QCD lecture 5

November 10



QM - reminder

Schrodinger eq. th
oty

propagates solution from a =(x, ,#,) to b=(x; ,t;})  U(z,t;) = e—%H(tb—ta)\p(x, k)
(remember H is an operator)

= W (s,

Define propagator: K(b,a) = <xp| e wHB—ta) |z, >
recall Dirac notation U(z) =<z|¥> and plane wave solution <z|p>= NerP?
complex conjugate <plz>= Ne #P?

completness relation ) " [p><p| =) |z><z| =1
p T

1 _a
We shall use the following normalization: <ply>= 4/ o RPY



Path integral for the propgator

Kb, a) = <) e~ nH(tv—ta) s> Discretize time

set h=m=1 2 ,,'\‘~\\

fA\'—l :: \ \\Il
“slice” evolution operator - \ \

2 ey
e—i(tb—tb)H _ e—ieNH _ e—ieH e—ieH e—ieH t3 ’::::— \

t2 g 7 =
i i ' -l - - t —= o
insert inbetween unity 1 = /d;z,j | oy [ /

0

<xple Bt H | > — / <zple " H|zy_1> dey_1 <zy_1|e “H|zy_o>

. <zole H |z > dx <xq|e |z, >



Path integral for the propgator

{)
P
2m

Decompose hamiltonian H = +V(@)=K+V

and use: e—'iéH e e—ie(]ﬁ’—f—‘/) o e—ie[fe—'iev ES 0(62)
which is true only for small ¢

Baker-Cambell-Hausdorff: define C  e?eP = ¢

1 1 1
then O = A+ B+ [A B+ SA[A B+ 5

= [A,B].B] + ..

~ g2
Therefore

K(b,a) = <zple ot |z ~

= / <:1?b|e_i€K|;17N_1 > e VEN-1) drn 4 <zy_1|le " |zy_o>

—i€V (xq)

x e €VEN-2)dey o ... dry <:z?1|e_“1‘ |z > €



Path integral for the propgator

. . 2
We need to calculate < ;z:|e_ﬁd‘ i = /dp <;1:|e_56%|p ><ply>

—1€ 2
= /dp <zlp>e R2m <ply>

N 1 _i
recall normalization <ply>= {/s—e ="
2mh

| o —iep? 5 m (y—=z)2
<xle —Fe y>= —— dp e 2mh ¢ —y—x)p _ . M5k
| | 2nh | _ p 2imhe
where we have used
+o0 2
2 n B
/ d % 15T — \[—e e, Rea <0
&6 —i
i (;z — 1’) i mu
—m € = —
bur remember: 2h = h 2

€

2
s — Xj
Lj = %’771, (JHJ> — V(:l?]')




Path integral for the prOpgator

i _ d ELk
A lg% V QZEh’/"/H l]\/ Qiéh/t

def 3 tb dtL ) tn L :‘ TN
le /[px(t)] (O] e
tn—1 L \ \ll
Define functional integration measure
integration over all traiectories from ) ki N A
lN \~“~_ \ T
atob m 2 ts —Z ==
Dx(t)] =dzy ...dzn 1| = R L
Pzl 2iehm ta oy =
t ‘\\ \/,/,'
and use definition of action to V.l
Ly = I
ty
hm eL = dt- L(x(t),2(t)) = S|=(t)]
. 6—)0 ¢
to arrive at «

K(b,a) :/[Dﬂf(t)] en St special role of the classical trajectory
i.e. stationary point of action



Euclidean path integral

Change t— —it

then K(xp, xq, —iT) = <:rb|e_%T|il?a>

= ) | <zp|EB.>< By e 57| Ep >< Ep|za >

n,n’

= Z Qb'n -I'b (:Ea.)-

for large 7 only the ground state survives

h
Feynman-Kac formula  Ep = — lim { In (K (zp, g, —iT))}

T— 00 q:

In Euclidean one can perform computer simulations

1
_(n,+1) - g — B
Kn(z,z,—i7) = /d:zrld:zrg ..dxy, (%) ; @_GZFO{?(J%L)%V(%)}

TE



Gaussian functional integrals

Assume that path integral is the way we formulate QM (and QFT). All properties
and equations are derived from the path integral. In practice we deal with
Gaussian functional integrals:

L(i,x,t) = a(t) 2(t) 4+ b(t) iz + c(t) 2> + d(t)i + e(t) x + f(t)
Propagator: o
K (@1, a,ty ~ta) = [ [Da(p)] eh i 420
To evaluate K decompose the quantal trajectory into the classicel one z(t)

0S[z(t)] =0  gives  Z(t)
and a fluctuation ().

z(t) = 2(t) + y(1), y(ty) = y(ta) =0

Since terms linear in y vanish  S[Z(t) + y(t)] = S[Z(t)] + 26°S[y(t)]

for convenience T'=1t, - t, 2!



