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QM - reminder

0@(13 tb)
oty

propagates solution from a =(x, ,#,) to b=(x; ,t;})  U(z,t;) = e—%H(tb—ta)\IJ(x, )
(remember H is an operator)

Schrodinger eq. ih = HVU(x,tp)

Define propagator: K(b,a) = <xp| e #HB—ta) |7 >
recall Dirac notation U(x) =<z|¥> and plane wave solution <z[p>= NerP®
complex conjugate <plz>= Ne #P?

completness relation ) " [p><p| =) |z><z| =1
p T
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1 _i
We shall use the following normalization: <ply>= 4/ e RPY



Path integral for the propgator

Kb a) =<3 e~ (ts—ta) fia Discretize time

set h=m=1 u /'\\\\

tn—1 :: \ \\'l
“slice” evolution operator —p \
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Tq = T
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Path integral for the propgator

2

Decompose hamiltonian H = 2p_ +V(@)=K+V
m

and use: 6—’i€H € e—iE(I(—{—V) 8 e—ieKe—iGV ol 0(62)
which is true only for small ¢

Baker-Cambell-Hausdorff: define C  e?eP = ¢

1

|
1 —[A, [4, B]] + EHA’ B], B] +

then C = A+B+ - [AB]
~ 2

Therefore
K(b,a) = <aple” Ot |z >
= / <xple K |zy_1> e VEN-D gy | <zn_1|e K |zn_o>

X e eV \E drn—_o ... dx <£F1|6_Z€A fe e~ i€V (Ta)



Path integral for the propgator

We need to calculate < z|e 7K |y >

. 2
- /dp <ale” R p><ply >

N L
recall normalization <ply>= {/ 7—e #"
2mh

1 i

<:1:|e_%€K|y >= —
5 O

where we have used
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dr e®® tor — [ © o—4g :

bur remember:
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Path integral for the propgator

_ 2eLy,
- }sl—% V QZEh/t / H d%\/ QZéhT

T ki ; Iy = TN
de / Da(t)] eh 2 ALEOHO] by T
t_\s'_l “: \ \§\Il
Define functional integration measure
integration over all traiectories from £ il \ e
1 S ® S,
atob i Nal i, s \ -
Pait)| =dzy cdEmg_ Pt =
) 1 24 1(2’i6h7T> t2 < —
tl \\‘\\ \/,/ "/
and use definition of action o AVl
Tq = T
(23
hm eL —/ dt L(x(t), z(t)) = S[z(t)]
. 6_)0 t
to arrive at a
29[z : : :
K(b,a) :/[Dx(t)] enSlr)] special role of the classical trajectory

i.e. stationary point of action



Euclidean path integral

Change t— —iT
. B
then K(Ibaxaa_ZT) = <:Ijb|8 ﬁT|xa>

H
=) <xp|En><Eq|le 7| Ep >< Eylza>

n,n’
= Z T¢n xb (xa) .
for large 7 only the ground state survives

h
Feynman-Kac formula  Ep = — lim { il K (wp, %5, —iT))}

T—00 T

In Euclidean one can perform computer simulations
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Gaussian functional integrals

Assume that path integral is the way we formulate QM (and QFT). All properties
and equations are derived from the path integral. In practice we deal with
Gaussian functional integrals:

L(&,x,t) = a(t) %(t) + b(t) iz + c(t) 22 + d(t) + e(t) z + f(t)
Propagator: ‘
Koty — 1) = /[Dr(t)] ek Je diL(@e.t)

To evaluate K decompose the quantal trajectory into the classicel one Z(t)
0S[z(t)] =0  gives  Z(t)
and a fluctuation y(t).

z(t) = z(t) + y(1), y(ty) = y(ta) =0

Since terms linear in y vanish S[z(t) +y(t)] = S[x(t)] + 26°S[y(t)]

for convenience 7' =1, - t, 2!



Gaussian functional integrals

Ty = TN
iN i ey
Since Z(t) is fixed we have Dz(t) = Dy(t) tys Pl \ TEs.
T S \
and -
K (b, Ta,ty — ta) = F(ty — tg) en>FW0) b —amezmmtT \
where by eme, \
F(tb - ta) — /[Du(t)] 655525[3/(”] t ::"’
tl \“\ =
Recall: T t N
62L 2L Taq = T
/ 1/+21/ 81/4—1/02 dt
identities: ° -
(integration by parts) ,l-/a_Ll-/ _ i 0_L _ Ui B_L{/
sy 24 dt \ 7 92 dt \ 02"
y(0) = y(T) =0
(0) ) 202L._al 02 & F8°E
Yozoi’ ~ dt Yt \ 920

T
9 2 2
we get 5252_/ d (0°L . d( 0°L 0L P
definition of D ) H dt 0123/ W dt \ OxOx - 6;1:2y



Gaussian functional integrals

# § r
& FFL d { 8L O°L
528 = —/y [dt (8;%2 y) 1 dt(@r@i:)/ 5,27 ]dt = /yD(t)ydt.
0 0

D is a Sturm-Liouville operator D(t)yn(t) = Ayn(t), n=1,2,3,..., A << ..
Example: L= 3mi? —V(x) 92 8V
D(t)=-—-m—— —
ot  0x2| __
s A

o0 o0
Use y, basis to expand ¥(t) = Z anYn(t)  then 52S[y] = Z Raas

n=1 n—1

and H day,

F(T) ~ ll(la.n exp (Qh)\nan) \H N m




Path integral revisited

We have performed dp integral using a specific form of the hamiltonian

H_ﬁ+V()

