morphism g : (2, Ly) — (4B, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).
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Quantum Isometries
A Lipschitz morphism m : (U, Ly) — (28, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

Definition (Rieffel (99), L. (13) )

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lg)) € dom (Ly) and

Vb e dom (L) [ Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.
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Quantum Isometries
A Lipschitz morphism m : (U, Ly) — (28, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

[ Definition (Rieffel (99), L. (13))

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lg)) € dom (Ly) and

Vb e dom (L) [ Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.

Theorem (Rieffel, 99)

If 7 : A Ly) — (2B,Ly) is a quantum isometry, then 7* : ¢ €
S (B) — pom € (R is an isometry from (' (B), mk|,,) into
(7 (), mkLy).
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Quantum Isometries

A Lipschitz morphism g : (2, Ly) — (4B, L) is a unital *-morphism
such that 7(dom (Lg)) € dom (Lsy3).

[ Definition (Rieffel (99), L. (13))

A quantum isometrym : (U, Ly) — (2B, Lys) is a *-epimorphism such
that 7(dom (Lgy)) € dom (Lg) and

Vb e dom (Lyg) Les (b) = inf{lLy(a) : m(a) = b}.

A full quantum isometry m is a *-isomorphism such that
s(dom (Lg)) = dom (Lyg) and Lg o = Ly.

Theorem (L., 18)

If Ly, 741, 1) and (A3, 7%, D,) are two unitarily equivalent metric
spectral triples, then (2;,Lp,) and (A, Lp,) are fully quantum iso-
metric.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Definition (The extent of a tunnel, L. 13,14)
The extent y (r) of a tunnel T = (9, Ly, g, w3) is:

maX{HausmkLD (L @), 75 (L A)),
Hausmk, (7(®), 757 (B))},

where
nyipe S R)—pe S (D)

and similarly for 7.

.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Definition (The Dual Propinquity, L. 13, 14)
The extent y (7) of a tunnel T = (9, Ly, g, w3) is:

maX{HausmkLD (L @), 75 (L A)),
Hausmk,, (D), 153(7(B) }.

The dual propinquity A* ((2, Ly), (B, L)) is given by:

inf{y (7) : 7 any tunnel from (2, Ly) to (B, Ly)}. ]
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Theorem (L., 13)
The dual propinquity A*, defined for any two quantum compact
metric spaces (2, Lg) by (B, L)) by:

inf{y (7) : 7 any tunnel from (2, Ly) to (B, L)}

is a complete metric up to full quantum isometry:
A (A, Ly, (B,Ly)) = 0 iff there exists a *-isomorphism 7 : 2 — B
such that Loz o = Lg.

(.
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The Dual Gromov-Hausdorff Propinquity
®,Lo)

€A, Lo (B, L)

Figure: mg(,mos are quantum isometries

Theorem (L., 13)
The dual propinquity A*, defined for any two quantum compact
metric spaces (2, Lg) by (B, L)) by:

inf{y (1) : 7 any tunnel from (2, Ly) to (B, L)}

is a complete metricup to full quantum isometry. Moreover A* in-
duces the topology of the Gromov-Hausdor{f distance on compact

metric spaces.

v/ The Gromov-Hausdor{f Propinquity Frédéric Latrémoliere
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Examples: Quantum and Fuzzy Tori

Example:

Let ¢ be a continuous length function on T%. For any G < T a
closed subgroup and ¢ a multiplier of G, for any a € C*(G, 0), set:

lat(a) - a”c*(@ o)
—:g€eG\{1
4(g) FEELE

LG,U (a) = sup {

where « is the dual action of G on C* (@, o).

Rieffel showed in 1998 that (C*(G,0), Lg,s) is a Leibniz quantum
compact metric space.
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Examples: Quantum and Fuzzy Tori

Example: L., 13

Let ¢ be a continuous length function on T%. For any G < T a
closed subgroup and ¢ a multiplier of G, for any a € C*(G, 0), set:

lat(a) - a”c*(@ o)
—:g€eG\{1
4(g) FEELE

LG,U (a) = sup {

where « is the dual action of G on C* (@, o).

