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Given (A, H, D) what are the informations given by
the spectral action

TrA(D))?

or by its asymptotics?

Remark:
Heat kernel is sufficient

If f(x) =[5~ dp(s) e
TEA(D) = [ dots) Tre P
0

Almost sufficient: counterexample with noncommutative torus
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On the track of new perspectives

How to define Riemannian curvature on spectral triples?

- (i) Old ideas: Use of derivations as generalization of the tangent bundle
Chamseddine-Felder—Frolich, Dubois-Violette—-Madore—-Masson—-Mourad,
Landi, ...

Rosenberg, Bhowmick-Goswami-Joardar-Mukhopadhyay:

Levi-Civita connections on the module of 1-forms

Find differential calculi giving existence/uniqueness of L-C connection
Rennie: (to appear) analogue of Riemann for a spectral triple

- (i) Everything follows from spectral action:
Connes-Tretkof + ...(quoted later)

ax(Ao)(x) = W %9{ for A acting on C*°(M)

a(Aq)(x) = W tr(% R — Ricy) for A; acting on Q'(M)

Ricci operator on T*M defined by Ric,(€)(X) := Ric,(¢%, X)
Floricel-Ghorbanpour-Khalkhali-Dong: Ricci functional for nc-torus
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Sitarz: Metric, torsion and minimal operators on noncommutative tori
(Warsaw, 2014)

I: The commutative case

[l: Influence of the metric
The noncommutative torus

[1l: The scalar curvature + ...

IV: The torsion
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I: The commutative case

(M, g) Compact boundaryless smooth oriented Riemannian manifold

d dim(M)

14 Smooth hermitean vector bundle over M of fiber C
P Differential operator of degree p

P strongly elliptic: its principal symbol o(x, £) € My(C)

R((o(x, &) v, v)) > c|l€[P(IvI?
for (x,£) e Mx T:M, £ £0, v e CV

P non necessarily (formally) selfadjoint

Consequence:

Spectrum(P) is discrete without accumulation point, contained in a
symmetric angular sector with angle < 7 around R*

e P is trace-class for t > 0
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The Heat trace

The heat trace

TrLZ(Coo(\/)) be

b € C¥(End(V))
t>0

Example
=—g"v,V,, b=1

Heat equation
(0 + P)s(x,t) = 0, limO s(x, t) = so(x)
—

(e~tPs0)(x) is (unique) solution

Impossible to compute the heat trace if Spectrum(P) is unknown
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Asymptotics of Heat trace

Known result:

The following (unique) asymptotics exists

Tr be_tP ~tlo t_d/p Z ar(ba P) (t1/p)r

r=0

and ay,1(b, P) =0 forall r

Symbolic notation: the series does not converge in general, means only

Tr be 1P — /P Z ar(b, P) t"/P | = 040 (t /Py for all n
r=0
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Asymptotics of Heat trace

Given a closed connected Riemannian manifold
With P = —div o grad, on can recover from asymptotics:
the dimension, volume, scalar curvature, etc

But two problems

1) There exists isospectral manifolds not isometric
(’64 Milnor, ’85 Sunada,...)

2) What is lost in the difference between the heat trace and its asymptotics?
Examples of physical phenomena exponentially small (i.e. asymptotics = 0)

What can be recovered from spectral action?
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How to compute coefficients?

P as before
e~ 'P: smoothing pseudodifferential operator (not polyhomogeneous !)
smooth kernel: K(t; x,y) € My(C)

Localize the problem of asymptotics

- Via:
—tP _ .
Trbe = /Mdvolg(x) tr [b(x) K(t; x, x)]

tr = trace of My(C)
- Via the parametrix approach:

K(tx,X) ~is0 9P Y a () (/7Y
reN

This gives asymptotics of Tr be~ "
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The existing results

1) If the principal symbol of P is scalar
a, = [, dvolg(x) a,(x) are known forr=0,---,10

In particular,
a(—g"'V V) = ¢ [, dvolg(x) R(x), R: scalar curvature

2) If the principal symbol of P is not scalar:
only a few works

essentially P acting on differential forms
Gilkey, Branson, Fulling, Vassilevich, ...
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II: Influence of the metric

The noncommutative d-torus
0 € My(R) skew-symmetric, C(Tde) is generated by d unitaries Uy
UrUp = e2™Ox Uy Uy
A={a= Y akyup - Uy | ae 8@}
kezd
‘H = GNS-Hilbert space for the trace 7

