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1 Adjoint representation: the story of two bases

We have already learned that group structure constants are group generators of the adjoint

representation:
(Ta)bc - _ifabo (1)

Let’s denote the basis corresponding to (1) {|¢,)} where a = 1,2,... N? — 1(natural
basis). We know, however, that in the case of SU(3) two out of eight generators (1)
can be diagonalized, typically it is 7% and T®. To diagonalize these two generators we
have to change the basis to the physical basis where states are numbered by hypercharge
Y = 278/1/3, isospin T(T + 1) = 32°_, (T*)? and T®. We have already encountered this
problem in QM where we have two bases for spin 1 representation of SU(2), one defined

in terms of epsilon symbols:

(c| Jalop) = (jA)CB = —l€ACB, (2)
which explicitly read
0 0 0 2 0 — 0
Jy = —i|, J=]0 00|, Js=|i 0 (3)
1 0 — 0 0 0 0

and another one, corresponding to the basis where J; is diagonal:

Gy Jaldm) = (Ja) (4)
given as
) 010 1 0 — 0 1 0 0
Ji 7 1011, J 7 i 0 —i|, J5=100 0 (5)
010 i 0 00 -1

The relation between the two bases is given by a unitary transformation U. One can find

U by diagonalizing Js. Before we do this, let us see how matrices J act on the states:

jA |9p) = Z 9p) (jA> DB (6)



with the sum running over D. Multiplying (6) by (C| we obtain (2). We see therefore
that, strictly speaking, basis states transform according to J7 rather than J and similarly
for J. Note that — and this is what we are used to in QM — any state can be represented

by a vector a; constructed from the coefficients in the expansion
) = Z |p;) ai — a; = (¢; |)
i

and then, for any operator O acting on |«

we have

)

b = (6l B) =D _ (8l Ol6;) ai = ZOWM-

Let us define the unitary transformation between the two bases in the following way:
[Lm) = 165) Usm (7)
B
where B = 1,2,3 (summation) and m is fixed to be —1,0 or 1. So we have:

()i = (L' Ja [Lm) = 3 U (6l Ja|66) Upm = (U1 TaU) . (8)
C,B

m’'m

The matrix U, which diagonalizes .J; is not unique. One can choose freely the phases of
the eigenvectors, and this leads to an ambiguity, that is fixed by some conventions. Here

we just give a solution:

- 0 —i|. 9)
0 V2 0

One can check by explicit calculation that matrices J, are really reproduced. Plugging
this form of U to Eq.(7) we obtain that:

1,41) = —% (I60) +1 162))
|170> = |¢3>7

1.-1) = +% (I6) — i |és)) (10)
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The minus sign in front of the first equation is important, and neglecting it may lead to

errors in explicit calculations. The other signs are unequivocally determined by action of

J_ operators. Of course in the case of isospin rather than spin eigenstates of .J3 correspond

to pions:
)
)
)

In SU(3) the situation is

= |1,41)=—
= ’170>:
= |1’_1>

1
V2

- +% (In) —

(I1) +1 |pg))
‘¢3 >7

= (101) =i [62)) (1)

essentially the same, however, we have the 8-dimensional

representation rather than a 3-dimensional one. The standard relation between the two

bases is given by (De Alfaro, Fubini, Furlan, Rossetti Currents in Hadron Physics, 1973):

|K*) =8,
|K°) =8,
7*) =8,
%) =| 8,
[77) =8,
|K°) =8,
|K™) =8,
%) =|8,

1 1
1. - 4=
727+2>
1 1
1a_7__>
27 2
0, 1,+1)
0,1, 0)
0,1,-1)
1 1
B
727+2>
1 1
_17_?__>
27 2
0,0, 0)

(! Go)+1 | d5))

Sl-

(I ¢ ) +i | ¢7))

Sl-

(I $1)+i [ b)),

Sl-

So defined states fulfill De Swart’s conjugation rule:

’(p7Q)7 Y7lv-[3 >*:

where Q = I3+ Y/2.

