K-THEORY

WOJCIECH SZYMANSKI

1. LECTURE 1

We begin by recalling some general facts and constructions regarding C*-algebras. Let
A be an arbitrary C*-algebra. One can check that A:= A®C is a unital C*-algebra
with multiplication (a, \)(b, 1) = (ua + Ab + ab, \i), adjoint given by (a,\)* = (a*,\)
and unit 137 = (0,1). We call A the minimal unitization of A.

For any n € N, we write M, (A) for the C* of n x n square matrices with entries in A.

We have the canonical inclusion M, (A) C M,1(A) via the map

'_>a0
a 0 o0l

When A is unital, we say that an element u € A is a unitary if uu* = u*u = 14, and
denote the set of unitary elements of A by U(A).

An element p of an arbitrary C*-algebra A is called a projection if it satisfies p? = p* =
p. Equivalently, p is a projection if it is self-adjoint and the spectrum Sp(p) C {0, 1}.
We denote the set of all projections in A by P(A) and write P,,(A) for P(M,(A)).

Definition 1.1. Let A be a C*-algebra, p,q € P(A). Then we have the following
equivalence relations on P(A).
e Murray-von Neumann equivalence: p ~ g <= there exists some w € A such that
p=ww* and ¢ = wrw. N
e Unitary equivalence: p ~, g <= there exists a unitary u € U(A) such that
p = uqu*
e Homotopy equivalence: p ~j, ¢ <= there exists a norm-continuous map h :
[0,1] — P(A) such that

h(0) = p and h(1) = gq.
Proposition 1.2. We have the following implications. For any p,q € P(A),
(p~ng) = (p~uq) = (p~q)

Proof. Fix p,q € P(A) and suppose p ~p, g. Then we can find projections h; for 0 <i < k
such that ho = p, hy, = ¢ and ||h; — hija]| < 5 for 0 <@ < k— 1. Hence it suffices to show
that .

lp—dl<5=p~ua

2
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To this end, fix z = pg+ (1 — p)(1 — g). One can check that pz = zq and ||z — 1|| < 1, so
z is invertible. So z admits a polar decomposition z = u|z| where |z| = (2*2)'/2. Then
p = uqu* and we have p ~, q.
Now suppose p ~,, ¢, with p = uqu*. Then w = pu satisfies ww* = p and w*w = ¢ so
p ~ q as required.
O

Proposition 1.3. Fiz p,q € P(A). Then
e pr~qin A= pnr~yqin My(A).
e pryqin A= pr~ypqin My(A).

Proof. Suppose p ~ ¢q and let p = vv* and ¢ = v*v. Then one can check that
_ (v 1=p g 1—g
v <1 —q v ) (1 -q q

p 0\ _ (q O\ ,
(59)=+ o)
so we have p ~, ¢ in Ms(A).

Now suppose p ~, q with ¢ = upu*. We can find a norm-continuous path of unitaries
{’U)t}te[oﬂ n MQ(A) such that

u 0 10
W= and w; = 0 1)

Then {wt (g 8) wy } is a norm-continuous path of projections from (q 0) to
tel0,1]

is a unitary satisfying

00
0 .
(]09 0), SO p ~p q in My(A). O

In light of the previous two propositions, we see that the three equivalence relations
~, ~, and ~, are equivalent on the the set

Poo(A) := | PulA).

We set D(A) := Po(A)/ ~. Then with addition defined as

o= (5 )]

the set D(A) becomes an abelian semigroup.

To define Ky we must first recall the Grothendieck group associated to an abelian
semigroup. Let (S, 4) be an abelian semigroup. We define an equivalence relation ~ on
the set S x S by

(x1,71) = (x2,y2) <= there exists z € S such that 21 + yo + 2 = 22 + y1 + 2.
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We write [x,y] for the equivalence class of (z,y).
Then G(S) := S x S/ ~ is an abelian group with addition
(21, 1] + [22, yo] = [21 + T2, y1 + Yo

identity element 0 = [z, x] and inverse given by

—[ZL‘,y] = [y,ZL’]

There is an additive map § : S — G(95) satisfying §(x) = [z, x 4 y], which is independent
of the choice of y € S. Notice that this map is not necessarily injective.

We are now ready to define the Ky group of A. We begin with the case where A is
unital.

Definition 1.4. Let A be a unital C*-algebra. Define Ky(A) to be the Grothendieck
group G(D(A)).

Remark 1.5. In replacing D(A) with Ky(A) we lose some information, but Ky(A) has
better functorial properties.