Following Ha—Ponge (2019)
Riemannian metric:
o [ := free left A-module generated by the derivations J,,
X € K means X = 37, X!, X! € A, K~ Al
e Metric on K: g € GL4(A)), g and g~ are positive, selfadjoint entries
Given the vector fields X, Y € I then
X, Y) =D XH g (Y

oV
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II: Influence of the metric

The Riemannian density and volume are

Vg 1=/ det(g) := exp[% tr(log(g)], Volg (A) = T[]

Laplace-Beltrami operator:

Ag: =l/_1 Z (5 1/2 —1)1“/ 1/25,/

p1

Examples:

o Flat metric g, = 0y, vg=TLand Ag=A:=—3 67

e Conformal deformation: g, = k=24, where 0 < k€ A
Vg = k_d

Ag=KA— de (k=9 6,
=1
~kAk  ifd=2

Ag: second order differential operator with "non-scalar principal symbol"
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Naive approach for scalar curvature

Classical formula for scalar curvature

R=+ glwgpa(a,uaugpa) - (%@g’“’) + gpa(a,uglw)(augpa)
+ 2800(0,87)0,8"7) — 18" 80 8ap(0u8" )0r8™")
— 38" 800 8ap(0,8")0.8"")

Even for the nc-torus, the swap

g =gk

does not work: no link with a,
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Back to commutative geometry: non-scalar case

Following I. Avramidi

Slightly different method avoiding the pseudodiff. theory

Local trivialisation: U open set around x € M

(e PUa)(x) = /U dy Ig]"/2(y) Kioc(t, x, ) 5(y)

The use of the Fourier transform 7 (€) := (2)~%/2 Jydy e V< (y)

Kioc(t, x,y) 5 (y) = (2W)_d|g\_1/2(y)[/Rdd€ e Ve Flve™ )] 4 (y)
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Commutative non-scalar case

For ¢ € RY, define
P(Xv 85 6) = e_ix.£P|U(X7 8)6’.)({’ on COO(V|U)
Then for P y(x, 9) = > lal<p Ca(X) oy

,P(Xvaaé.) = P|U(X7a + i)
P(X785 0) = ’D|U(X7 8)5 O-P‘U(Xa §) = P(X787€) 1y

Viewed on constant section (Leibniz rule)

Kioc(t; x, x) = 1)~ g|~V/2(x) [y d€ et PX:00)
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Duhamel-Volterra series

Formally, the Duhamel formula

o (AWB) _ 1A _ /tds1 S51—DA g o1 (A+B)
0

gives by iteration the Volterra series

L
D S [ ds 0 (B0 (B) + () Ru(A, B )
k=0 Ak(t)

where

A ={s=(s1,..., 50 ERF [0< sy <51 <+ < <5y <t}
0y(B) = & Be A

Ra(A B0 = e [ ds oy (B (B) e Bt 4D
Apa(®)
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Duhamel-Volterra series

Decomposition of P(x, d, &) = e~ Pu(x, 0) ex¢

in homogeneous polynomial in & P(§) := >, P¢(§) (unbounded operator)
Choose

A =P, = principal symbol of |, (bounded operator)

B =Y, t/P Py

veCVN

Checking all constraints: perturbation of bounded by unbounded!

L
e B SO CDRREIBE T + (= 1)E R (P, Bry 1) (1)
k=0
where
AOIC® - ©C = /A ds 04,(C) -+~ 05,(Co)

for C; € My[&, 0] (polynomials in € and O with matrix coefficients
Fi©)[C1 ® - - - ® Ci] = My-valued functions acting on constant sections in
(CN

Interest of (1): t appears as a polynomial

lochum (CPT & AMU) Geometric notions from spectral action Krakév, November 8-9, 2019 17/44



About Heat coefficients

More generally

In the asymptotics of the diagonal heat kernel, the coefficients computed by the
parametrix, the Duhamel or resolvent series are the same

Independent on the existence of the asymptotics!
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Laplace type operator P = —(u""0,0, + v/0, + w)

Generalisation: V: covariant derivative on V
Pi= (g7 ?V g PV, + pPY 4 q)
where u"” | p* g are sections of End(V)

Restriction: utv = ghvu, u € MNC) strictly positive matrix

P=—(g"uV,V,+L'V,+q)

P is strongly elliptic with principal symbol o(x, £) = ||€||*u
Interest of restriction: Appearance of Gaussian integrals in £

fil©[B1® - ® B = Adsef“*“)”l.% e It g e H - 1€
k

a0() = VBT () u() /2]

