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Motivation

Aim: Constructing a real and even spectral triple for fuzzy sphere.
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Aim: Constructing a real and even spectral triple for fuzzy sphere.

Motivation:

The algebra of fuzzy sphere can carry representations of SU(2) Lie group, which
is given by M, 1 matrices for its n-th representation. So it is fruitful to study the
geometry in context of both matrix models and NCG.
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Aim: Constructing a real and even spectral triple for fuzzy sphere.

Motivation:

The algebra of fuzzy sphere can carry representations of SU(2) Lie group, which
is given by M, 1 matrices for its n-th representation. So it is fruitful to study the
geometry in context of both matrix models and NCG.

—Our goal in mind is to take S? to be the finite space and try to formulate gauge
theory using the prescription of almost commutative geometry a /a’ Connes.
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Motivation

Aim: Constructing a real and even spectral triple for fuzzy sphere.

Motivation:

The algebra of fuzzy sphere can carry representations of SU(2) Lie group, which
is given by M5, 1 matrices for its n-th representation. So it is fruitful to study the
geometry in context of both matrix models and NCG.

—Our goal in mind is to take S? to be the finite space and try to formulate gauge
theory using the prescription of almost commutative geometry a /a’ Connes.

Result:

First we have tried to find the spectral data for Sf, including a real structure, and
shown that although the zero-order condition is valid. But the first order
condition is broken with our choice of spectral triple.
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-
Algebra of S2

S2 algebra is given by
[)%ia)?j] = i)\eijk&k; i7j7 k € {152’3} (1)
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-
Algebra of S?
S2 algebra is given by
[)%ia)?j] = i)\eijk&k; i7j7 k € {172’3} (1)

X2 = %.% = A2n(n+ 1), where n € {3,1,3,..} - SU(2) representation
index.
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-
Algebra of S?

S2 algebra is given by
[)%iy)?j] = i)\eijk&k; i7j7 k € {172)3} (1)
X2 = %% = A2n(n+ 1), where n € {%, 1, %, ...} - SU(2) representation

index. For n= 1, representation of the algebra (1) is furnished by the 2D
Hilbert space

1 1
" = spanc{|3),| - 5)}
where
ool 11 1 1 1
D =R - D=0 &l- D =ALy R =A- )
1 Ao 1o
X3|:|:§>::i:§]:|:§>; Ry =%t ik (2)
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-
Algebra of S?

S2 algebra is given by

[)%iy)?j] = i)\eijk&k; i7j7 k € {172)3} (1)
X2 = %% = A2n(n+ 1), where n € {%, 1, g,. .} - SU(2) representation

index. For n= 1, representation of the algebra (1) is furnished by the 2D

Hilbert space
1 1
" = spanc{|3),| - 5)}

where
Sy =kl -2y =00 &l-g)=A5)k K1) =A-2)
f(ﬂi?:i%]i?; % = S0 4 i 2)
Orthonormality and completeness condition for H -
(min = dmi )14 1= M5 =W i mne{n,~3} ()
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|
Spectral Triple for S2
Algebra :-

1,11, 1 1.1 1., 1
hIN=5h1 =Gk = -5 @)

— spanc{1,5} = My(C)

Af = H ®H = spanc{|

1 10
For example- |3)(3| = |1, 1) = (O) (1 0)= ( ) =1(1+03) € Af

00
Note that we can represent X;'s in the basis of H as,
5 AL
X = EJ
Multiplication rule :-
)\2
)A(,')A(j = T(SUI + i§€ijk5\<k
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|
Spectral Triple for S2

Hilbert space:- Note H ® H , is a bi-module of Ar. The elements

|m)(n| := |m, n) provide complete orthonormal basis for Af,
(1 [m,1) = Gt G 3 I n)(mnl = g € A @ Ap (5
m,n

So we take our Hilbert space to be
Hr = C* ® Af = spanc{|¢i)), i=1,...,8} (6)
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(1 [m,1) = Gt G 3 I n)(mnl = g € A @ Ap (5
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So we take our Hilbert space to be
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|
Spectral Triple for S2

Dirac Operator and Chirality Operator:- (U. C Watamura, S Watamura,

Comm. Math. Phys., 212, 395-413 (2000))

i R
DF = FG"kO"XA' )?k;
r,,)\7 e

1 4 A .
e = —(6.XF — Z) = SU(2) symmetric
N 2
o o 3N 1 .
r? = %% = R and N = X for n = = representation
R _ A
Here x "¢ = 9X;.
{Dr,ve} =0
. 97 ai. _1(¢ ¢R
Define- J; = L; +%; L= (% — %)
[De, 4] =0
LW} . Pl
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Eigen-spinors of the Dirac Operator

We can find eigen-spinors of Dirac operators that follow -

De|m; j,j3)) =m|m;j,js));  Jalmij.j3)) = jslmij, j3)):