Gaussian functional integrals

Since Z(t) is fixed we have Dzxz(t) = Dy(t) I _,/"\\\“\\
‘ g \ '
and -
K {wp; asto—ta) = Pl — ta) erS1E(®)] ) i \ L
where ‘s T \ i
F(ty—to) = [[Dy@) kS0l
'I‘| \\\ ,"’/I
Recall: - o N
/ + 2y 0L 9+ 82L1 dt e
S b 9” Yozoz. ' Yoz2’ |“
identities: ° )
(integration by parts) 0L _ d _L v O°L
UoizY = a\Y a2 ” i\ o2Y
y(0) = y(T) =0
(©) = () 202L,_d a d ( 9*L
Yooz ~ at Vit \ 0zoi

T
)2 )2
definition of D 52 01’81 V= 5:2Y O y D(t):



Gaussian functional integrals

T T

‘ d {&°L . d i &°L 8L

g = _/y{dt<8i‘2y> +dt(8;z?0i‘>/ 527 ]dz‘ = /l/D( )y dt .
0 0

D is a Sturm-Liouville operator D(t)yn(t) = Apyn(t), n=1,2.3,...., A <X <..
Example: L= $mi? —V(z) 2 8V
D(t) = —m
o2 s |, —5(t)

oo
Use y, basis to expand ¥(t Z anyn(t)  then 62S[y] = Z Xt
n=1

and [Dy(t H da,,

o= i, (. 1
F(T) ~ li[l d(Ln exp (%)\nan,) \R o M




Path integral revisited

We have performed dp integral using a specific form of the hamiltonian

5
H=+—+V()
2m

however we do need to use this information. We only have to remember

L =pq—H(p,q)
Let’s recalculate _Fis
(. t+e|yt) = (z|]eHe|y)
_ / (1]) zp(r y) —1H£
Q’r
1 T —
= - exp i [])(I v) — H(p, 1)] £
29T €
dy
= — expi[pt — H(p,x)]e
2T

Hence: B, )~ /D[f(t)] /D[p(t)] exp (;)/dt lpz — H(p, l)])



Transition amplitudes

Consider matrix element of a position operator () measuring expectation value of
the position at time ¢;

<q |e (te— t1)Qe fhr—ty |q>

We have
Q — qudq’|q><q|Q\q’><q’|=quq|q><q|
N’
which lead to q8(q—q’)

<q |e (te—t1) Qe iH(t1—ts )lq >_ J [Dq(t)] q(ty) et8la(t)]

(qele™

(ti)=4g4 o
g(tf):‘;f ty 1’1 ‘;IA\
Similarly for t, > t; vy e \\ ey i
\\ )
R i \ .
(tr—t2) e~ 1H(t2—t1) e~ 1 (t1—ti) - Z '\__\ =
5 < = ts — \ =
= J [Dq(t)] q(t1) q(tz) eSlabl 4 = 7 e
q(ti):qi fl \\\ "/

Y ,’
q(tf)=qg¢ \\/’
to
i



Transition amplitudes

F. Gelis: A Stroll Through Field Theory

Define time dependent operator  Q(t) = e Qe and |q,t) =" |q)

th |
. (qr, te|Q(t2)Q(t1)[qi, ti) = J [Dq(t)] qt1) q(ta) eiSlalt)

t2>1

q(ty)=a; .
operators Pron S functions

Note that l.h.s is very different when ¢; > ¢, , whereas r.h.s. is the same because
classical trajectories commute. Introduce time ordering T

T(Q(t1)Q(t2)) = 0(t1 — t2)Q(t1)Q(t2) + 0(t2 — 11)Q(t2)Q(t1)

then  (ar,te|T(Qt)Q(t2)|as ts) = J [Dq(t)] q(t1) q(tz) et

q(ti)=qj
q(tf)=dqrf

generally (g6 te|T(Q(t1) - Q(tn))|ai, ti) = J[Dq(t)] qlty) = -, ) e*Slaltl



Functional sources an derivatives

One can derive transtion amplitudes with the help of generating functional

&5
Zeili(t)] = <qf,tf|T explj dtj(t |q1,t )
ty

where j(¢) is some arbitrary function of time and Q(¢) is and operator
Amplidudes are given as functional derivatives