(4m)?
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P=—(g"uV,V,+ L'V, +q)

Tr[be ] o =425 a, 172, a(x) := (2m) "9 tr [b(x) R (x)]
Explicit formulae for all R.(x)
Ro() = ¢l ™2 | dé A0
]Rd
Ra) = g2 [ d€ (ROIK @ K] = £(©)(P)

K = L modulo a contraction of Cristoffel symbol
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P=—(g"uV,V,+ L'V, +q)

The steps:
u=>y,rkp, re : eigenvalues,  Ej: spectral projections

1) Universal objects: For & € R and k € N and b; € My(C)

Xok[b1 @ -+ @ by] = o 4(ro, . . . 1) EobrEq - - - Ex—1byE
k
lok(ros .. r) = | ds [ (se—sei)re]
Ay £=0

Plenty of relations like the expansion/reduction process

Eklb1 ® -+ @ by] ==
URb R - Qb +bh QUK Qb+ +bh Q- RbRu

Xa+1,k+1 o gk = Xa,k
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2) Total covariant derivative

V: combines the (gauge) connection V on V (and gauge potential Ay) with
Levi-Civita covariant derivative 8V

3) Convert ingredients in normal coordinates

4) Compatibility with derivations
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The results for Laplace type operator

Locally a,(b, P)(x) := (4m)~ 2 tr [b(x) R(x)] with R, € C®(End(V))
Theorem (I.-Masson)

Ro = Xd/z,o[]l] =y

R, =

+%9‘i Xd/2,1 [u] + Xd/2,1 [Q]—%(d +2)g" Xd/2+2,3[u ® 6,Zwu ® u]

—3(d + D g Xyp212[Viu ® Viu] + 3(d +2) 8" Xyj2:23[ Vit © u @ Vyu]

+3(d +2)(d + 4) 8" Xg/234[u @ Vuu © Vyu @ ]

+ %Xd/zn,z[Pﬂ ® ﬁﬂu] — Xg/2:12[u® ﬁﬂpu]

— 3(d +2) Xgpae2,3[p" © Vit ® u] = § Xgp211,2[Viuu ® p]

+3(d +2) Xy/2123[u ® Viuu ® p*] = 3 g Xaj22[p" © p]

lfu=]1,722=+%9‘{+q (for p* = 0)

When u # 1, some coefficients depends on d
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The results for Laplace type operator

For R4: Thousands terms generated!
Code written from scratch by Thierry Masson
R4 decomposes into 5 natural summands:

Raa = +15 Xi[u] F/"*Fy

Rag = +1(d — 2)g""8"" Xo[u @ (Vo u)] (Vo Foyn)
—d g g Xs[u® u® (V)] (Vi Fopss)
+2(d+2)g"" g X[u@ue u® (ﬁm u)] (@m Foovs)

Field strength F, = 0,A, — 0, AL + [Au, ALl
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The results for Laplace type operator

Ray =

— d X[t ® (Vi 1) @ (Vo u)] F — 4 X,[u @ u® (Vyu) @ (V,,u)] F2
2(d +2)(d+4) Xs[u® (V,,1 U ( nU) @ u] F172

+2(d+) XuRu® (Vl,1 u) ® ( nU) @ u] F172

+4(d + D) Xs[u® u® u® (Vy,u) @ (V,,u)] F72

+(d+a)(d+6) Xs[u® u® (V,,u) @ u® u® (V,,u)] F2

+(d+4)(d+6) Xs[u@ u® u® (Vy,u) @ u® (Vy,u)] F2

R471 =0
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Gu1uzu3l/4 1 (gu11/2 viva gu1y3gl,2y4 N g”IVAgVZV3)
T4
~

R =
+ ﬁ |Riem|2 Xi[u] — ﬁ |RiC|2X1[u] + % (AR) Xq[u] + % 9”2 Xi[u]

- %(d - z)ngVz(ﬁyzm) XZ[U® (6,,1 u)] + %(d+ 2) V1V2(vyzm) X4[u® LR U ( ” u)]

o %dRiC"‘VZ X3[u ® (ew Ll) ® (61/2 U)] + %(d + 2)(d + 3) RiCV”j2 X4[u RUR (%’h U) ® (6112 u)]
— Ld(d+2)Ric"™ Xy [u @ (V1) @ u @ (V)]