—)% | (¢.p),

| &3

7(| ¢1)—i | ¢2)),

7(| ¢ ) =i | d7)),

7(| Gi) =1 | d5)),
| &) - (12)
Y, I,~1I5) |

With this convention matrix ¢ takes the following form in terms of physical states (we



skip brackets for clarity):

b3+ ¢/ V3 P — 19y Gy — iy

Z PAa = O +idy  —y+ P/V3 P —idy

¢ Gy + 105 D6 + 107 —2¢3/V/3

™ +n°/V3 Vor~ V2K~

= —2rt 1"+ 9°/V/3 —V2K° |. (13)
—V2K* —V2K°  —2°/V/3

2 Gell-Mann, Oakes, Renner relation

Let’s summarize results of the current algebra in the natural basis:

[ Aa
MAL(z) = Zq{—,M}%q,

2
(0 A%(x)|¢"(p)) = ipue PTFS?,
~F (@) PO)10) = 3 (@)
P, = iq’y{y)‘aQ- (14)

Now we shall translate these results to the particle basis for, say, 7. For that we need

1
5 ()\1 + Z)\Q) = = )\+,

o o O
o O =
o O O

Oy — iy = \/5777- (15)

We can now rewrite Eqgs. (14) in terms of the physical state 7. Let’s start by rewriting
the first equation(14):

_ _ AL+ 1Ay

Al = A= D

9 q= ’L_L")/“’)/5d
- { A1+ iy
tq

iq_{)\+, M} V54

5 ,M} V5q = 1(my + mg) uysd



because

o O O
o O =

010 m, 0 0 m, 0 0
OOO(Ome+Ome
000 0 0 ms 0 0 ms
0
0
0

and

0" (wy,75d) = i(my + mq) trysd.
Second equation (14)

1

(O] (@y,75d)(x) |7~ (p)) = 7% (0] AL (z) + 1A% (2) |6 (p) — i¢*(p))

1
1—=21, €
2

Differentiating second equation (14) and using (17) we get

TR — iﬁpue_ip'xF.

0" (0| uy,75d |7~ (p))|,_, = V2p°F=V2mlF
0" (0] ay,vsd |7~ (p))|,_y = (mu+ma)i{0]aysd|m(p))

N

-~

V2G

and we get
m2F = (my, +my)G.

™

What is G7 Recall (no summation over a):

(O141Q2 (1), P 10) = ~F (6] P, 10) = - (aa).

Rewriting this in terms of the physical states we obtain

P (O] P iP20Mp) — 6" () = % (@ + dd + 5) = 4 (@)
2050 S )
—Fi O iyd [ () = V()
—FG = (uu).

o O O

(17)

(18)



So we finally obtain Gell-Mann—QOakes—Renner relation:

m2 = (m, + mq) (— <au>) .

F2

Gell-Mann, Oakes and Renner (Gell-Mann, M; Oakes, R J and Renner, B.; Behavior of
current divergences under SU(3)xSU(3). Phys. Rev. 175 (1968) 2195)

3 Pion decay

3.1 External currents

In order to compute pion decay we have to introduce weak interaction to the effective ac-

tion of QCD. First, we introduce into the QCD lagrangian couplings to external currents:

_ 1 .
L= C%CD + Lext = £((JQCD +4q {¢ + 5?”(8) + Vst — s + Z”y;,p} q (20)
where
\ Y 8 8
T

Note that ordinary QCD lagrangian is obtained by setting v = vé‘s y=a'=p=0 and

s = diag(my, mg, ms). Define generating functional

Zv, v, a,s,p] = (0] T exp {z / d4x£ext(x)] 0) . (22)

Differentiating Z with respect to the currents we can obtain Green functions. For example
vacuum expectation value of the u quark condensate can be computed in the following

way

(O] a(z)u(x)[0)q

i ) ) 1 0
) 9 95, /N Z s)y Wy 9y _ A 23
2 [\/;580(1') + (533(37) + \/;588(1,) [U’U( ) a, s p”'uf’l)(s)fafsfpf() ( )
It is convenient to rewrite Loy in terms of left and right currents defined as
1 1
UN:§(TH+lu)v auzﬁ(rﬁt—lu)- (24)