Plmijs)) = G + 1)|mij.j3)) (10)
m=1
WL T VT [ YO 1 U NSO
’“’1”—”<2 - VIR 2>_1’2’2>'N_3—V§
_ @-VvII-Hd  \_,1 1
Wz”‘”((ﬁ—1>|;><§|+|2—2§><—5\>‘ EXl ()
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(12)
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These eigen spinors provide a complete orthonormal basis for Hr.
Chiral Basis:-
We can write

X3) = (!1/11)) =+ [¢3)))

%\

X3)) = (|w2)) =+ [¢4s)))

%\

It can be shown,

TEIX) = Ix4)), =12
EIXD) =—IxL)),  i=1,2
fYFW}l)) = _’1/}1'))7 i=5,6,7,8 (13)

He = C?>®@H @ H , which is spanned by the Dirac spinors (alternatively
the chiral spinors) can be shown to split, through Clebsch-Gordon rule,
into a quadruplate and a pair of doublet states as- 2 X (2 x2) =4H 2D 2.
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Determination of Jr

JF (anti-unitary isomorphism) should be such that it satisfies the

properties of a particular KO dimension-

n|0]1|2|34|5]|6
e 1|1 |-1|-1|-1|-1]1
e€l1]-1]1{1|1]-1|1
e |1 -1 1 -1

where, j,_g =€ jFDF = G/DFJF; jF'YF = 5//’YFL7F;

Also,

Tem(a) T =w(a)° YV a € Ar

e, e, " € {1,—-1}

so that [w(a),m(b)°] =0, V a,b € Af (zero order condition)

[[D,m(a)], m(p)°] =0

LW}
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Determination of J¢

Existence of v — even KO dimension — ¢ =1 — [Df,Jg] =0

11 1 1
jF-|Z|21,§,§)) — i‘ilaiu_a)) (14)

Ip =dim(Hy) —dim(H-) = —-4+#0
J.Barrett , J. Math. Phys. 56, 082301 (2015)

[TF, 7] = 0 for KO dim -0,4 (15)

‘ijl =1,  Jr2 = EY1; Jr3 =, Jris = i%‘
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As a sample let us write,
=N
v ( - V3

[ C-vaI- 3
=5 S

Action of Jr-sector-wise in A = L3i1 &) Lg:
Swaps the L3 = +1 states in Af as,

1

1 1 1.1

5 (=51 @] - 56| (17)
Swaps between L3 = 0 states in Af as,

1.1 1 1

§><§ — ()] - §><—§’ (18)

Simultaneously exchange in upper and lower components indicates that
Jr acts non-trivially on the C? sector.
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Determination of Jr

In the massless sector-
Jrbs = Y6, Jrbe = T, Jribr = s Jribs = 107
These suggest that we should define J¢ as following:
0 1
Jr = (_1 0) ®(Ho P) (19)

where H is the Hermitian conjugation operation and P is the space
reversal transformation:

P: )?,' — —)?,' (20)
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Determination of Jr

In the massless sector-

Jrs = ve; JTre = £s; Jrib7 = g Jris = £

These suggest that we should define J¢ as following:

Jr = (_01 é) ® (Ho P) (19)

where H is the Hermitian conjugation operation and P is the space
reversal transformation:

P )?,' — —)?,' (20)
Under P,however,the fuzzy sphere algebra — [X;, Xj] = iXejuy is
non-invariant .
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Determination of Jr

In the massless sector-

Jrbs = Ve, Tre = £bs; Trihr = g, Jribg = £y
These suggest that we should define J¢ as following:

0 1
JIr = (_1 0) ® (HoP) (19)
where H is the Hermitian conjugation operation and P is the space
reversal transformation:

P )A<,' — —)?,' (20)
Under P,however,the fuzzy sphere algebra — [X;, Xj] = iXejuy is
non-invariant .
We elevate the Levi-civita(which is a pseudo tensor) to the level of a
tensor, which is defined as

Ejix = €jjk, for right handed system

= —¢jx for left handed system
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Transformation rule under parity as: | P : Ej — Ejk = —Ejj

[%i, %] = INEjicXic

remains invariant under P. . Total symmetry group is O(3)
G. Fiore and F. Pisacane, DOI: https://doi.org/10.22323/1.318.0184
Modified multiplication rule -

)\2

)A(, 6,11 +l Uka

With this

T =1, Trhr = —o Jrbs = —tba; Jrtba = 3;

Jrs = ve; Jrtbe = —Us; JTr7 = —s; Jrips = Y7, (21)
This implies j,_g = -1 — KO dimension- 4. Using this we can show, for
example

SN/ Al& X _& XiX3

(HoP) (33 )(3) = (HoPY (5 +72)) = (HoP)( + 52) = H(— 3 + 52

- )?,' )?3)?,' - )?R( 1 X3 )
= —— =—X'(z—~+
2 A 2 A
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Using this ,