—(d+2(d+ DRI X[UR U u® (61/1 u)® (@Vz u)]

+1(d +2)(d + HRic”"”? Xs[u® (@l,] U (@Vz u) ® u]

— 1d @R X[ D (V1) @ (Vo,u)] + S d(d +2) g R X1 @ (V1) @ (Vo 0) @ ]
—2(d + 4)(d® + 10d + 28) G X5 [u @ (Vi 1) @ (Vi) @ (Viy 1) @ (V)]

+ 4(d + 4)(d + 6) GY1vavsva Xs [U ® ( vy U) ® (VVZ ) (034 (VV3 U) ® ( Ve u) ) U]
+ 2(d + 4)(d + 6) GYv2vava XG[U ® (VW U) &® (Vllz u) ® (Vy3 U) RUuE (Vw U)]
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The results for Laplace type operator

+2(d +4)*(d + 6) G X [u @ (Vi) @ % L)@ U % vy l) @ (Vw u)]

— 4(d + 4)(d* + 8d + 28) G Xe[u @ u ® (Vo 1) ® (V1) @ (Vo 1) @ (Vo 1)]
—2(d +2)(d + 4)(d +6) G X[u® (Vo 1) ® u® (Vo) ® (Vo 1) @ (Vo 0)]
+8(d +4)(d* +10d +32) G X [u® u® (Vy1 u)® ( L) QU ( L l) ® (V.,4 u)]
+4(d + 4)(d* + 6d +16) G X, [u @ u® (Vo 1) @ (Vo t)) @ (Vo)) @ 1 @ (Vo 1)]
—32(d + 42 G X [u @ U@ (Vo 1) @ (Vi) @ (Vo 1) @ (Vo 1) @ 0]
+8(d+4Xd+6) G X [u® (Vi) @ u® u® (Vo t) @ (Vi) @ (Vo )]

+4(d + 4Xd +6) G X[ @ (Vi t) @ u® (Vi) @ @ (V1) @ (Vo 1)]
+2d(d + 4)(d + 6) G Xy [u @ (Vi 1) @ 4 @ (Vo t) @ (Voy 1) @ 1 @ (Vo )]
—16(d + 4)(d + 6) G Xo[u @ (Vo 1) @ 1 @ (Vo, 1) @ (Vo, 1) @ (Vo 1) @ 1]
+2(d +4)(d + 6)(d + 8) G Xo[u @ (V1) @ (Voo t) @ u @ (Vi t1) @ (Vo 1) @ ]
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The results for P := —(|g| "2V ,|g|"/?2u"V, + p"V . + q)

R4, has 180 terms
Other presentations are possible due to reduction process
When u = 1, all shrinks to 8 terms:
R4 = + 55 [Riem|* X[u] — %5 [Ric|? Xi[u] + 55 (Z%) Xi[u] + 75 R* Xi[u]
+ 5 Xi[ul F'2F,, + ¢ R Xi[q) + Xz[q® gl + X:[u ® (Aq) ® u]
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I1I: Application to noncommutative torus

If 0 = p/q is rational, A ~ T(A)
A fiber bundle in My(C) over a 2-torus T?
Choose 0 < ke A

Define P on H:
P:=kAk
= —gh [k25u<5,, — 2k(0, k) 0, — k(6u(5,,k)]

kK« u
Op <V,
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I1I: The noncommutative torus

In dimension d, with u = k?

Theorem (l.—Masson)

Ra =g (= (d+2) Xs[u ® (6, k)00, k) @ u] + 2(d” + 2d + 8) Xa[u ® k(S0 k) ® (6., k)k @ u]
—(d = 2) Xa[k(0, k) ® u @ (60, k)k @ u] — 2d Xa[k(Ju, k) @ (00, k)k ® u @ u]
—(d — 2) Xa[u ® k(B k) @ u® (6, k)k] + 4 Xa[k(8,, k) ® u ® u ® (8,,k)k]
—2d Xa[u ® u® k(8,,k) ® (81, K)k] + 3(d + 2)* Xa[u @ k(b1 k) @ k(b1 k) @ u]
—(d +2) Xa[k(8,, k) @ u @ k(8,,k) @ u] — 2(d + 2) Xa[k(8, k) @ k(J,, k) @ u® u]
—2(d +2) Xa[u ® u® (6, Kk ® (8., k)k] — (d + 2) Xa[u ® (8., K)k ® u @ (8, k)k]
+ 2(d + 2)(d + 4) Xa[u ® (6., k)k ® k(6.,k) ® u])