We have then
i 1 B 1
Lext = qL (l + gﬁs) qr + dr (f + g?ﬁs) qr
—qr (s +ip)qL — qr (s — ip) qr- (25)

In order to find conserved currents we observe that E%CD + Loyt 1s invariant under local

transformations
qr — ¢ POBYVE(2)qr, qp — e PPV (2)qr (26)

where Vg (x) are independent SU(3) matrices if

ry = Ver Vi +iVed, Vi,
L, — VoL V) +ivi.0,V],
vl(f) — vl(f)—@ﬂ,
s+ip — Vg(s+ip) V),
s—ip — Vi(s+ip) V. (27)

3.2 Weak interactions of quarks

There is yet another practical use of local invariance, namely it allows to discuss couplings
to external gauge fields in effective theory of QCD and to calculate e.g. weak pion decay:

7~ — i~ v,. Pion decay proceeds via coupling to the charged weak bosons

1 .
W, = 7 (W, FiW]). (28)

Note that this is a different convention than in (13):

W = ZWGL a _ Wli)) Wl} _ZW3 — Wlf \/§le ) (29)
D R I Bl W [ ot

Recall, that in the case of weak interactions we have to distinguish couplings to left



and right quarks. In this case the pertinent quark-W interaction reads

[ﬂL CL EL] Vi Vs Vb dy
Lav = —5 Vi Vi Vo |7 | 0 | Wi +he
Vi Vis Va br

— _i 77 A 77~ + 7 M = —
- u us " u us " e
\/5{ Vi (027d1) + Vas (a7"s1)] W+ [Vaa (d270n) + Vas (517"02)] Wy |+

[TLL dr, §L] 0 Via Vs ur,
g
= ——= 0 0 0 F1od, | W+ he.
\/5 Y L o
0 O 0 Sy,

where |V,,4] = 0.9735 4 0.0008, |V,s| = 0.2196 + 0.0023 (Cabbibo angle). Defining

0 Vud Vus 0
T+ = 0 0 0 ) T = Vud 0 0 (30)
Vus

the relevant lagragian can be written as

Ling = -9 (@' Tyqr Wi +aT qL W)

V2
SRR
\/§’LL

From (31) we can read out the weak current

ﬂL’}/udLW: + CZL’)/‘UULWM_) + ... (31)

__ 9 + -
Iy = ~ 7 (TyWr+T-W,). (32)
Interaction vertex corresponding to the first term in (31) is shown in Fig. 1 below.
The other end of the W™ propagator in Fig. 1 has to be attached to the analogous
lepton current describing W~ transition to u= + v,,.
Note that the interaction piece relevant for the 7~ decay corresponds to first part of
(31):
_ 1 _
Vaa ay*d W = EW:Vud (1 —v;)d, (33)

which allows to define the pertinent current:

J,T = uy"(1 —v;5)d
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Figure 1: Upper left: illustration of the interaction vertex corresponding to the first
term of Eq. (31). For an outgoing W boson one has to conjugate the W field, which
corresponds to W~ (upper right). Switching u quark to the initial state one obtains the
vertex for 7~ decay into W~ boson (bottom — note that in this case u = ).

and similarly for the muon-neutrino coupling

T = 0y, (1 =75 (34)
These two currents have to be contracted with the W propagator

_Z'gl“' ] gl“'
~1
K — M2, M3

(35)

where in the last step we have approximated the propagator by the W mass, since k% =

m2 < MG,. Therefore the effective decay amplitude reads

2
— g ny JT — 1 uv T 36
M= TGRS N (36)

where Fermi coupling constant is defined as

2
Gr=—9\/2=1.166 x 107 GeV 2. (37)
SN,

3.3 Weak interactions of Goldstone bosons

It may seem that the amplitude (36) can be used to calculate pion decay rate. Unfor-

tunately it describes interaction of free quarks with the weak p — v current rather than
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the interaction of the Goldstne boson bound state. To circumvent this difficulty we shall
now construct the weak pion current in the effective theory, where Goldstone fields are

parametrized by a U matrix transforming as
U(z) = ViU(z)V] (38)

where matrices Vi, g are the same in QCD and in the effective theory. To this end we have
to introduce couplings to the external currents [, and r, (and scalar densities as well),

and these currents have to transform according to (27):

re = 1l = Var, Vi +iVed, Vi

Lo — U=Vl Vi +iVio,Vy.
Prescription is rather obvious:
o,U — D, U =0,U—1ir,U+iUl,. (39)