Trr(%0) T = Trm(fa)be; (%) = <2 g)

—

B 2_\/§)$<1$<_

A

0 1 Xk )
=N (—1 0) ((\@ — 1)(_% + %(3*1) _ (>A<1 + >?3)\>?1)> = _W(X{?)d}l

by
For all generators of algebra,

7(%°) = Trn(x)Tf = —n(%F)

This helps us to identify: | %° R
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Finally

s o

%0,%° = —iNEgk?  —  SU(2)R algebra
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Finally
(%7, %7] = —iIAEjX  — SU(2)R algebra

Some key points:
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Finally
(%7, %7] = —iIAEjX  — SU(2)R algebra

Some key points:

o Li=1(%—%F) Ly (under P operation).
In our definition the commutative counterpart of L; = EjX;px, which
also changes sign under parity.
L is a vector rather a pseudovector in our formulation.
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Finally
(%7, %7] = —iIAEjX  — SU(2)R algebra
Some key points:

o Li=1(%—%F) Ly (under P operation).
In our definition the commutative counterpart of L; = EjX;px, which

also changes sign under parity.
L is a vector rather a pseudovector in our formulation.

o Ji=1Li+ 3 should also transform the same way, under parity as L;

. P
does. So, we have to impose o; — —0;.
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Finally
(%7, %7] = —iIAEjX  — SU(2)R algebra
Some key points:

o Li=1(%—%F) Ly (under P operation).
In our definition the commutative counterpart of L; = EjX;px, which

also changes sign under parity.
L is a vector rather a pseudovector in our formulation.

o Ji=1Li+ 3 should also transform the same way, under parity as L;
. P
does. So, we have to impose o; — —0;.

o Chirality operator:vr = %(a,-)?,-R - %) L YE
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Finally
(%7, %7] = —iIAEjX  — SU(2)R algebra
Some key points:

o Li=1(%—%F) Ly (under P operation).
In our definition the commutative counterpart of L; = EjX;px, which
also changes sign under parity.
L is a vector rather a pseudovector in our formulation.

o Ji=1Li+ 3 should also transform the same way, under parity as L;
. P
does. So, we have to impose o; — —0;.
o Chirality operator:vr = %(a,-)?,-R - %) L YE
e Dirac Operator:
i

s R i 5 .
Dr = —rEpoi% S T e~ E) (—oi) (%) (%) = Dr
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N
First Order Condition

[[D, 7 (a)], 7(b)°] =" 0

Without loss of generality, we can take

a=%,7(%) = diag(%,%) and b° = —&F 7(&2) = diag(—%f,—%F).
[[D, (%)), m(%p)°] =
IAMF

A &R o oR
= (e,pma,-x,-xm — ejpmalxjxm) #0
n

The first order condition is violated.

LW} . Pl .
AV W o BT T A I N SN BRI B (S pectral Triple with Real Structure for Fuzzy 28/9/2020 17 /20



Future prospect

Since the above mentioned spectral triple violates the first order condition
- an important ingredient in spectral formulation of standard model, this

opens the door to investigate phenomena beyond standard model through
a toy model.
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Since the above mentioned spectral triple violates the first order condition
- an important ingredient in spectral formulation of standard model, this
opens the door to investigate phenomena beyond standard model through
a toy model.

— In the formulation of Standard model with almost commutative
geometry, a strong restriction is implemented through the First Order
Condition requiring that the Dirac operator is a differential operator of
order one.
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Future prospect

Since the above mentioned spectral triple violates the first order condition
- an important ingredient in spectral formulation of standard model, this
opens the door to investigate phenomena beyond standard model through
a toy model.

— In the formulation of Standard model with almost commutative
geometry, a strong restriction is implemented through the First Order
Condition requiring that the Dirac operator is a differential operator of
order one.

— Without this restriction, the invariance of the fluctuated Dirac
operator, under inner-automorphism of the algebra, is violated.

To restore the invariance one has to add another term to the fluctuated
Dirac operator = Beyond SM physics.

(A. H. Chamseddine, A. Connes, W D van Suijlekom, J. Geo. Phys.,
73(2013)222-234; JHEP 1311 (2013) 132)
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Conclusion

@ We have tried to provide a consistent formulation of an even and real
spectral triple for the fuzzy sphere in its 1/2 representation using
Watamura's prescription of Dirac and grading operator.

@ We started by obtaining the explicit expressions of the eigen spinors
of SU(2) covariant forms of Dirac and chirality operators.

e Finally, we demonstrate how the real structure operator in spin-1/2
representation, consistent with the spectral data of KO dimension-4
can be obtained.

@ Symmetry group is now enhanced to O(3) from SO(3).

@ The first order condition is violated.
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Spectral triple with real structure on fuzzy sphere, AC, P Nandi, B
Chakraborty, J.Math.Phys. 63 (2022) 2, 023504.

THANK YOU
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