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Deep Inelastic Scattering

4-momentum transfer and energy transfer
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on mass-shell condition for scattered proton (not present in the inelastic case):
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Elastic cross-section:
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Elastic cross-section:
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Inelastic case:
1) v not fixed (X not mesured) X
2) proton is not elementary 4
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Inelastic cross-section:
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Two unknown functions describing the proton structure: W, and W,
depending on two independent variables: O? and v

Inelastic case:

1) v not fixed (X not mesured) X
2) proton is not elementary
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Bjorken Scaling

Bjorken limit:
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Feynman Parton Moadel

Inelastic scattering on proton

is a sum of elastic scattrings on partons
that are parallel to p

and carry momentum fraction & k

In the proton rest frame we have to
assume that parton mass is
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then the on-shell condition for ) N
the struck parton reads (Ep+q)° = mg
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parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,
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parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,
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dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton
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parton elastic cross-section with proton mas M replaced by ;M
and proton charge replaced by parton charge e,

do; __ ma’e 20 Q* 0 cin2 0 5 1 Q7
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dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton

expresed in terms of the Bjorken functions W7, ,
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d&; fi
dQ2dy Z/ i il dQQd

parton

: 0 0
- {U’g cos? = + 2V 511125}
2

parton



parton elastic cross-section with proton mas M replaced by &; M
and proton charge replaced by parton charge e,

do; __ ma’e 20 Q* 0 cin2 0 5 1 Q7
3 1 0 COS 5 - 73 2SI 5 v — i
4w’ sin 46 M &2

dQ)3dv
multiply by probabilty of finding parton i in the proton,
sum over all partons and integrate over d¢; and you get the inelastic cross-section on the proton

parton

expresed in terms of the Bjorken functions W7, ,
do do;
d&; fi
dQ2dy Z/ i il dQQd
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Bjorken Scaling vs.

Parton Mode|
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Quarks as Partons

FY (@) = 5o upl) + ()] + 57 [dp() + ) + sp(x) + (o)
Fy(x) = 91‘ Uun () + Uy ()] + ()I [d (z) + dy(x) + sp(x) + 5n(I>]

assuming isospin symmetry:

Uy =dy =u, dy=u,=d, Sp,=5,=35

no strangness in the nucleon: /dI(S(I) —5(z)) =0




Quarks as Partons

proton and neutron charges

Gp = /0115 E(U(I) —u(x)) — %(d(x) — d(x)) — 5(s(x) - 5(13))} =1
£ =0
= [ [2r) - A) ~ Sat) = 70) ~ §oa) ~3(0) | =

imply constraints on the parton distributions (PDF's):

/ dz(u(z) — a(z)) = 2, / dr(d(z) — d(z)) = 1, / dz(s(z) —5(z)) = 0

valence and sea quarks: = o, +¢,, d=d,+q, U=d=3=s=q,

total momenum - for typical parametrizations

[z z(ue) + ) + da) + Aw) + 5(0) +5(a) = 1 -

there must be other partons that do not inteact electromagnetically: gluons
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Quantum
Chromo Dynamics ;..

Gauge theory based on SU(3) group ¢:N

U(x) = V'(x)=U(x)¥ () U(z) = e ¥m@T™ (= 1,2, .. .N* — 1)
covariant derivative

D,=0,+igT"A}(x) =0, +igAu(r)

transforms as

D!, =U(x)D,U"(z)

- A@) = V@) AU (@) - V@U@




SU(N) group

in fundamental representation generators are given as N X N hermitean matrices
that satisfy commutation relations

[Tmy Tn] — Z.fn?/nliz_’l
f..n are totally antisymmetric tensors known as structure constants. To define

the group we either give explicit form of the generators or a complete set of
structure constants.

Examples: g
SU(2) T" = 57'2
Pauli matrices

0 1 0 =2 I 9
o g __ 3 __
f(te) =) G S

Normalization:

1
Tl 1) = §5mn



SU(N) group

in fundamental representation generators are given as N X N hermitean matrices
that satisfy commutation relations

Examples:
SU(3)
Gell-Mann
matrices
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f..n are totally antisymmetric tensors known as structure constants. To define
the group we either give explicit form of the generators or a complete set of
structure constants.
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Conjugateo
fundamental rep.

obviously, there are infintely many matrix representations related by the unitary transformation

T =U'T,U

let’s complex conjugate the commutation relation

[Tm7 Tn] — Z.fmnliz—yl

and multiply all generators by minus
=T — T3] = i fmmt (=T7)

we have constructed conjugated representation 7! = —T* satysfying commutation relation

is this representation unitary equivalent to the fundamental one?



