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Fixing notations

Real even spectral triple S = (A, H, D, J, x). (A C B(H)).
In indefinite signature H — K pre-Krein space, | — X.
Let a;, b; € A. Then a NC 1-form is

w = Z%‘[D,bi]-

1

The A-bimodule of NC 1-forms is written Q1. Let w € Q1 be selfadjoint,
then the fluctuated Dirac D, is

D,=D+w+ JwJ 1.

{D,,} is the bosonic configuration space of both Connes-Lott and
Connes-Chamseddine theories.
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What is the automorphism group of a spectral triple ?
Important question because the equality

Aut(A) = Diff (M) x (U(1) x SU(2) x U(3))

for a well-chosen NC algebra is one of the main motivations for the NCG
approach to the SM.
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What is the automorphism group of a spectral triple ?
Important question because the equality

Aut(A) = Diff (M) x (U(1) x SU(2) x U(3))

for a well-chosen NC algebra is one of the main motivations for the NCG
approach to the SM.

But what is the relation bewteen Aut(.4) and Aut(5) ?
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What is the automorphism group of a spectral triple ?

Important question because the equality

Aut(A) =Diff(M) x (U(1) x SU(2) x U(3))
for a well-chosen NC algebra is one of the main motivations for the NCG
approach to the SM.
But what is the relation bewteen Aut(.A) and Aut(.S) ?

Two definitions for Aut(S) (depending on the books):

1. UU* =1, UAU ! = A, Ux=xU,JU =UJ.
2. same+UD = DU.

The second one seems more logical, but with it one gets Isom (M, g) instead of
Diff (M).
The first one then must be right... Right ?
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The problems with the first definition

Let us apply it to the case of the canonical ST over a manifold. Then:
1. Aut(S) = Diff (M) x I'(Spin(n)) for n < 4.
2. Aut(S) 2 Diff (M) x I'(Spin(n)) for n > 6.
(Example: multiplication by sin ty1y2 + costvys ...V € Spin(n).)
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Let us apply it to the case of the canonical ST over a manifold. Then:

1. Aut(S) = Diff (M) x I'(Spin(n)) for n < 4.
2. Aut(S) 2 Diff (M) x I'(Spin(n)) for n > 6.
(Example: multiplication by sin ty1y2 + costvys ...V € Spin(n).)

Troubling: aren’t we allowed to do GR with Spectral Triples in dim > 6 ?
But there is worse. ..
The bosonic configuration space of the Spectral Standard Model is

C={Dy+w+JwJ Hw € Qp, ,w* =w}

It is clearly not invariant under Aut(S) according to the first definition. (But it is
according to the second one.)
What about the SSM coupled with gravity ? This time

C={D.®1+w+ JwJ 'letetrad ,w € Qp_,w* = w}

It is never Aut(S)-invariant, whatever the dimension of M.
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Let us apply it to the case of the canonical ST over a manifold. Then:
1. Aut(S) = Diff (M) x I'(Spin(n)) for n < 4.
2. Aut(S) 2 Diff (M) x I'(Spin(n)) for n > 6.
(Example: multiplication by sin ty1y2 + costvys ...V € Spin(n).)

Troubling: aren’t we allowed to do GR with Spectral Triples in dim > 6 ?
But there is worse. ..
The bosonic configuration space of the Spectral Standard Model is

C={Dy+w+JwJ Hw € Qp, ,w* =w}

It is clearly not invariant under Aut(S) according to the first definition. (But it is
according to the second one.)
What about the SSM coupled with gravity ? This time

C={D.®1+w+ JwJ 'letetrad ,w € Qp_,w* = w}
It is never Aut(S)-invariant, whatever the dimension of M.

There is something wrong since the very beginning !
4718
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Consider a parallelizable manifold, and'

A trivial bundle M x S, S = C#,

gamma matrices v, € End(S) (in a representation s.t. v = £7,),
X = 75,

J =y 0c.c,

“spinor metric” Hg (1, 1)) = 1 yo1)’.

Then every tetrad e = (e, ) defines at the same time a metric g. such that e is
pseudo-orthonormal, a g.-spin structure with rep p. : C/T'M — End(S) s.t
pe(€a) = 7Va, and so a Dirac operator D(e) =i ) +v, V¢ .

ok -
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"Heren = 1 + 3.
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G = (V, E) finite graph with weight function ¢ : ' — R

2 - 3
\ / a b C
a b
1 S S S
Connes’ distance formula reproduces the geodesic distance with the “split graph”
ST:

m A=RY E:=FEx{—;+}, H=L*F)=CF ®C? + canonical (., .).
B m()F(e,£) = a(e)Fle, ) = @, , (“% ) a(2+)).

m D= @GEE é ((1) (1))