If (Gp) e is a sequence of closed subgroups of T converging to
T4 for the Hausdorff distance Hausy, and if (0 ;) ;e is a sequence
of multipliers of Z“ converging pointwise to some o, with

on(g) = 1if g is the coset of 0 for G, , then:

lim A*(C*(Gn,0n), L, ), (C*(Z7,0),La ) = 0.
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AF Algebras

Example: Aguilar, L. 15

Let A = cl(U,ew A y) be AF, with 2y = C, 2, finite dimensional for
all n € IN, with a faithful tracial state 7. Then there exists a condi-
tional expectation I, : 2l — 2, for all n € IN. Set:

Vae L(a)=supdim@,)la-1E,(a)ly.
nelN

Then (A, L) is a quantum compact metric space.
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AF Algebras

Example: Aguilar, L. 15

Let A = cl(U,ew A y) be AF, with 2y = C, 2, finite dimensional for
all n € IN, with a faithful tracial state 7. Then there exists a condi-
tional expectation I, : 2l — 2, for all n € IN. Set:

Vae L(a)=supdim@,)la-1E,(a)ly.
nelN

Then (A, L) is a quantum compact metric space.

We then have

,}EgOA* (L), *p, L)) =0.

The Gromov-Hausdor(f di: in ive g try/ The Gromov-Hausdorff Propinquity Frédéric Latrémoliere




AF Algebras

Example: Aguilar, L. 15

Let A = cl(U,ew A y) be AF, with 2y = C, 2, finite dimensional for
all n € IN, with a faithful tracial state 7. Then there exists a condi-
tional expectation I, : 2l — 2, for all n € IN. Set:

Vae L(a)=supdim@,)la-1E,(a)ly.
nelN

Then (A, L) is a quantum compact metric space.
IfA, = clUjenw MH}LO % (C) is the UFH algebra for x € NN with INN
the Baire space, then

xe NN — (A, Ly)

is continuous from the Baire space to the space of quantum
compact metric spaces with the propinquity (in fact, it is
2-Lipschitz).
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AF Algebras

Example: Aguilar, L. 15

Let A = cl(U,ew A y) be AF, with 2y = C, 2, finite dimensional for
all n € IN, with a faithful tracial state 7. Then there exists a condi-
tional expectation I, : 2l — 2, for all n € IN. Set:

Vae L(a)=supdim@,)la-1E,(a)ly.
nelN

Then (A, L) is a quantum compact metric space.

For any 6 € R\ Q, Effros and Shen constructed an inductive limit
of finite dimensional C*-algebras with limit an AF algebra 2((6);
using our construction, we obtain a continuous map

0 € R\ Q — 2((0) from the Baire space to the space of quantum
compact metric spaces with the propinquity.
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GPS

© Convergence of Metrical C*-correspondences
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Metrical C*-correspondences
If (A, 77, D) is a metric spectral triple, then

| avb @, A, ) := (A, D,%,Lp,C,0)

where D = ||-|| s + || D- || s, is an example of the following structure.

[ Definition (L. (16,18,19))
A metrical C*-correspondence Q = (#,D,2A, Ly, B, L) is given by:
@ two quantum compact metric spaces (2, Ly) and (B, L),
@ an 2-B C*-correspondence ., with 5-valued inner
product ¢-,-)_z,
© Disa normon adense subspace of . such that:

O D=l-llLzs:=v&da

@ {we . :D(w) <1}iscompactin (A, |-l 4),

@ Vnwe.# maxilygRw,n) 4) LeSw,n 4} <
HD(w)D(1),

@ Vne# VYaesa(®) D(an <G(laly +Ly()Dm).
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Tunnels between Metrical C*-correspondeces

®,Lp)

(2, L) Ay, L)

Atunnel: L;(a) =inflLg (0171({61})).
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Tunnels between Metrical C*-correspondeces

®,Lp)
|
|

(/ T

7N

Ay, L) = = > (A,D (///Z,Dz) ——(le,Lz)

acts on

¥ isa®-module, D ;(w) =inf T(T;" (fw}), T D-norm
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Tunnels between Metrical C*-correspondeces

®,Lp)
|

Y
7,

61 02
Hl V HZ
@,Q
(A, L1) et (///1_» D™ 1 (///2_, D) B e Az, Lo)
; v
(B1,51) (*B2,S2)

J isa®-¢-C*-corr; (€, Q, 71, 72) tunnel.
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Extent of Metrical Tunnels

®,Lp)
|

Y
7,

91 02
Hl v HZ
@,Q
(A, L) et (///1_, D™ 1 (///2_, D) b e Az, Lo)
v
(B,S1) (B2, S»)

¥ (@) =max{y (D,Lp,01,02), x (€, Q,m1,72))}.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

A nontrivial example of convergence of modules for our metric is
given by Heisenberg modules over quantum tori, where the D-norm
arises from Connes’ connection.
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The metrical Propinquity

Definition (L. 16,18)

The metrical propinquity A™* (A1, A) between two metrical C*-
correspondences A and A, is defined by

inf{y () : 7 is a tunnel from A; to A, }.