Conjugateo
fundamental rep.

obviously, there are infintely many matrix representations related by the unitary transformation

T =U'T,U

let’s complex conjugate the commutation relation

[Tm7 Tn] — Z.f’n’mliz—’l

and multiply all generators by minus
=T, — Tl = i fmmt (= T7)
we have constructed conjugated representation 7! = —T* satysfying commutation relation

is this representation unitary equivalent to the fundamental one?

SU(2) - yes TiTj = gz'j + 164K Tk
SU(3) and higher - no B % §5a,b 4 d e 4 o

therefore quarks and antiquarks are different objects



Adjoint representation

it follows from the Jacobi identity

[Tma [TnaTlH T [Tm [TlaTmH T [Tlv [TmaTnH =0

that
Itk Jemr &+ Jimk Jenr + Jonk Jkir = 0

this relation can be writen in terms of (N2-1) X (N4-1) matrices defined as

(7—2adj) _ —Zflmn

in the following way

[Tma Tn] — ifmnlﬂ

which means that TladJ are SU(3) generators, they form adjoint representation
note that

adj*  ~nadj
-1 =1

so adjoint representation is self-conjugated (real)



Adjoint representation

2.
consider vector in the adjoint representation A = (al, oy ,aN 1)

} dj [
which transformsas A =U*7A — a" =a™ -0 fima™ + ... .
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one can write this transformation differently, defining A= Z a Tr

then A' =UAUT

leads to aml, = (1—i60"T, +..)a" T, (1+i0"T, +...)
= 0" Ty — 10" [Ty, Trn] 0™
= a1, + 0" frmelia™
= (a™ = 0" fypna®) Ton,



Adjoint representation

2.
consider vector in the adjoint representation A = (al, .y ,aN 1)

. Hs
which transformsas A = U*YA — /™ =a™ — Qlfgmnan T

because Uilz) = e~ Wm@T™ and (Tzadj)mn =~ fimn
one can write this transformation differently, defining A= z a Tr

then A' =UAUT

leads to a"T, = (1—i0"T,+..)a"T,,(1+i0"T, +...)
= a1, — 10" T, Ty| a™
= a1, + 0" frmelia™

(™ = 0" frmn a™) Ton,

gauge fields transform according to the adjoint representation of SU(N)



QED vs.QCD

field tensor in QED = oF AY — 9" AF
can be expressed in terms of covariant derivatives, because the the field is Abelian:

Fi = DMAY — DV AP = (9" + igAM) A — (0¥ +igA”) A

this can be generalized to the non Abelian case where the commutator does not vanish
F, =D,A, —D,A,=0,A, —0,A,+ig|A,, A,

in order to find transformaion law, we have first to prove that

F &= — [ D D ] commutator is in principle an operator
o /) g S and the field tensor is a function!

because

D!, = U(z)D,U'(x)

we have

F' =U(x)F,U'(z)

Uv



QCD Lagrangian

gauge boson part (yang-Mills)

1 v 1 m m pr

in QED (0,A, —0,A, )
in QCD (0, A, —0, A, +1ig|A,, A,])?
QCD lagrangian contains interactions!

gluons interact with themselves, they carry
adjoint color charge



QCD Lagrangian

gauge boson part (yang-Mills)

1 v 1 m ™m v
Lym = —5 Tr(F, F") = -3 ¥

P o

- 2
in QED (G4, — oA, ) a d
in QCD (0, A, —0, A, +1ig|A,, A,])?

b &
QCD lagrangian contains interactions! H ot
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adjoint color charge —ig fabe fede ( Jov 9o — Jpo )

—igZ feee fooe (GpuGve = Gpo Guv)
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QCD Lagrangian

gauge boson part (yang-Mills)