O™ Zy;i[j]
<qf,tf|T(Q(t1)"'Q(tn))|qi>ti>: i“6j(t1)-]f-<]5j(t Vil o
nJlj=

Functional derivatives act essentially as regular differenciation with one additional

property

=§(t—t’) values of function j(¢) at different times
are independent variables

Generating functional has path integral representation (Lagrange)

5j(t’)

Zsi[j(t)] = J [Dq(t)] ciSla(]+ [ f dtj(t)a(t)

qa(ty)=aq;y
q(tg)=qg



Functional sources an derivatives

One can derive transtion amplitudes with the help of generating functional

ts
Zeili(t)] = <qf,tf|T explj dtj(t |q1,t )

where j(¢) is some arbitrary function of time and Q(¢) is and operator
Amplidudes are given as functional derivatives

O™ Zsilj]
<qf,tf|T (Q(t1 ) + die Q(tn))|qi>ti> - iné)’(h ) f ;](tn)

j=0
Functinal derivatives act essentially as regular differenciation with one additional
property

=§(t—t’) values of function j(¢) at different times
are independent variables
Generating functional has path integral representation (Hamilton)

Zelj(1)] = j [Dp(t)Dg(t)]

5j(t’)

q(ti)=qj
qa(tf)=qs

tf

<exp {i] " at (p(t)a(t) —(p(r), a(t) + i(a(t)



Ground state projection

Initial and final states do not have to be position eigenstates. Consider some

operator O and some state
" bia) = (alw)

Then
(b, te|O[s, 1) = [indqf Vi(qr) wilgi) (qr, te|O|qi, ti)

In practice we often need matrix element when ininitial and final states are the ground

states: .
gty = e fqq)

et In)(n|qq)

[
M8

o=
Il
o

[
M]3

W3 (g:) €% In)

i
o

Assume that £, = 0 (shifting energy) and multiply the hamiltonian by 1—1i0%

Then all factors exp(i(1 —i07)E,t;) go to O for ti — —oco except for the ground state



Ground state projection

With 1—10" prescripton

lim|qi, t) =5 (gi) [0) lim (qr,te] =Pol(qr) (0]

tf—+o0

The generating functional is then vacuum expectation value and reads (Hamilton)

aﬂﬂ]:J[Dpﬁﬂhﬂﬂ]

X exp {1J dt (p(t)q(t) — (1—=10")H(p(t),q(t)) + j(t)q(t))}

or (Lagrange)

zuunzjiunn

29
X exp {int ((1 +io+)%(t) — (1—i0")V(q(1)) +j(t)q(t))}

Normalization z[o] =1



Functional integral for scalar field

One can easily translate the QM functional formalism to QFT with the help of
the following correspondence

q(t)  —  o(x)
p(t) «—  TI(x)
ji(t) —  jx)

and the analogue of the generating functional reads

Z[j] = J [DIT(x)Dé(x)]

o {ijd“x (M) —(1-0)H(TT, &) +i(x)b(x)) }

The hamiltonian reads : : 1
H =T+ 5(V) (Vo) + smd? + V(o)
and can be obtained from the Lagrangian

B stx (1(0,6(x) (@%b (x) — Im2¢2(x)}



Functional integral for scalar field

Since the hamiltonian is quadratic in 1 we can perform Gaussian integral

2f) = | o)) exp {i [ a'x (£(6) +i000(x)]

where
£(§) = 5 (14101142 — 2 (1-10%) (V) - (V) +m2¢?) — (1-i0*)V/(¢)
Note that 1—1i0%* in front of V' plays no role if interaction vanishes for large times.
Then .
g - 4 ;

Z[j] _exp{ 1Jd % v(iéj(x)>} Zolj]

where
Zolil = [ [Do(x)] exp{i [ a'x (cold) +ix)0()}

and

%(1 1i01)h2 — %(1 —10%) (Vo) - (V) + m*¢d?)



