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Definition and Examples
Monoidal Structure, Braiding and Internal Hom
A Braided Tensor Product for Rational Morphisms

Bicovariant Bimodules

Bicovariant Bimodules (Hopf Modules)

(H,A,¢,S) Hopf algebra over a field k with invertible antipode.
Sweedler's notation: A(a) =:a1 ® a2 € H® H

Definition (A1)

A bicovariant H-bimodule M is

@ an H-bimodule: M € yMy

@ an H-bicomodule: (M, Ay, dp) € MM

© compatibility: Ay (a- m-b) = A(a) - Ay(m) - A(b),
opm(a-m-b)=A(a)-dpy(m) - A(b)

Sweedler’s notation Ay (m) =:m_1 @ mg € H® M and dpy(m) = mo@m; € M H.
Then 3. reads

(a-m-b),1®(a-m-b)o —=aim_1b1 ® ax - mg - by
(a-m-b)0®(a-m-b)1:al~m0-b1®agm1bg
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Bicovariant Bimodules

Woronowicz Category: ®p, Homy

(HMM ®p, H) is a monoidal category which is
@ closed monoidal with respect to the internal Hom-functor Homy (M, N)
9 braided monoidal with respect to the braiding O'XXNZ M@y N— Ny M

defined by o)) (M ®p n) := “n @4 oam := m_znS(n1) ®y S(m_1)mon2
’ y

Theorem (Majid)

®0‘W 5 HOInH(M, M/) QH HomH(N, N’) — HOIHH(M QH N7 M’ RH NI)

defined by

(¢®,w ) (Mm@ n) = $(*m) @n (a¥)(n) = ¢(Y—2moS(m1)) @H S(Y—1)0(m2n) is
@ 2 morphism in MY
@ an associative operation
© s®,w ¥ =(6®,w idy) o (idm ®;w ¢)

A
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Monoidal Structure

(HM!Y, @y, k) is a monoidal category.

M,N € HMH, then M@ N € H M via

a-(m®n)-b:=(a-m)®(n-b)
Amen(m® n) :=m_1n_1 ® (mg ® ng)
Imen(m® n) :=(mo ® ng) ® mym

e It is not closed monoidal

e It is not braided monoidal
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Closed Structure
For M, N € % M1 and ¢: Homy (M, N) define (a- ¢ - b) € Homi(M, N) via

(a-¢-b)(m):=a-¢(b-m),
A4 Homy (M, N) — Homy (M, H® N), 644: Homy (M, N) — Homy (M, N ® H) via

AA(g)(m) ==¢(mo)—15(m_1) ® d(mo)o
§A(¢)(m) :=¢(mo)o ® ¢(mo)1S(m1).

We call HOM (M, N) := (A2 ~1(H ® Homy (M, N)) N (629)~1(Homy (M, N) ® H)
the rational morphisms.

Theorem (Caenepeel-Guedenon '05)

(H M HOMY) is closed category, i.e. HOMy (M, N) € MU for all M, N € M.

Proposition

If M, N are in Mt we have Homy (M, N) C HOMy (M, N) and
Cony(M) C HOMg(M, M @4 Q).
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Lifting of Woronowicz Braiding

For M, N € % M!! we define oy y: M@ N — N ® M via
oun(m®n) :=%n® am = m_3ngS(m_1n1) @ mon.
om,n Is @ morphism in HMH | satisfying the hexagon equation

omen,0 = (om0 ®idy) o (idy ® on,0)

and lifts the Woronowicz braiding

MaN —""  NoM
®Hl W l@H

o

Moy N —Y « NoyM

.

Note that o is not a braiding
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Braided Tensor Product of Rational Morphisms

For M, M’ N, N’ € ZMZ we define an operation

®0: HOMy (M, M') @ HOMy (N, N') — HOM, (M ® N, M’ @ N')

(¢ ®s ¥)(m® n) 1= ¢(“m) ® (a)(n) = ¢(Y—2moS(Y—1mM)) & to(m2n),
where ¢ € HOMy (M, M"), « € HOMy(N, N').

The map ®q

is a morphism of bicovariant H-bimodules

is an associative operation

decomposes as ¢ Qo Y = (¢ Qc idyr) o (idy R )
descends to

0000

&: HOMy(M, M’) @ HOM (N, N') — HOM (M @4 N, M’ @1 N')

an associative morphism in MY such that ¢&np = ¢ ®,w 1 for
¢ € Homy(M, M") and ¢ € Homy(N, N")

o
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Bicovariant Calculi
Connections

Bicovariant Differential Geometr . s . . .
Y Riemannian Geometry on Bicovariant Bimodules

Bicovariant Differential Calculi

A FODC (€,d) on H is said to be bicovariant if Q is a bicovariant H-bimodule and
the coactions are compatible with the differential d.