1 v 1 m ™m v
Lym = —5 Tr(F, F") = -3 ¥

in QED (G4, — oA, ) a d
in QCD (0,A, — 0, A, +19|A,, A])?
b &

QCD lagrangian contains interactions! f Y
gluons interact with themselves, they carry
adjoint color charge _iggfabedee (9pvGuo — YpoGuur)

y - , _iggfacefbde  9piuo = GperGp)
o p r _iggfadefd)e (gpl/g/w o gp,ugou)
P >

q
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Full QCD lagrangian

quarks interact
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Full QCD lagrangian

quarks interact

6
|
= /,u/ A~/ - qa
L= > Tt | P B | Z T 1" Duqr — myGy qf] via covariant

f=i derivative
l
a a
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J
tors:
propagators S ()= iB (k£ + m) -
F Yk2—m?2 + e
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Color factors

each Feynman diagram is a product of a momentum-Dirac structure (like in QED)
and a color factor

to calculate color factors it is very practical to use the graphical notation

fundamental geneator: m

g m
mn=1.2,..N>-1, ab=12,..N =~
a b ab

m 7
7 R
é — Tab Tbc

O — %

multiplication: - b .

m 1

- ifmrzl - ifi; ml

adjoint generator:



Color factors

a :‘((S'ab b O:N
gl

generators are tracless and dormalized to 1/2

1 1
— O — ¢ — —
@ m n 2m o n T{(TmIn) Om

Kroneker deltas and traces:



Color factors

commutation relations: T, Tl = 1 frai T

m

) n m 999;1 m n
fundamental: E E - %%%Q% - Y
£ 5
m n m 999;7 m n
adjoint: E i E ; ;\% B E[
I J 1 J 1 J




Color factors

Example:

Casimir operator for the fundamental representation

quadratic Casimir operator is the sum over all generators squared
and it is proportional to unity multiplied by a number,
which is simply called “Casimir”

> (T)?=Cr1

n

In SU(2) for any representation of spin s it is equal to

S 2 =s(5+1)1



Color factors

Example:

Casimir operator for the fundamental representation
> (T =cCr1

> (I") = _m =C,

F




Color factors

Example:

Casimir operator for the fundamental representation
> (T =cCr1

> (T") = _m =
contract fermion line: ﬁ B

use.
_1
m n 2 H
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Color factors

Example:

Casimir operator for the fundamental representation

> (T") =Cr1

n

contract fermion line:

_1
m n 2m o n
O
o

use.




Color factors

Example:

Casimir operator for the fundamental representation
> (T =cCr1

Z (Tn)2 = —m — C —_—
contract fermion line: ﬁ s

use:
=L 1
m n 2 m z = CFN
O
Ty




Renormalization

In quantum field theory loop diagrams have infinite integrals. We shall discuss this
problem on the example of fermion self-energy in Feynman gauge.

l
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R d*k V(P +E+m)y,
E(p) = 4 CF5@5/ (27T)4 [(p D k)Q _ m2] L2

This integral is logarithmically divergent for &k — infinity

We hve to first regularize it, so that we are dealing with finite quantities, and then
we shall remove regulator. There are many ways to regularize the theory, we shall
choose dimensional regularization




Renormalization

In quantum field theory loop diagrams have infinite integrals. We shall discuss this
problem on the example of fermion self-energy in Feynman gauge.
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We hve to first regularize it, so that we are dealing with finite quantities, and then
we shall remove regulator. There are many ways to regularize the theory, we shall
choose dimensional regularization



Renormalization

In quantum field theory loop diagrams have infinite integrals. We shall discuss this
problem on the example of fermion self-energy in Feynman gauge.

i
_ngv§ab
N
I
p . p _5(0)
i #Ta _ . i b
18 Lgo 150'2' I8Y 1p
p+k—ﬂ1 / d4k‘ 1
274 (k2)?
d'k (Pt E+m)y (
2(p) = —9°Crlag / . KBdkdQy 1
974 )2 — m2] k2 _ _
@m) [(p+ k)2 — m?] [T

This integral is logarithmically divergent for &k — infinity

We hve to first regularize it, so that we are dealing with finite quantities, and then
we shall remove regulator. There are many ways to regularize the theory, we shall
choose dimensional regularization



Dimensional
regularization

d*k Y (p+K+m)y,
2m)% [(p + k)? — m?] k?

S(p) = —g*u T "Crdag / (

We want to keep the same dimensionality of ¥ and g in any number of physical dimensions.
We therefore introduce a dimensionfull parameter u to correct for this.

We will extend Dirac algebra by simply using .., g"" = d
[t can be shown that we can treat Dirac bispinors as 4-dimensional.

Dimensional regularization preserves gauge invarince, but has problems in theories
with y.. This is not the case of QCD.

In the following we shall keep m = 0.