2m

however we do need to use this information. We only have to remember
L =pq—H(p,q)

z,t+ely,t) = (z]e|y)

_ /dp ip(x— y) —LHE
2T

dp ! (x —y)
= —expz P

Let’s recalculate <

— H(p, 1)] £

= /—expz lpx — H(p,x)| e

Hence: Bl /D[r(f)] /D[p(t)] exp (h /df lpz — H(p, 1’)])



Transition amplitudes

Consider matrix element of a position operator () measuring expectation value of
the position at time ¢;

<q |e H(te— t1)Qe—19{t1 t]|q>

We have
Q — qudq’|q><q|Q\q’><q’|=quq|q><q|
,
which lead to q8(q—q’)

<C| |6 FH(te—t1) Qe J(ti—ti )lq >_ J [Dq(t)] q(t]) et8la(t)]

q(t;)=4q;

Ty = TN
L tn ’\“‘
Similarly for  t, > t; s , i \\’
by e \ !
IC(ts—t2) —i%(t2—t1) —iF(t1—t;) 4 —— T -
£l € e — _ -
N J [Dq(t)] q(t1) q(t2) e®¥lal 4, <
q(ti)=q; tl g, ",/

N ”
q(tf)=qr \/’
to




Transition amplitudes

F. Gelis: A Stroll Through Field Theory

Define time dependent operator  Q(t) = ¥ Qe " and |q,t) =" |q)

h -
fen (ar, tr|Q(t2)Q(t1)]qi, ti) = J [Dq(t)] q(t1) q(tz) etSla®)

ta>11

q(t;)=q; .
operators B o functions

Note that l.h.s is very different when ¢; > ¢, , whereas r.h.s. is the same because
classical trajectories commute. Introduce time ordering T

T(Q(t1)Q(t2)) = 0(t1 — t2)Q(t1)Q(t2) + 0(t2 — 11)Q(t2)Q(t1)

then (9, t|T (Q(t1)Q(t2))[qi, ti) = J [Dq(t)] q(t1) q(t2) e*Slatt)

q(ti)=qj
q(tf)=4qr¢

generally <qfatf|T(Q(t1)"'Q(tn))lqi,ti> - J [Dq(t)] q(tq) - - - q(tn) eiSlalt)]

q(ti)=4q;
qa(tf)=qr



Functional sources an derivatives

One can derive transtion amplitudes with the help of generating functional

ty
Za ()] = (qs, t¢|T explj dt j(t) Q(t)|qs, ti)
ty

where j(¢) is some arbitrary function of time and Q(¢) is and operator
Amplidudes are given as functional derivatives

™ Zgl)
i“éj(h ) s Sj(tn) j=0

Functional derivatives act essentially as regular differenciation with one additional
property

(ar, te|T (Q(t1) - - Q(tn))]|qi, ti)

=§(t—t’) values of function j(¢) at different times
are independent variables

Generating functional has path integral representation (Lagrange)

Zsi[i(t)] = J [Dq(t)] eiSla(VI+ [ dtj(t)a(t)



Functional sources an derivatives

One can derive transtion amplitudes with the help of generating functional

ty
Za ()] = (qs, t¢|T explj dt j(t) Q(t)|qs, ti)

where j(¢) is some arbitrary function of time and Q(¢) is and operator
Amplidudes are given as functional derivatives

O™ Zsilj]
<qf,tf|T (Q(t] ) Aoned Q(tn))|qi>ti> - iné)’(h ) f;](tn)

j=0
Functinal derivatives act essentially as regular differenciation with one additional
property

=§(t—t’) values of function j(¢) at different times
are independent variables
Generating functional has path integral representation (Hamilton)

Ze (8] = j [Dp(t)Dg(t)]

qa(ti)=q;
qa(tf)=qr

tf

<exp {1 " dt (pLv)at) - 3H(p(t), a(t) + i(0)a(0) }



Ground state projection

Initial and final states do not have to be position eigenstates. Consider some
operator O and some state
P(q) = (q|v)

Then
(b, te|O| i, ti) = [indqf Wi(qe) ilgs) (g, te|O|qi, ti)

In practice we often need matrix element when ininitial and final states are the ground

states: -
lgi, ti) = e qq)

e In)(nfqs)

u
i gk

g

= ) Wh(qi) et fn)
0

-
|

Assume that £, = 0 (shifting energy) and multiply the hamiltonian by 1—1i0%

Then all factors exp(i(1 —i07)E,t;) go to O for ti — —oco except for the ground state



Ground state projection

With 1—10" prescripton

im g, ti) =w5(qi) [0) lim (qr,tr| =wo(qr) (O]

tf—-+o0

The generating functional is then vacuum expectation value and reads (Hamilton)

aﬂﬂ}zj[Dpunnun]

X exp {1J dt (p(t)g(t) — (1 —10T)H(p(t), q(t)) + j(t)q(t))}

or (Lagrange)

zuun:J{unn

.2
X exp {int ((1 —|—iO+)%(t) — (1—=10%)V(q(t)) —l—j(t)q(t))}

Normalization z[o] =1