Let’s check what is the transformation law of this covariant derivative, where — as previ-

ously — we promote the transformation to be local:

DU = 8, (VaUV}) =i, (VaUV) +i (VU V) 1,
= (VR UV} + Vi (0.U) V] + VaU (auvg)
—i (VaraVi + iVad Vi) (Ve vy)

i (Vaovf) (VilaVi + 20,V (40)

where in the last two lines we have used transformation laws of Egs. (27). Let’s rewrite

the two last lines. For the third line in (40) we have to use
VrO, Vi = — (0,Ve) Vi
to obtain

i (VRW; — i (9,VR) V,i) (VRUVg) = —iVa(r U)WV — (8,VR) UV}, (41)

11



and next
i (VRUVLT> (sz“Vg + iVLaNVg) = 4V (UL) V] — ViU (a,y;) . (42)

Comparing last two equations with (40) we see that terms involving derivatives (9, Vg)

and (QLVLT ) cancel, and we are left with

DU — Vg (0,U) V] —iVa(r, U)WV, +iVg (UL,) V]
= Vi (0,U —ir, U +iUL,) V]
= V(D) VY, (43)

which leaves
Tc [(D,U) (D“U)T]

invariant.
Having introduced couplings to the external currents we can now caculate the weak
interaction part of the effective lagrangian. We are interested only in the left (hermitean)

current:
F2
oy [(DMU) (D“U)q
2
= % Tr [(0,U +iUL,) (0"U" —il*U")]
F? I}
= ZO Tr [(8,U) (0"UT)] + ZTO Tr [UL, (0*UT) — (9,U) I*UT] . (44)

Since we are only interested in the interaction part, we can skip the first term. Using
periodicity of trace and U' (9,U) = — (9*U") Uwe arrive at

2

F,
L = 170 Tr 1, (0"UY) U] . (45)
Recall that we have already defined left current in effective theory:
F2
Ji = ’LIO (UM U, (46)
which results in

Line = 2Tr [1,J1]. (47)
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Decomposing, as in Eq. (21)

Aa ja Aa rpa
=3 e = (9
a=1 a=1
we get
Ha -FO2 wrrt
Jp :zITr [A\e (0"UT) U] (49)
finally arriving at
F
Ling = 0 20 Ty { (orUt) U } Z 1 e (50)

Of course current J* is an infinite series in fields ¢, we shall, however, keep only the

leading term

F 1
Tt = 0" or Ji = S Fod" (51)
We know from previous considerations the matrix element of axial current J%* = — Fyot¢*
(O] J4(x) |¢"(p)) = ip"e™ " Fyo™ (52)

but we need matrix element of the left current. Fortunately in the leading order we can

use explicit form of J4** to obtain:
(0] 09" |¢"(p)) = —ipte 75" (53)
which gives (for x = 0):
a - F Qa
(O T2 [¢"(p)) = —ip 20" (54)

Note that |0) is strong interaction vacuum, so it can contain W bosons and leptons.
In order to compute W — 7 interaction we have to insert to (47) explicit form of [,

weak current given by (32) and J} from Eq.(51). This gives:

F
%70 Te [(WIT, + W, T.) 9] (55)

We have to take matrix element (0| Lint |7~ (p)) to which only the first term of (55) con-

/Cint = -
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ributes

0 Vid Vs 0 +0°/V3 V2r V2K~
Tr [T 0¢] = o 0 0o |o~ —2rt =703 —V2K°
0 0 0 —V2K+ —V2K°  —21°/y/3
= —V2V0'r" = V2V, 0" KT (56)