B x=P..x ((1) _01),J:c.c.,KOdimO

_|_
Split graph background: D out, Q' = Qp, = {P, (wO_ WOe )} in.
e

7/18



The case of a finite graph

Fixing notations

A very basic question

The problems with the first
definition

Out of the conundrum
Algebraic backgrounds

The case of a finite graph

The canonical background of .

a spin manifold

The configuration space of
the canonical background

The Standard Model
background
Automorphisms of the SM
background

The configuration space of
B

The configuration space of
Bsnr

A better-behaved

U (1)-extension
Connes-Lott theory with a
real structure

Complete bosonic
Lagrangian

Conclusion

References

G = (V, E) finite graph with weight function ¢ : ' — R

2 - 3
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a b
1 S S S
Connes’ distance formula reproduces the geodesic distance with the “split graph”
ST:

m A=RY E:=FEx{—;+}, H=L*F)=CF ®C? + canonical (., .).
B m()F(e,£) = a(e)Fle, ) = @, , (“% ) a<2+)).

m D= @GEE é <(1) (1))

B x=P..x ((1) _01>,J:c.c.,KOdimO

_|_
Split graph background: D out, Q' = Qp, = {P, (wO_ WOe )} in.
e

1. Out(A,H,J, x) = Perm(V), + large config space,
2. Out(A,H,J, x, Q) = Aut(G), config space ~ {w : E — R U {oo}},

3. Out(A,H,J, x,D)=Isom(G), no config space. -
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The canonical background B( M) of a parallelizable manifold is constructed like
before thanks to an origin metric go of signature (p, ¢), only needed to define

(U, T) = /M Hs (¥, U )vol,,

Let @ : M — M be adiffeo and X : M — Spin(p, ¢)° C End(S), then

1o+
VoW s [ 20904 69~ and Uy, : U s D0
voly,

are automorphisms of B(M ). Moreover, they generate Aut(By).

= AutB,; = symmetry group of (tetradic) GR.
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B Letr be a field of invertible matrices: acts on tetrads e — 7 - €.
B S, € End(K) is defined by ¥ + | det r|~1/2W¥

Theorem The regular Dirac operators of the canonical background B(M ) are
D = 57“ + C

where 6, = S, D(r - eg) S and ( is a multiplication operator ((¥), = (, V.,
s.t. (X = (;, ¢ commutes with J and anticommutes with .
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B Letr be a field of invertible matrices: acts on tetrads e — 7 - €.
B S, € End(K) is defined by ¥ + | det r|~1/2W¥

Theorem The regular Dirac operators of the canonical background B(M ) are
D = 57“ + C

where 6, = S, D(r - eg) S and ( is a multiplication operator ((¥), = (, V.,
s.t. (X = (;, ¢ commutes with J and anticommutes with .
=> the config space is larger than in GR ! There are additional centralizing fields.
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BSM = B(M)@BF where BF — (.AF,/CF,WF, JF,XF,Q};>:

B A =CaeHe M3(C),
Kr=Kr®KLoKzoK;, K, =C*®(CaC,,,)aC;

color gen’

Finite Krein product (¢, 9’) = ¥ x 1), with xp = [1g, =11, =15, 1%],

_ 0 _1antipart
Jp = (1part 0 ) o c.C.,

(A q,m) =[G, G, Al2 ® 1o @ m, Ala @ 13 ® m| ® 13, where
A0 -

g = (0 Xk) and ¢ =qDq® 13 >~ q® l4.
0 YJg 0 0

Yy 0 0 0
0 0 0 O
0 0 0 O

_ Yz/ 0 13 ® Yu 0

0= (5 3) e (0 nen)

Choice of 1. constrained by: 1) odd A z-A -bimodule, 2) non-vanishing config

space, and 3) first-order condition: [Q21., JFT('F(.AF)JEl] =0

B QL = ,q1,q2 € H}, where
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For T' € End(K) define T° =
T(u) =uJuJ 1 =u(u=1t)°.
T is a group homomorphism from U (A) into Aut(Bxy).

JT*J~1. Then foru € U(A), let

B True because of first-order condition and [ (Ar), 7(Ap ]
B Only needs the “weak order 1 cond.” 7r(u)° Qi (u=1)°
m Y(U(A)) = group of local gauge transf. M — U(1) x S

()><U(3)-

Th: If 1 (M) = {1}, Y} is invertible and M,,, M, (resp. M,,, M) have no
common eigenvector, then Aut(Bgyy) is generated by

1. diffeo-spino-morphisms Uy ® 1, Us: ® 1 coming from the base manifold,
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The configuration space of
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For T € End(K) define T° = JT*J~!. Then for u € U(A), let
T(u) =uJuJ 1 =u(u=1t)°.
T is a group homomorphism from U (\A) into Aut(Byy).