Dirac algebra

We need to calculate
I+ k),

with the help of the anticommutation rule: {v*,7"} = 2¢**



Dirac algebra

We need to calculate
I+ k),

with the help of the anticommutation rule: {v*,7"} = 2¢**

T+ 8)v, = G777 (p+R)



Dirac algebra

We need to calculate
I+ k),

with the help of the anticommutation rule: {v*,7"} = 2¢**

T+ 8)v, = G777 (p+R)
= g (29" —¥"7Y") (0 + k)-

commute YV



Dirac algebra

We need to calculate

I+ k),

with the help of the anticommutation rule: {”Yua v} = 29"

YW+ )Yy, = gV Y0+ k),
= gwY" (29" —¥"Y") (p + k)-
2+ k) —d(p + k)
1

G Y'Y = 59 {7} = gug" =d

commute YV

use



Dirac algebra

We need to calculate

I+ k),

with the help of the anticommutation rule: {”Y“a v} = 29"

Y@+ 8, = gV Y (0 + k)
= gV (297" —7"Y") 0+ k)-
use = 2+ ¥) —d(p+ ¥)
d=4—2¢ = 2(1—-¢e)(p+¥),

commute YV

'k g+ ¥
2m)? (p + k) K

S(p) = 2(1—¢)g*u*Criag /



Integrals

Define two integrals

dk
. 1.
L.} = / 2 )4 p—l—kaQ{




Feynman
decomposition

1 |
We shall use Feynman trick AB /0 o Az + (1 — $)B]2
which gives:
1
T dx
(p+ k)2 k k2+2xp k+ xp?)’

i
dx

(K2 +2xp -k + 22p?) + 2(1 — z) p?)°

/
/

Shift integration variable k" — k¥ + xp” and define M? = —x(1 — x) p2



Feynman
decomposition

1 |
We shall use Feynman trick AB /0 o Az + (1 — $)B]2
which gives: 1
1
T /dx
(p+k)?k \ k2+2:z:p k+ xp?)’
1
|
= /d:c 5

A (k* 4+ 2z p -k + x2%p?) + (1 — z) p?)

Shift integration variable k" — k" + xp" and define M?* = —2(1 — z) p?

1

AR d'k 1 B pph
{I,1 }_O/dx/(ZW)d(/#—M?)Q 11 E '}




Wick rotation

We will change Minkowski integral to Euclidean

k, plane

We have skipped Feynman i€ prescription,
but now we have to recall where the poles are

o0 —17200

[ e

—00 Cr +17200

integral over C'r vanishes

o0 —1200 +00

/dko: — / dk Zi/dE where k' = iF (integration limits!)

—00 +1200 — 00



Wick rotation

Therefore Minkowski integrals
1

Py dk 1 B pph
{I,1 }O/dx/(QW)d(kQ—MQ)Q {1,k Pt}

transform into d dimesional Euclidean integrals

|

U1 = / az (;i:fd (7 3 ) i

where k = (E, k' k2, ..., kd_l)




Integrals In
ad dIMensions

ks, = kcoslg—,  fgmm===--
: kcos@
kq—1 = ksinfy_1cosb,_o, ' -
ko = ksinf;_1sinf,;_»...cosb, ksin 9(__,_1 /
ki, = ksinf;_1sinf,;_o...sinb,

d-1 dim. hyperplane
01 € (0,27), B;>1 € (0,7)

Angular integration takes the following form

d—1 a1 f*“
/de — /H (Sini_l detgz) — 2 H (/ Sini_l deez)
=il =1

0



Usefull identities

1

1 1 .
/Sin” 0do = B ( + N _) Euler Beta function

2 72
0
> tl}—l
dt = B(z,y)

_/ (14 t)oty B(z.y) = SWLW)
o [z +y)
/dxazo‘_l(l—x)ﬁ_l = B(a, )

0
Usefull properties of Gamma functions 2I'(z) = TI'(z+1),
I'(ly2} = sfw.

2
['(1 —¢)=exp (75+%52+...>



Usefull identities

1

1 1 ler Beta functi
/sin”’“ed@ — B( +n _) Euler Beta function

2 72
0
> tx—l
dt = B(z,y)

_/ (14 t)oty Bla.y) = —LW)

! [z +y)
1
/dxa:o‘_l(l—x)ﬁ_l = B(a,p)
0

Usefull properties of Gamma functions 2I'(z) = TI'(z+1),
I'(ly2} = sfw.

2
I'(1 —€) =exp (75+—52+...>

12 ['(e) = %F(l + ¢€)

Infinities show up as polesin g,
we have to remve poles before
we go back to 4 dimensions