+ 1d Xs[u @ k(DK) @ u] — 2 X [k(AK) ® u @ u]
—2X[u® u® (AK)K] + 3d Xs[u ® (Ak)k ® u]
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I1I: The noncommutative torus

Ra= —12(d+2) g """ Xs[u® u® u® (0, k)01, k) @ (80, k) (61, k) @ u]
+ 2(d2 +4d +8) g7 8" Xs[u ® u® (01, k) (01, k) @ u® (80, k)(0u, k) @ u]
+4(d* + 6d +16) @287 Xe[u ® 1 @ (51, k)01, k) @ (61, K)(S1s k) ® 1@ u]
+2d” +4d + 8) g2 8" Xo[u @ (81, k)01, k) @ u @ (S0, k)i k) @ u @ u]
—12(d +2) g2 8" Xs[u @ (80, k)(00, k) @ (0, k) (01, k) @ u® u® u]
+2(d? + 6d + 12) 87728 Xe[u @ (80, k)10, k) @ U @ U @ (8, k)51 k) © 1]
—12(d +2) g7 8™ Xs[u @ u ® u ® (80, k)00, k) ® (80, k)(0u, k) @ u]
—4d g g"" Xs[u ® u ® (80, k)(0u, k) @ u R (0, k) (O, k) ® u]
+4(d* + 6d + 16) g 87 Xe[u ® 1 @ (61,01, k) @ (81, K)(S1s k) @ 1@ u]
—4d 8" 8" Xs[u @ (00, k)(00, k) @ u @ (8, k)(0u, k) @ u @ u]
—12(d +2) g1 8" Xs[u @ (81, k)(80, k) @ (81, k)(00s k) @ U ® u ® u]
+887" 8" Xs[u ® (60, k) (01, k) @ u @ u® (61, k) (01, k) ® u]

R4 has a presentation with 3527 terms before simplification
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Comparison with previous works

Intensive activities since 2011:
Connes-Tretkoff, Gayral-lochum-Vassilevich
Connes—Moscovici, Lesch—Moscovici, Fathizadeh—Khalkhali
Dabrowski-Sitarz, Liu

Connes—Fatizadeh (R4 for d = 2: 134 pages, tiny fontsize for formulae)
Floricel-Ghorbanpour-Khalkhali

Present method:
purely classical geometry + functional analysis
avoids Connes’ pseudodifferential calculus on nc-tori
valid in arbitrary dimension, arbitrary metric
keep tracks of the origin of terms, especially Riemann curvature tensor

Goal:
Application to some spectral triples

Problem: How to extract geometric notions from this?
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IV: And the torsion?

Following Pfaffle-Stephan-Hanish, 2010- ....

(M, g), closed and spin, dimension d > 3
A connection on TM is orthogonal when

6)(<Y,Z> = <VXY,Z> + <Y, V)(Z>

Lemma (E. Cartan)

For any orthogonal connection V there exist

a unique vector field V

a unique 3-form T

a unique (3, 0)-tensor field S with Sy € T5(TyM) for any x € M

VxY = V5Y + (X, Y)V = (V, )X+ T(X, Y, ) + S(X, Y, )

T(X, Y, ) or S(X, Y, ) are defined by
(TG Y, B, Z) = T(X, Y, 2)
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IV: And the torsion?

S €Cartan-type torsion tensors

T(TM) = {A€ TIM® T M@ M

AX,Y,Z)+A(Y,Z,X)+ A(Z,X,Y) =0
AX,Y,Z) = —AX,Z,Y)
d

Z A(e;, ei, ) = 0 for any orthonormal basis ey, . .., e, of TuM
i=1

}
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Dirac operator with torsion

Choose a spin structure and extend V to spinor bundle XM
Dirac operator associated to V is

Dip=D8p+ 3T 1p— Vg

« 9

: Clifford multiplication
D is symmetric if and only if V =0
Cartan-type torsion S does not contribute to D

Theorem (Lichnerowicz formula)

DDy = Ay+ R+ 3dT-y - F|TI¢
+ I dive (V) (45Y) @ - d) VY
+3(d — 1)(T- V-¢+(VJT).¢)

Z~ : Laplacian associated to the connection
VxY = V5Y +(d — 1) ((X, V)V — (V,Y)X) + 3T(X, Y, )}
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A parenthesis: Torsion in dimension 3