Inserting this to (55) we obtain

F
Eint = gVud708“7r+ + ... (57)
Note that .
7t =4+— (o' Tig?). 58
7% (¢ Fi¢?) (58)
Therefore

07 |7 () = —3 (0106 |6 (0) + {0106 |9 0)) =" (59)
because (0| ¢*(x ‘qf) > = 0%~ Hence
(O] Lo |7~ () = i%VudgFop“ W, (60)

According to our previous argument, where we discussed the approximation of the W

propagator, we can write now the decay amplitude

g — T g‘r,u
M 2\/— (U H,y ( 75)“#) MI%V

- Sjﬁf VaaFo (5, p(1 = 35)1s) (61)
=Gp

gVudF op”

where we were careless as far as all ¢ factors and total sign are concerned, as they will
cancel anyway when we calculate | M ]2. We now see that the troublesome matrix element

of the quark operator in (36) has been replaced by ~ Fyp*.
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3.4 Pion decay width

In order to calculate pion decay rate we shall employ a textbook formula for the decay of

a particle at rest. Denoting pion four-momentum p = (m,,0,0,0) we have
d*k,
(2m)*
— /K2 +m?2 — VE; —|—m2
,/k:Q +m2\/ k5 + m?
1 /| o g mﬁ—,/kf+mi—\/k%+m?j
= —— [ IM|" d°k,
2
e NIEREN

where ki is muon momentum, which in the following we shall denote as k.We can now

2(2n) W (p — ky — ko) (2m) 6(ki —m2)

— /|M| dgk d3k2 (kl + kg)

327T2

(62)

perform the integral in the spherical coordinates. As we shall see the integral over the
angles can be performed as the amplitude M depends only on k? and pk (to be checked).
Therefore

&’k = k*dkdQ = Ark*dk

and we obtain

— V/F+mZ — k2 +m3)
VA mZ R+ m2 '

(63)

/|M| 2l

87rm7r

In order to make use of the last Dirac delta it is convenient to introduce the following

= /K2 +m2 + k2 +m2. (64)

Jacobian of this change of variables is

variable:

du uk
bl , 65
dk K2+ m2\/k* +m2 (63)
hence
r = —d d(m
87rm7r / |/\/l| u —u)
= |./\/l\ k(u=m,). (66)

87rm2
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Here k(u = m,) is a solution of (64) for k. We can now profit from the fact that the

neutrino mass is (nearly) zero, and rewrite (64) as

(mr— k) = E+m?

m2 —2m.k = mi :
R
which gives )
r— 167:% M2 (1 - :—g) | (68)

Note that with k& given by Eq.(67) muon energy is equal

2
Be= Jk2+m2="Tr (140 69
R M= +m2 ' (69)

The last step consists in calculation of |/\/l\2 To this end we have to compute the

amplitude conjugated to (61)

(B, (1 = 75),) = (vlﬂozﬁ(l - 75)UM>T
= (b1 =7:)7"p1" vs,.)

= (@l +75)pvs,) (70)
where we have used identity
P =1"p" (71)
We get
IMI* = GRVAES (@14 v5)pon,) (0o, p(1 = 75)u,) - (72)

This amplitude has to be summed over muon and neutrino polarizations. To this end we
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shall use (note that neutrino momentum is k — p):

> v = K=p

Z u,, = K+ my,. (73)
Therefore
D O IMP = GRVAEFS Tr [(L+v5)p (K — p) p(L — ) (F+my)] - (74)

pol

Trace can be calculated with the help of e.g. Mathematica

Tr[...] = 8(p°k*+p*(kp) — 2(kp)?)
2.2 m,
= 4dm,m; ( — m—%) (75)
Plugging this result into (68) we obtain final result for the pion decay width
1 202 2 42,2 m, m,
GEVaaks my\’
- Gl (1) (76)

Note that decay to electron is suppressed by factor (me/m,)> ~ (1/200)*. Why is that
so, we explainin more detail below.