Now suppose A is non-unital, and let A be the minimal unitization of A. The we have
a split exact sequence

~ ™

0 A A C 0

We will see shortly that K is a covariant functor, so the map = : A= C yields a group
homomorphism

K()(?T) : K()(A) — Ko((C) = 7.
So we may make the following definition.
Definition 1.6. Let A be a non-unital C*-algebra. Define
Ky(A) := ker(Ko(m))

considered as a subgroup of Ky(A).

1.1. Properties of K.

1.1.1. Functoriality. Let A, B be C*-algebras and o : A — B a C*-homomorphism. The
there exists a group homomorphism

K()(Oé) : Kg(A) — K()(B)

The Ky becomes a covariant functor from the category of C*-algebras to the category of
abelian groups.
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1.1.2. Half-ezactness. If we have a short-exact sequence (*)

0 J A B
then we get an exact sequence (*¥)

Ko(J)

Ko(A)

Ko(B)

If (*) is split short exact, then (**) is split exact.

1.1.3. Homotopy invariance. If o, 5 : A — B are homotopic C*-homomorphisms, then

Ko(a) = Ko(B)-

1.1.4. Stability. Fix n € N and suppose j : A — M,,(A) is the canonical inclusion. Then

Ko(j) : Ko(A) — Ko(M,(A)) is an isomorphism.

Furthermore, suppose K = K(H) is the C*-algebra of compact operators on some
Hilbert space H, and let p € K be a minimal projection. Then there is an injection

j:A— A® K satisfying
jla) =a®p
and Ko (j) : Ko(A) — Ko(A® K) is an isomorphism.

1.1.5. Continuity. Suppose
AjCAC---CA,C...

is an increasing limit of C*-algebras, and define

A= G A,
n=1

Then we have a directed system
K()(Al) — KO(AQ) — s —> KO(An) — ...

and

This can be generalised to inductive limits of C*-algebras.

1.2. AF-algebras. Recall that a C*-algebra A is finite-dimensional if it is of the form

Suppose we have an increasing sequence of finite dimensional C*-algebras

AyCAC---CAC...
Then

A= [jOAn
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is called an AF-algebra.

Example 1.7. Let A be the C*-algebra with Bratelli diagram
1 . 1 . 1 . 1
1) @) 3) (1)

Then A = K, the compact operators.

Example 1.8. Let A be the C*-algebra with Bratelli diagram

Then A =UHF(n, c0).
By the continuity of K, we have
k—o00

We also have a partial order < on Ky(A) induced by the partial order on A.
Define the scale
S:={lpl :pe A}
i.e the set of classes of projections in A(as opposed to M,,(A)). Then we have the following
theorem.

Theorem 1.9 (G. A. Elliott, 1976). The triple
(KO7 Sa S)

s a complete isomorphism invariant for an AF C*-algebra.

2. LECTURE 2

Let A be a unital C*-algebra. Recall that an element u € A is unitary if and only
if w*u = uu* = 14. We say that two unitaries u,w € U(A) are homotopic, and write
u ~p, w, if there exists a continuous map

v:[0,1] = U(A)
such that v(0) = w and v(1) = w. Then define
UO(A) = {u €A:un~y 1A}

Proposition 2.1. We have the following properties of Uy(A).

o Uy(A) is a normal subgroup of U(A),
o Uy(A) is open and closed in U(A),
o u € Uy(A) if and only if there exists self-adjoint elements hy, ..., hy such that
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Lemma 2.2. Let A be a unital C*-algebra.

o [fueclU(A) satisfies Sp(u) # T, then u € Uy(A),
o [fu,welU(A) satisfy ||u—wl|| < 2, then u ~p w,
o Foru,w € U(A), we have

uONququONwO
0w/ "\o 1)L o 1) 7"\0 u)

In particular,
u 0 1 0
0 w) "\0 1)

Proposition 2.3. Let A, B be unital C*-algebras and ¢ : A — B be a surjective C*-
homomorphism. Then

¢(Uo(A)) = Uo(B).

Thus, every unitary homotopic to 1g has a unitary inverse image in A which is also
homotopic to 1.

Now, fix an arbitrary C*-algebra A and let A be its minimal unitization. We define

an equivalence relation ~ on U({J>, M, (A)) as follows. For u € U(M,(A)) and w €
U(M,,(A)) we say u ~ w if and only if there exists k > max{m,n} such that

Definition 2.4. We define the K; group as

Ki(A):=U (U M,@)) )~

This is again an abelian group with

udw= , —u=u.
0 w

We also have the same functorial properties of Ki; i.e. K satisfies functoriality, half-
exactness, homotopy invariance, stability and continuity.