If d = 3, totally antisymmetric torsion has only one component:
D — Dy :=D+¢, ¢isreal function

2y _ —3/2 17 4 ag?
a(D?) = (47) /M dvoly (— 19t + 4¢?)
2y _ -3/2 [ 8 , i
a(D?) = (4m) /M S dvoly (V) (V'6)

(Weyl tensor and Gaus—Bonnet integrand vanish)
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Generalisation to spectral triple of dimension 3

Following Sitarz-Zajac
In (A, H, D), regular with simple dimension spectrum, dimension 3

D—Dp:=D+d+ b " d=0d*c A
TrA(DI/A) ~asoo zdjfd-j AT DI + (0 o)+ -
Theorem (® > 0, First ter of spectral action for Dy,)
FiDol = - f1012
fioe - fipi2—aforp=  FeDiD

][|D¢]“ = ][\D\—‘ - 2][ ®F DI+ z][(cp2 +®Jo) ) |D|?
Dy (0) — Cp(0) = - -

— Application to SUy(2)
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Bosonic spectral action

Assume d = 4
Theorem (Pfaffle-Stephan)

@(D'D) -~k [ duolgR
M
R = RE + 18 divE(V) — 54 [VI? = 9|T|?

a(D°D) = 2 (M) — o1 /M dvoly | WE|

b
~ 5% [ dvoly (1871 + 4P

R: scalar curvature of modified connection v
x(M): Euler characteristics of M
W8 = weyl(riem®): Weyl curvature of Levi-Civita connection V8
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oundaries

I-Levy-Vassilevich (2010):
Generalisation to compact manifolds M with boundaries
Chiral bag boundary conditions:

Dr=P+T with T totally antisymmetric
Xo=—ie""yy,,  OER
3 (I — X6) ¥ |boundary = 0

D is selfadjoint

Possible to adjust an algebra to get a spectral triple

Computation of spectral action for 77+ when 6 = 0:

a1=0

Formulae for a,, az and a4

39/44
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Particle Physics

Matter: encoded in Hermitian vector bundle H — M with V*
Dirac operator Dy on € :=XM® H is
4

Du(W @)=Y (e V) @ x + (e ) @ (VINY))

i=1
Choose ® € End(H): Higgs endomorphism
Chamseddine—Connes Dirac operator on €

Do (1 ® X) = Du(th @ X) + (w8 - ¥) @ (P x)
w&: volume form on M
Assume H = H" @ H’ with dimH" # dim H*
~: corresponding chirality operator
Also w# induces a grading of XM = *M @ X~ M with w8|s+ = £154,,
Consider £ := T*M@H) @ (T~ M@ HY)
Orthogonal projection P: £ — £+

P=%(]12M®]1H +wg®7)
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Particle Physics: Chamseddine-Connes spectral

action

Consider the operator
PDy* Dy

Theorem (Pfaffle-Stephan)

ay = g2z rk(H) vol (M)

k(H > tru(y) ~
a, = —r%(ﬂz) /M(ng+ ) Ch) — 817/Mtrq.[(¢2)dx

Holst term (4-form)
Cr = 18dT — 18 (T, *V*) wh

Barbero-Immirzi parameter = —trrk(;_l))
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Chamseddine-Connes spectral action

an =+ L0 (M) — 500 py () — 258 [ WP o

1440 640 72
k(H b H
=220 [ (joTI? + a0 )IF) 1 [ ST

"o /M (trH([VH7¢]2) + trp (@) + ¢ (fﬁg =97l ) tr?—L(sz)) dx
* ﬁf/ try (%) Cy + # /MtI‘H(QHQH) dx
+ gt / try (x QM QM) dx

with notations [V, ®]2 = 3", [Vt ][V, ¢]

QoM - 37, oltol, QM QM =%, j(*Qy)Q?jf

pi(M) := —(1/167?) [}, dvolg (riem, 12 ® xriem): first Pontryaging class

lochum (CPT & AMU) Geometric notions from spectral action Krakév, November 8-9, 2019 42/ 44



Chamseddine-Connes spectral action

En résumé

If torsion exists, then
Torsion couples with Higgs and fermions
Derivative of T — torsion becomes dynamical

[y R Ch: not a topological term
Barbero-Immirzi parameter depends on particle content

Critical point of spectral action with non-zero torsion

Analogous notion in noncommutative geometry?
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If you understood everything | said,
it’s probably that | misspoke!

Thank you
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