Charged pion life-time is experimentally equal to 7.+ = 2.6 x 10~8sec. which is two
orders shorter than the muon life-time 2.2 x 107% sec. However neutral pion life-time, that
decays mostly electromagnetically to two photons is 8.52 x 10717 sec. We can translate

these lifetimes to decay widths by restoring h = 6.582 x 10722 MeV xsec. This gives
h —14
Ppe = 4 =253 x 10”1 MeV. (77)

Trt

From this numerical value w get indeed that Fjy ~ 93 MeV.
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3.5 Chirality and helicity

In this section we shall give deeper insight into the question, why pion decay to electron,
which is lighter than muon, is suppressed by factor (me/m,)* ~ (1/200)°.To this end

let’s consider Dirac equation in the chiral representation of gamma matrices:

0 1 . 0 o ~1 0
= oy = . 78
1 0] 7 [—ai 0] s [ 0 1] (78)

In this representation Dirac equation splits into two equations

7 =

(10, —io - V) o, —mapp =0, (10 +io - V) —mip, =0, (79)

where the four-dimensional Dirac bispinors have been decomposed into two-dimensional

_ | Y
o[ -

For massless fermions, m = 0, (79) split into independent equations for 1) L.r Separately,

Weyl spinors:

which reflects chrial structure of QCD. Recall that by introducing projection operators

1 1
PL:§(1—75)7 PR:§(1+V5)- (81)

we can define chiral bispinors

| Y _ |0
oo[o] w[2]

Using (78) we see that 1. are eigenstates of v; for eigenvalue F1 respectively. We call

this eigenvalue chirality. Note that chirality can be defined also for massive fermions.
For massless fermions we can introduce another conserved quantum number, namely

helicity, which is defined as appropriately normalized spin projection on particle’s mo-

mentum:

1 . 0
h="pn=-|"7 , (83)
p p 0 p-o
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where p = |p|. Free Dirac equation for massless fermions can be rewritten as:

Yy -p
E

(VOE—’Y'P) Y, =0 — Yy =1, (84)

Using chiral representation for Dirac matrices (78) it is easy to show

0
Yv-p_ 1| -p-o 0
h =+ == 85
Y5 E. D 0 p-a] (85)
where F4 = +p. Indeed
-1 01| p-o 0 1| —p-o 0
75]7' - - = - ’
0 1 |p 0 p-o D 0 p-o
VYy-p 1| 0 1 0 po| 1|-po 0
E El 1 0 —p-oc 0 E 0 p-o|

Therefore for positive energy solutions (particles) Dirac equation (84) can be written in

the following way:
Vshve =0y — hpy = F0y, (86)

and for negative energy solutions (antiparticles) as

—Yshpy =y — hpy =Fo,. (87)

Therefore in the massless case helicity is equal to chirality for particles and to minus
chirality for antiparticles.

Obviously for massive particles helicity is not a good quantum number. Helicity in
one reference frame can be different from helicity in a different frame, since we can always
choose an inertial reference frame that moves with velocity greater than the one of a
particle in an initial frame. Such transformation flips particle’s momentum, but leaves
the direction of spin unchanged.

In the case of pion decay both charged lepton and antineutrino are left-handed, 7.e.
have chirality minus (note that weak coupling is proportional to 1 — ~y;). If not only
antineutrino but also a charged fermion were massless, the decay would not take place.
In pion rest frame lepton and antineutrino have opposite momenta, but lepton helicity
is negative and antineutrino helicity is positive, which means that total spin projection

on the axis of motion is equal 1, whereas initial spin of decaying pion is zero. For the
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Figure 2: Pion decay. Antineutrino chirality is "—", but its helicity is "+". Because of
the angular momentum conservation electron helicity should be also "+" (as depicted in
the Figure), but this cannot happen for massless electron, whose chirality and helicity
would be both "—". The decay may occur only because electron is not massless, and has
a small helicity "+" component.

decay to take place lepton helicity (assuming still that antineutrino is massless) has to be
positive. This is possible for massive particle and the amplitude for helicity flip is pro-
portional, roughly speaking, to m;/m,. Hence probability of such process is proportional

to (my/mx)°.
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