2.1. 6-term exact sequence of K-theory. Suppose we have a short exact sequence
of C*-algebras
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Then the following sequence of abelian groups is exact

Ko(J) Ko(j) Ko(A) Ko(m) Ko(B)
aind ae><p
K,(B) Ki(m) Ky (A) Ki(j) Ky ()

The two difficult maps are

® O.q - the index map, and
® Oexp - the exponential map

2.2. The index map. Fix u € U(M,(B)) and let m > n be such that there exists some

partial isometry w € M,,(A) with

=5 o0

Then there exist projection p,q € Pm(j ) such that

1 —ww=jp), 1—ww" =j).
Then
Oma([u]) = [p] — [q] € Ko(J).

Remark 2.5. If m = 2n, then such a partial isometry will exist. First take a € M, (A)
with |la|| =1 and 7m(a) = u. Then

a 0
w= (\/1 —a*a 0)
will do.

3. LECTURE 3

3.1. The Toeplitz algebra. Let S € B(¢*(N)) be the unilateral shift and let A = C*(S)
be the C*-algebra generated by S. We have the well-known short exact sequence
We know that

=
=
2 IR
=
E
R IR

0.
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The associated 6-term exact sequence is

/

Ko(A)

aind

7 Ki(A) 0

To calculate 0,4, first note that the isometry S is a lift of the unitary generator z of
C(S'). Then
Oma([z]) = [1—575]—[1 55
= Iy

where p € K is some minimal projection. So we have 0y,q : Z — Z satisfies Oina(k) = —k-.

It follows that
Ky(A) = Z, generated by[14]

K,(A) =0.
3.2. The universal group algebra of F, (J. Cuntz, 1982). Fix n = 2. This is only
for simplicity. Then
IFQ = (a, b)
is the free group on 2 generators a and b. We define C*(F3) to be the C*-algebra universal
for unitary representations of Fs.

Theorem 3.1. We have

Proof. Define
wy = ( cos(5t)  sin(

—sin(5t) cos(

t)
t))"
Then for each ¢ € [0, 1] w; is a unitary, and

(10 (0 1
Wo=1\pg 1) “*=\{=1 0o/

For each t, let v, : C*(F2) — Mo(C*(F3)) be the C*-homomorphism satisfying

a 0
@) =\g 1

boo\
%(b):wt (0 1) Wy .

Also, let ¢ : C*(Fy) — C*(F2) be the C*-homomorphism satisfying ¢ (a) = 1 = 1(b).
On the level of K-theory,

NEINME]

K.() = id + K. (¢)
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and since 7y, is homotopic to 7o,
Ki(mn) =id + K.(¢).
Let
D =7 (C"(F2)) = {(z,y) € C*(a) & C*(b) : ¥(x) = P(y)}.
We have that D = C(X) is abelian, where X is a figure-eight. One can check that

Ko(D)) = Z
K.(D) =72

so it suffices to show that K,(C*(Fq)) = K.(D).
To this end, consider the embedding j : D — C*(Fy), the map k : C*(Fy) — D given

by v, and QZ = ¢|p. Then we claim that the maps

K. (k) : K. (C*(F3)) = K.(D)

are mutually inverse. We have

(K.(j) — K.(9) 0 Ku(k) = K.(jok) - K.($ok)
— Ku() - K.(0)
— i+ KL () — K.()
= id.

For the other direction, we have

: _ ((@,9(y) (0,0
(koj)(x,y) = ( (0,0) (w@;)’y)) € My(D).

By conjugating with the unitaries (1, w;) for ¢ € [0, 1], we get a homotopy from (ko j) to
¢, where

Thus,
so that

as required. 0
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3.3. Cuntz-Krieger algebras. Fix n and let A be an n x n square matrix with entries
in {0, 1}, such that no row or column consists of all zeroes.

Definition 3.2. Define O 4 to be the universal C*-algebra generated by partial isometries
St,...,S, such that

(1) S;S; =0if i # j; i.e. the S;’s have mutually orthogonal range projections,
(2) 7S =27 Ali,5)S;5; for 1 <i <mn.
Theorem 3.3 (J. Cuntz). We have

Ko(O4) = coker(1 — A)
K1(O4) Z ker(1 — A).