Theorem (L. 16,18)

The metrical propinquity is a complete distance on metrical C*-
correspondences, up to full quantum isometry.

When applied to spectral triples, the metrical propinquity provides
metric information, but, maybe most importantly, it encodes the
convergence of the domains of the Dirac operators.
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The Heisenberg Modules (Connes, 81; Rieffel)
Fix@eR,peZ, geN,deIN\ {0} suchthatﬁze—g;éo. Let </ be
the associated quantum torus.
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat?ﬁzB—%;éO. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

ag’y’tf(s) =exp(in(t+2xs)é(s+0y).
Promote it to L2(R) ® C“.

1
@ Start with a representation of { (0
0

O = =

L2(R):
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat5:9—§;é0. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

a5 E(s) = exp(im (£ +2x8)E(s +Dy).

Promote it to L2(R) ® C“.
@ Let Wi, W € U(d) with Wy W = e*7P/9W, W, and
W' = W,' = 1. We get a o#p = C* (ug, vg)-module with:

ug g€ = WWy"aly ™08,

1
@ Start with a representation of { (0
0

O = =

L2(R):
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The Heisenberg Modules (Connes, 81; Rieffel)
FixO0eR, peZ,qeN,deIN\{0} suchthat5:9—§;é0. Let <#y be
the associated quantum torus.
t
y) :x,y,teIRg}on
1

a5 E(s) = exp(im (£ +2x8)E(s +Dy).

Promote it to L2(R) ® C“.
@ Let Wi, W € U(d) with Wy W = e*7P/9W, W, and
W' = W,' = 1. We get a o#p = C* (ug, vg)-module with:

ug g€ = WWy"aly ™08,

1
@ Start with a representation of { (0
0

O = =

L2(R):

© For Schwarz functions &, w, set:
(& 0) ppaa = Y. (ugug'é, o) o cayy Vg
n,meZ
complete space of Schwarz functions to the Heisenberg module
oD, q,d
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A Connection for The Heisenberg Modules
FixO0eR, peZ,qeN,deIN\{0} suchthat?ﬁzB—%;éO. On the
space .7 (C%) of C%-valued Schwarz functions (seen as a dense
subspace of J“fgp ’q’d), we define

Zlgsf(s).

Vée S (CY VpéiseR— %f(s) andVgpé:seR—
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A Connection for The Heisenberg Modules
FixO0eR, peZ,qeN,deIN\{0} suchthat?i:H—g;éO. On the
space .7 (C%) of C%-valued Schwarz functions (seen as a dense
subspace of J“fgp ’q’d), we define

Zlgsf(s).

Vée S (CY VpéiseR— %f(s) andVgpé:seR—

Connes and Rieffel define the connection V on all ¢ € .7 (C%) by:
VE:(x,y) e R?— (xVp+yVq)é
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A Connection for The Heisenberg Modules
FixO0eR, peZ,qeN,deIN\{0} suchthat5:9—§;é0. On the
space .7 (C%) of C%-valued Schwarz functions (seen as a dense
subspace of J“fgp ’q’d), we define

Zlgsf(s).

Vée S (CY VpéiseR— %f(s) andVgpé:seR—

Connes and Rieffel define the connection V on all ¢ € .7 (C%) by:
VE:(x,y) e R?— (xVp+yVq)é

is given by:

The operator norm |||Vf|||%ﬂ,,,q,d
<70
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D-norms for Heisenberg Modules

Theorem (L., 16)

Fix some norm | - || on R2. Forall ¢ € ,%”Gp'q’d, we set Dg'q’d(f) as:

Y
Y% e
”ag {—¢

0. 2
sup <]l G T T ToneY] t(x, ) e R\ {0}

(e%”gp'q’d,@,.)}f,,,q,d,Dg'q’d,,dg,Lg) is a metrized quantum vector
<70
bundle.
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Theorem (L., 17)
Let || - | be a norm on R? and p, q,d fixed. If for all 6 € R, and a € «j:

ﬁexp(lx) exp(ly)a _ a“

Lg(a) = sup % (x,) € R\ {0}

Il Ce, Y

where Sy is the dual action, and for all ¢ € %p 04 e set:

%Y, %5
@3

p.ad
Ay

:(x, R2\{0
Ay ey R

Dg’q’d(f) =sup

where 0 =0 — p/q, then:

1!)ln'é AmOd ((%n e d (') '>%qu,dv Dg,q,drdﬁl Lf)) y
— 9

%pqd < >lfqud)Dg‘q‘drd0)l—9)):0

&
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