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1. Find n for which
∂µ

zµ

(z2)n
= 0.

2. Define
D(z − y) = 〈0 |T (φ(x)φ(y)) | 0〉 .

We have shown that

D(z) =

∞∫
0

dµ2ρ(µ2)D+(z, µ2)

where D+ is a positive frequency part of the free scalar propagator with mass µ and
ρ(µ2) is a positive non-perturbative function, called spectral density. Show that the
canonical commutation relations of scalar fields imply

∞∫
0

dµ2ρ(µ2) = 1.

3. We have shown that (for x0 > y0)

〈0 | [Aµa(x), Pa(y)] | 0〉 = Ca∂
µD(x− y, 0) no sum over a

where D(z, 0) is a full scalar propagator. Show hat this implies〈
0
∣∣ [QA

a (t), Pa(y)
] ∣∣ 0〉 = Ca.

4. Gell-Mann Oaks Renner relation.

Recall that we have shown, that

i
〈
0
∣∣ [QA

a (t), Pa(y)
] ∣∣ 0〉 =

2

3
〈q̄q〉 (1)

where

Pa(y) = iq̄(y)γ5λaq(y),

QA
a (t) =

∫
d3x q̄(x)γ0γ5

λa

2
q(x).

Generalize relation (1) to the case when two SU(3) indices are different→ QA
a (t), Pb(y).In

particular show that∫
d3x

〈
0
∣∣ [ū(x)γ0γ5u(x), d̄(y)γ5u(y)

] ∣∣ 0〉 = −
〈
ūu+ d̄d

〉
.



This implies that

〈0| ū(x)γµγ5u(x) d̄(y)γ5u(y) |0〉 = C∂µD+(x− y, 0)

where C = −
〈
ūu+ d̄d

〉
. Rewrite this relation in momentum space. Remember that

this relation is saturated by intermediate zero mass states, Goldstone bosons. In
this particular case the only intermediate state is |π−(p)〉 .Assuming from Lorentz
invariance

〈0| ū(0)γµγ5u(0)
∣∣π−(p)

〉
= i
√

2Fπp
µ, 〈0| ū(0)γ5u(0)

∣∣π−(p)
〉

=
√

2Gπ

Relate the product FπGπ to C. Using axial current non-conservation in the massive
quark case

∂µA
µ
a = iq̄

{
λa
2
,M

}
γ5q

prove that
m2
πF

2
π = (mu +md) |〈ūu〉| . (2)