Scalar propagator

The free functional integral can be easily performed, because it is Gaussian in ¢

Lo(®) = 2(1+i0%)p2 — 2(1—i0) (V) - (V) + m?¢?)
Zolil = [ (Do) exp{i[a'x (Cold) +i(x)0(x)}
Recall
+o0 i
/ dx 2% 0z — \ /_iae_él_a2 \ Rea <0
and we get

1
Zolil =exp{ — 5 | d'xa'y j)ity) G2 1x,v)

where G®(x,y) is an inverse of i[(] +i0F)03 — (1 —i0H)(V*° - mz)] which is
obtained by integration by parts:

(0)? = —p 0d, (Vo) (Vo) = —¢ Vo



Scalar propagator

Inverse of i[(] 14002 — ({1 —i6HIIv* — mz)] can be evaluated in momenum space

iy — kg, —iV — k

i
(1 +1i0+)k2 — (1 —i0+)(k? + m2)

yielding

This is of course the same result as the one obtained in the canonical approach

1
k? — m?2 +1i0+t

GO(k) =

Exercise: show that the pole structure of the two expressions is the same



Fermions
and Grassmann variables

Hermann Glnther Grassmann (1809 Szczecin — 1877 Szczecin)

Fermion fields anticommute. How to take this into account in functional integral?

Introduce Grassmann variables:
PhG=1---N)

{bs,h5} =0
Linear space spanned by y;'s is called Grassmann algebra
Consider first N=1 {2 =0
any function has a form f({) = a+ Vb where aisanumberand {b,b}={b,p}=0
so f(P)=a+pb=a—byY
We have to define left and right derivatives gq, f(b)=b , f(P) 94=—b

Berezin integral: [dll) xf(Ph) =« [dxp f(}) and dep 0y f(P) =0

The only solution consistent with these requirements Jdll) f(b) =1



Fermions
and Grassmann variables

Hermann Glnther Grassmann (1809 Szczecin — 1877 Szczecin)

Fermion fields anticommute. How to take this into account in functional integral?

Introduce Grassmann variables:
PhG=1---N)

{bs,h5} =0
Linear space spanned by y;'s is called Grassmann algebra
Consider first N=1 {2 =0
any function has a form f({) = a+ Vb where aisanumberand {b,b}={b,p}=0
so f(P)=a+pb=a—byY

We have to define left and right derivatives gq, f(b)=b , f(P) 94=—b

Berezin integral: [dll) af() =« [dxp f(P) and qu) 0y f(W) =0 J dp1=0

The only solution consistent with these requirements Jdll) f(b) =1 dpp =1

J



Functions of Grassmann variables

Consider now N Grassmann variables ¥ = (¥y,---,¥,) {¥bi, ¥j} =0
. 2
The most general function:  f(h) =) _ E‘biﬂbiz = by, Cigigad,
p=0""

Only linear terms in each variable are possible. Note that it must be C;, I -

N
alternatively 7 vy, oo ol . Plipge = Wiy ¥
For consitency with previous definition Jqu) f(p) =vy

Terms where at least one variable is missing do not contribute to the integral because

Integration measure dNy = dxdexpN_: ... d, assures that Jdtl) 1=0

[ e = @y ([ awa (favnwr) wa) oy =

N—_——
1

S -
~N"

1




Change of variables

Consider vVi=]J;0; where 6;---0, arealso Grassmann variables

Last term of the function f()
Wiy ool €eay Y = (Juin95:) 0 (igin O5n ) Cinevig Y
= det (]) 0;, ---ejN €j1-iny Y
From this we conclude

Jd% () = [det (J)] Jd“e f((0))

A o . o~

Y det(J) v (same as for scalar integral)




Gaussian integral

Consider P = (q)])"' )II)N) {Ll)lyll))} =0
(M) = Jde exp (3 WiMijb;)

where Mis N x N antisymmetric numeric matrix (real or complex). Such
integral is non-zero only if Nis even. For N =2

- 0
and exp (3 ViMib;) =1+ p i, "

Hence: IM)=pn= [det(M)]VZ

For general even N we can always "diagonalize” M by special orthogonal matrix
(0w i
- 0

M=Q 0 W QT Define Q™ =0,
—~pz 0

T4



Gaussian integral

After change of variables we get

(M) = [det(Q)] " JdNG exp (1 67D6)

A
K pp---=[det (D)]1/2

But det(Q)=+1 and we have

(M) = [det(D)]"/? = [det (M)]"/?

This is inverse with respect to the Gaussian integral for ordinary variables

We will also need integrals with Grassmann sources #;

[V, m) = [ b exp (3 0Migth; + o)
Changing variables
i =bi — Mj'n;

btai .
WEOPEI 1M ) = [det (M)]"% exp (— gn"M )



Gaussian integral for 2N variables

Consider J(M) = JdN £dM exp (WiMijé;) where y and & are independent

Then (exercise)  J(M) = det (M)