B True because of first-order condition and [ (Ar), 7(Ag)° ]
B Only needs the “weak order 1 cond.” 7(u)°Qlm(u=1)° =
B T (U(A)) = group of local gauge transf. M — U(1) x ( ) x U(3).

Th: If 1 (M) = {1}, Y} is invertible and M,,, M, (resp. M,,, M) have no
common eigenvector, then Aut(Bgyy) is generated by

1. diffeo-spino-morphisms Uy ® 1, Us; ® 1 coming from the base manifold,
2. T(U(A)),
3. local B — L-transformations 1 ® gg_1,(t) where
g—r(t) = [A(t), A(t), AL, A) | @13, At) = e "1y B e 1, ® 13

Remarks:
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For T' € End () define T° =
T(u) =uJuJ 1 =u(u=1t)°.
T is a group homomorphism from U (\A) into Aut(Byy).

JT*J~1. Then foru € U(A), let

B True because of first-order condition and [ (Ar), 7(Ag)° ]
B Only needs the “weak order 1 cond.” 7(u)°Qlm(u=1)° =
B T (U(A)) = group of local gauge transf. M — U(1) x SU( ) x U(3).

Th: If 1 (M) = {1}, Y} is invertible and M,,, M, (resp. M,,, M) have no
common eigenvector, then Aut(Bgyy) is generated by

1. diffeo-spino-morphisms Uy ® 1, Us; ® 1 coming from the base manifold,

2. T(U(A)),

3. local B — L-transformations 1 ® gg_1,(t) where
gp-1(t) = [A@1), A(), A(t)", A()"] @ 13, A(t) =

Remarks:

e 1y PeT1y® 1y

1. There are counterexamples without the topological hypothesis.
2. Aut(Ssys) is larger than Aut(Bgay) if D is not fixed®, and smaller® if it is.

2Ex: U =

[A, B, A*, B*] with arbitrary unitary matrices A, B commuting with .A.

30nly constant gauge transformations ! 11/18



The configuration space of 5

Fixing notations

A very basic question

The problems with the first
definition

Out of the conundrum
Algebraic backgrounds

The case of a finite graph

The canonical background of o

a spin manifold

The configuration space of
the canonical background

The Standard Model
background
Automorphisms of the SM
background

The configuration space of
B

The configuration space of
Bsnr

A better-behaved

U (1)-extension
Connes-Lott theory with a
real structure

Complete bosonic
Lagrangian

Conclusion

References

Th: The compatible Dirac operators are
®(q) + ©(q)° + (M)
where g € H, M = symmetric matrix acting on generations and

0 0 —p, ®MI
0 0 0

p, QM 0 0
0 0 0

0 -Y/q
Yo 0

0 0

0 0

®(q) = yo(M) =

o o O O
o o O O
o o O O

1
where p,, = (O 8) is the projection on the space spanned by v.
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the canonical background E ~Y O O O O O O O
The Standard Model : d _ | 9%o M) =
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The configuration space of E ]_ O ) ) i

BSMg p :  wherep, = (O O) is the projection on the space spanned by v.

A better-behaved L

U (1)-extension

Connes-Lott theory with a
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A B The ®(q) + ®(q)° part can be obtained by the “fluctuation formalism”.
S B The o(M) part cannot.
References B The latter is the one that had been put by hand (with only 1 dof) to correct the

Higgs mass prediction.
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A general compatible Dirac is of the form

D =§,®1 + Cg +Cx +CB—1 +Cu + (s + Cother

1. The (other part contains centralizing fields which act on generations only.

2. The automorphisms act separately on 6,@1 + ¢, + Cx + (g1, + CH, (s
and Cother-

3. Only B — L acts non-trivially on (,, which decomposes into 6 singlets.

4. The elements of (,iher are all aut-invariant.

5. (x is centralizing, and so is the e.m. field.

Conclusion:

= we can freely include from 0 to 6 o — fields, but we need at least one to have
neutrino oscillations.

= we can throw away (sther Without harm.

= We keep some centralizing fields, and throw some others away: not pretty. ..
=> There is no known action in Lorentzian signature for these fields. ..

=> But the Euclidean SA could be applied !
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Just replace Ap by AX' =C @ Ap = C o C o H@ M;(C), with

W%Xt<)\7 H,q, m) — [C:Iv)\a Cj, /4"12 ¥ 12 X m, :u12 % 12 24 m] 024 13

and Q1. by

0 Yiq zip, @ M{ 0

12Y( 0 0 0
QL)ext 5 4270 21,20 €C,qq,q0 € H

(2p) 2op, @ M 0 0 0 1, 22 41, g2

0 0 0 0
B Only satisfies weak order 1 condition.
B The compatible finite Dirac are ®(q) + ®(q)° + o(zMy).
B B = B(M)®BE® has the same automorphism group as B
B lIts configuration space contains: SM fields + anomalous X + Z%5 , + 1

complex scalar o(zMj), + flavour changing Cother-
All fields apart from (other, are now fluctuations.