A

Theorem (Woronowicz)

{Bicovariant FODC on H} N {R C kere C H right ideal s.t. Ad(R) C R ® H }
y
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Riemannian Geometry on Bicovariant Bimodules

Diagonalizable Braiding

Fix (2, d) bicovariant FODC on H.
Assume that c"V: Q @y Q — Q @4 Q is diagonalizable with eigenspaces V. Then
1. Q®H2 2 Q®s2 g QA2 in HAMH, where

@ Q%92 := V) = {we Q%2 | 0W(w) = w} " o¥-symmetric 2-tensors”
o Q.= D Vo "2-forms”

w .
2. Psym = H)\#l Ul%/)\\'ldi Q®H2 — Q®s2 and Px

‘=1id — Psym: Q®H2 _, QN2
are projections

Vector fields X := Homy(2, H) with (non-degenerate) dual pairing (-,-): X®yQ — H
Extend "onion-like” (Xl QRH ... QH Xk,wl RH ... QH wk> = <X1( .. <Xk,w1> .. .>,wK)
Morphism A: Q®HK — Q®Hk in HA! induces morphism A*: X®Hk — x®nk via
(A*(X1®H - OH Xk), w1 ®H - .. O wk) = (X1 ®H - .. O Xk, A(w1 BH - .. O wy))
3. (O'g\’}ﬂ)* = 013?,;36
4. ‘731?,;36 is diagonalizable with eigenspaces V/y

5. (-,)s: X952 ®, Q®s2 5 H is a non-degenerate dual pairing
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Connections

M, N bicovariant H-bimodules, (€2, d) bicovariant FODC on H
@ On M there is an H-bicovariant right connection

d": M= MeQ
m — mos(ml) ®py dmo

@ For every right connection : M — M ®y Q there is a unique
¢ € Homy(M, M ®y Q) such that =dM + ¢

@ All connections on M are rational morphisms via §44( ) =dM ® 1 + §44(¢)
and \A9( ) =1@dM + A\Ad(g)

QO OnQ there is a torsion-free right connection  “: Q — Q ® Q determined by
‘(W) = —w Qy wkCZj, where {w} is a basis of ©°”Q and C; are the

structure constants dw' = Cijf A wk
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Sum of Connections

Theorem (Sum of Connections, Aschieri-W.)

Mg Ni=glWo( MRid)+id® N:MeuyN— (MeyN)QyQ is a right
connection on M @y N.

Explicitly
( Mo "Y(m@yn) =X ( M(meS(m))®nman)+ NymeS( Nimi)@n o(m2n)

Generalizes

@ classical sum of connection

@ sum of bimodule connections (Michor-DuboisViolette)

© braided-symmetric sum of connections with (H,R) triangular
Notice that

Mo N=olo(( M—d")®,widy) +idy @,w (N —dV) +dMeuN
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Levi-Civita Connections

Definition (Metric)

An element g = g' @y g; € ¥®H? is said to be a (pseudo-Riemannian) metric if
Q V() =g ie. ifgec x®s2
Q g#: Q' 5w gl{gi,w) € X is a right H-linear isomorphism

If o is diagonalizable every right connection : Q®H2 — Q®H2 @ Q! determines
and is determined by right connections

s =(Peym ®@nid) o |qeg: Q%52 — Q¥s2 @y QF,
A=(Pr@yid)o |gn2: QM = QM oy Q!

and right H-linear maps
12 =(Poym ®pid) o [gr2: Q" — Q¥ @, QF,
21 =(Pa®nid) o |qes: Q%52 - QM2 @y Q!

Definition (Levi-Civita)

A right connection : Q! — Q' @y Q! is called Levi-Civita, if Tor =0 and
s(g) =0.
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Characterization

Let g € X®s2 be a pseudo-Riemannian metric. Define
g : Homy (R, Q! @5 Q1) — Homy(Q! @5 QF, Q1)
for any ¢ € Homy(QL, Q! ®s Q') by
bg() == (g,  ®n ) © s,

where @5 := (Psym ®n idg1) 0 (¢ ® ¢)lqiggar QA ®s Q' — (2 ®s Q) @y QL.

If &g is an isomorphism of k-modules then

i o ((doren) @ Con)

Ql®5§21)

is the unique Levi-Civita connection for g.
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Bicovariant Differential Geometry

Existence and Uniqueness Results

We call a pseudo Riemannian metric g
@ central,ifg-a=a-gforallac H

@ quasi-central, if g = f - g. for a central metric gc and an invertible f € H

Theorem (Aschieri-W.)

For every quasi-central metric there is a unique Levi-Civita connection.

e central case:
idg1 g o1 ®,wer !
Hompy(QL, A1 @s Q) =2 (A s )y X ——————————

1
2 “’gl

Hompy(Q! ®s Q1,01 = Q! @y (2! ®s Q1)*

Q' @s Q') oy 2

23
[F.

id 1 ® #2
da1®W wg Ql ®H (Ql ®5 Ql)

e quasi-central case: ®rg = {r 0 g,

DJ
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