Complex Grassmann variables

. _ Y +ig . D=k . _ XX _ilx—x%)
Define Xx= v X NG and inverse Ib—-—ﬁ ; E= 7

Integrations dédp = idxdy,

ndXdYYXZJdEdLI) WE=1 which leads to

dedi exp (LXx) = 1

or generally i B B ,
dxy dX, - - dx1dXy exp(X" Mx) = det (M)

with sources dxy dX, - dx1dX; exp (X" Mx+"x+X"n) = det (M) exp (—"M ™ 'n)
J



Functional integral for fermions

Like in the cas of the scalar field we expect
Zof,n) = exp { — [ a'xd*y xS yIn(y)}

where i1 and n are complex Grassmann sources. The propgataor is obtained by

5 L, 8 0
Z =35
The functional z,@,n] = J [DY(x)D(x)] exp {1J d*x (W (x)(iF — m)P(x)

integral reads

HACNB(X) + B (x)) |

To obtain the propagator we have to use
J dx, dX, - - dx1dX; exp (XTMx+1Tx+X'n) = det (M) exp (—7"M ™ 'n)

and ignore det(M) as it does not depend on sources.



Functional integral for photons

Here we would naively think that we will have a scalar integral

for each component A, However gauge invariance complicates things.
Even more so for QCD.

Let's first write a naive functional integral

Zoli* = J [DA,(x)] exp {1J &% (— L FE ot j“AH)}

This is a Gaussian integral, because F*VF,, is quadratic in A,, (exercise)

1

! J ExFYF, = [ df% (MAY —0YAR) (0,Ay — 04A,)

— e i d*x A“(gu\,[] — auaV)AV

) d4k AR 2 AV
(27_()4 A (k)(guvk _kukv)A (_k)

We need to invert (g.vk* —k.ky) to perform the integral over A
vl



Functional integral for photons

Inverting photonic operator: find o and 3

(9uvk? —kuky) (@ g¥° + B H5 ), = By,

N

B
o k288 —o ky kP

This operator is not invertible: some eigenvalues are zero. These flat directions

correspond to the projection of Ak (k) along Kk~

Landau gauge

Decompose A = A+ AIT

. . 2 L kMK ~

in the following way: Al (k) = (g” - =2 ) A, (k)
-~ KKV N ~
Al(k) = ( 5 ) AL(K) .

The functional measure can be therefore factorized

[DA¥] = [DAY] [DA}]



Functional integral for photons

1 d*k ~
_ZJ(ZTI) Au(k)(guvkz kyky )AV( —k)

We have ~5 d4x FYFuy =
J

Sothe F"YF,, partis purely transverse, and

Zolj" = J[DA“‘( x)] exp {i Jd“xluAW}
xJ[DAi(x)] exp {i Jd“ (— 3P Fuy +5uAt) |

kP

Recall Aﬁ(k) - (k—z) A, (k) but vector current is conserved k*j, =0

and J [DAh (x)] is an infinite constant that has to be divided out.

When restricted to the transverse directions guvk? —k*k" s invertible and we get

-’ ( uv pllp\’>

again i0* prescription selects the ground state for large times.

Zoj] =exp{ — Jd4xd49)u()GS“V(X,y)jv(y)} GV (p) =



General covariant gauges

Opv A —1 v pupv "
Note that to get G.* (p):m (9‘l T p2 )we demanded 9,A* =0

This is called Landau or Lorentz gauge.

In general we may require:
BuA (%) = w(x)

This can be done by introducing a delta function into the functional integral
Zo[j"] = J [Dw(x)] exp { = i% J d*x wz(x)}

X J [DAL(x)] 8[0 A" — w] exp {1J d*x (— 1F*VFuy + )'“Ap)}

where & is an arbitrary constant. Note that for fixed w we break Lorentz invariance.
To mitigate this problem we integrate over all w's with the Gaussian weight. We can
do this Gaussian integral and integrating by parts (exercise) we arive at

ZoliMl :J[DAu(x)] exp{ijd“x (%A”(gw[]—(l—£)auaV)AV+j“Au)}

We need to find inverse of i(guvp* — (1 — &)pupv)



General covariant gauges

Toinvert i(guvp® — (1 —&)pupv)
we look for the inverse operator in a form:  « g¥® + g £5-

The result reads (exercise)

—fgh¥ i 1\ p*p”
GOMY(p) = e
. (P) pZ + 10+ T p? + 10+ ( &) P

Landau gauge: & — oo
Feynman gauge: & =1

As we will see in QCD the gauge condition will be more like F(0,A")—w =0
and then we will need a Jacobian (to be discussed later)

J[Dw(x)] exp{—iéjd“x wz(x)}J [DAL(x)] F/(3uAH) 5[F(3,AH) — w]
2 A,—/

Jacobian