— The Connes-Lott action can be used on this model.
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e Ql) be a background. Then the J-symmetrized background is
, Q1) with
B A=[n(A),n(A)°] 7
B same J, same Y.
Let D be aDiracand @ = ) . a;(D, b;] € Q. Then define
dpw = Zi[D, a;|| D, b;].

B Well-defined up to a “junk 2-form”.

B The curvature of wis pp (W) = dp& + &?
B For an AC background B, the Connes-Lott action

— 14, Q! = [0, (1)),

Sc1(Da) = = [ T{ P (00(@))* Pais (00(@)} v,

is gauge-invariant.
If C'1 holds, the space of fluctuated Diracs D, is gauge-invariant.
It is gauge-invariant by accident in the case of BeXt
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One gets

N
—160§F§VFYW — 32NFW FWrva _ 39NFC FCrva

nra nra

64 128 '

—gNFMZVFZ e ?NIFXVFZ WY 4 16a|D, H|? 4 8b|D,, z|?
—8Vo([H|* —1)* — 8Wo(|2|* — 1)* = 16K (|H[* — 1)(|2[* — 1)

Normalization of kinetic terms: IB%Z = 1gvY, ,IB%ZV“ — %wa/‘j,
B = 59sG%. Z), = 59z 2}, H = kH, z = IZ, with

2, 1

5
go =g = ggi— = -9y = ——, k=0648¢gygs = \/é

2__ 2 1
k_16a’ =%

k2
1 1

= — ——3MWY.YS +Y, Y +3M, +3M
4132N3 r(YeY ! + Y, Y, + 3My + 3Ma)

= IN Z squared Dirac masses of fermions

In particular for NV = 3, one obtains M., < 2Myy . 16/18



Conclusion

Fixing notations

Spectral Triples are inadequate for theories including gravity because. ..
. obviously you have to allow D to vary.

A very basic question

The problems with the first
definition

T, [ . but even if you do, things go astray:
i'hgebra“ bfkfgtd o 0 The configuration space is too large.
e case ol a finite grap . . .
The canonical background of & [0 The automorphism group almost never comes out right.
a spin manifold . ] . . .
T comoation spmce o - O The differential structure is lost with D.
the canonical background .
The Standard Model .
background : With the algebraic background framework:
Automorphisms of the SM 4
background . . . .
st f B The differential structure stays in the picture through 2.
e configuration space o
ﬁF . f B It keeps the config space under control (though it’s still larger than in GR).
€ configuration space o
Bsm B symmetries exactly correspond to those of tetradic GR,
A better-behaved . . .
U7(1).oxenson B variable=Dirac operator (fluctuations are not needed anymore),
Connes-Lott theory with . /
oo Lon e B there are unexpected payoffs: Z;_; and o !
Complete bosonic g
Lagrangian - Work to do:
Conclusion g
Heferences B What are the SA prediction with this model (Euclidean signature) ?
B What is the exact role of the centralizing fields ?
B Hint towards a link with unimodularity: in Pati-Salam X is the only

centralizing gauge field. 17/18



References

Fixing notations

FB, AU (1) p_ 1 -extension of the Standard Model from Noncommutative

A very basic question

The problems with the first E GeOmetry,

definition ° ) . .
ot ot e o : W FB, Algebraic backgrounds a framework for noncommutative Kaluza-Klein
Algebraic backgrounds E theory, aI’XIV1 90209387, (201 9)

I: flfbtkjp“d ¢ W FB, N.Bizi, Doppler shift in semi-Riemannian signature and the

a spin manitold : non-uniqueness of the Krein space of spinors, JMP, 60, (2019)

The configuration space of N

the canonical background . abS/1 8061 1 283

SR :  ®m N. Bizi, Semi-Riemannian Noncommutative Geometry, Gauge Theory, and
e the Standard Model of Particle Physics, thesis, abs/1812.00038 (2018)

The configuration space of .

Bp

The configuration space of

Bsn

A better-behaved
U (1)-extension

Connes-Lott theory with a
real structure

Complete bosonic
Lagrangian

Conclusion

References

18/18



	Fixing notations
	A very basic question
	The problems with the first definition
	Out of the conundrum
	Algebraic backgrounds
	The case of a finite graph
	The canonical background of a spin manifold
	The configuration space of the canonical background
	The Standard Model background
	Automorphisms of the SM background
	The configuration space of BF
	The configuration space of BSM
	A better-behaved U(1)-extension
	Connes-Lott theory with a real structure
	Complete bosonic Lagrangian
	Conclusion
	References

