QCD lecture 10

December 16



Conserved currents

Wearriveat  §L = e,(x)8,J"" + Oyeq(z) J*

This allows do define currents and current derivarives as
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/  004e,’
0oL

pa
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If we demand the action to be invariant, we can integrate last term by parts, and
we conclude that the current is conserved:

8,1 =0

It follows that there exists a consrved charge (exercise)

QU (t) = / B2J0(F. 1)



QCD currents
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Repeating the same steps we arrive at (for massless fermions)

o}
Ao Aa
5L = Gr (Z 0,0, 5 +9 eR) 7 qr+qr (Za ;5 +9 eL) 7qL

a=1
and (quark fileds are now operators) we have 18 conserved currents:

a

A
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QCD currents

Define vector and axial currents
/\a
‘ru,a Ru,a | [#50 q,yp 2 q.

)‘a
AR = RO M= gyt g,

octet vector

axial (exercise)

singlet vector VE = qrqr + @u¥"aL = "'q.

axial (exercise) A = Gry'qr — @Y'aL = a7 59

All these currents are conserved (modulo anomaly)



Parity of currents

Parity operator: y9

Transformation properties of gamma matrices

(1[4 e | B | 7%

o R o 1 Yu | Opv | =5 | —Vu')5

imply the following properties of currents

P : VH%(F,t) — V(~7,1)
P : AM(E,t) > —A%(-Z, 1



QCD charges

/\a

10 = [dad@oFa@n, a=1-8
)‘a

‘I]?(t) /d3xq}.?(f't)?qn(fat)ﬂ a = 13"'-8-,

Q(t) = [ & [d@0w.0) + i@ Dan(@0)]

|

Recall anti-commutation relations for quark fields

{qa,r(fﬁ t), qg,s(g., t)} 63(1—13’ — 37)5055,.3
{qa,,(:i', t)a Qﬁ,S(g’ t)} Oa
{qh+(Z.0).q5,(7,1)} = 0,



Commutators

To compute current commutators that are billinears in quark fields, we will use

4 (2, )P T Wg(a, 1), ¢}y, T O T g (y, 1)
(1)1 (2) 2
= [Eelr e [qip(w, t)qsq(x, 1), 40 (Y, t)grs (Y, t)]
the identity

lab, cd] = a{b, c}d — ac{b,d} + {a,c}db — c{a,d}b.

and cannonical anti-commutation rules

{40, (Z,1), 45 (¥
{qa r(f t) QB,S(gaf
Z. 1

{al.(



QCD commutation rules

QCD charges form Lie algebra (exercise)

Q7.Q1] = ifaQf,

Q% Q% = ifancQf:
Q7,Qk = 0,

QL. Qv] = [Qr,Qv]=0

of SU(3), x SU(3), x U(1),, group
For conserved charges:
[Q%vH%CD] = [Q%H%CDJ = [QV:H(%CD] =0

Axial current is anomalous, but otherwise it would commute
with the hamiltonian as well.



QCD commutation rules

QCD charges form Lie algebra (exercise)

a b _ Z' C

QL QL] = ifaQL Q. QY = ifuneS
Qr: Qrl = ifarclp; a b1 _ c
a b [QA:QA] @ fabeQy
.-QL,QR: - 01 [Q%/Ql:q] — Z‘fachfq
QL,Qv] = [Qr,Qv]=0

of SU(3), x SU(3), x U(1),, group
For conserved charges:

[Q%, Hoop) = [Q%: Hoep) = Qv Hoepl =0

Axial current is anomalous, but otherwise it would commute
with the hamiltonian as well.



Quark masses — xSB

(chiral symmetry breaking)

m, O 0
M = 0 my O
0 0 my
My + Mg + M (my + mg)/2 — m; My — My
= Ao + g+ ——

\/6

Symmetry breaking lagrangian:

/3 >

Ly = —qMq = —(GrMqr, + qrMqg)

Now we calculate variation of £, under chiral transformations

8 8
s ) _ Ay 3
exp (z g 952> 10" and €xp (—z E (—)52> e
a=1 a=1



Quark masses — xSB

(chiral symmetry breaking)

8
) . L o r _ _
0Ly = —i E o, (QRQM qrL — @M 2qR) + 0" (GrMqr, — L Mqr)
a=1

3
Aa Aa
+) ok ((]L?]\lqR = qm”?“) + 0" (Mg — qRI\IQL)]
a=1

From this we can easily calculate currents and current derivatives (lecture 9):

o 0Ly X _ By
O L = 9oL = —1 (qLQMQR—qRMQqL)

05£ /\(L S )\(l
O R = M =y (QR?A[(]L — (ILA[?QR) ,

OOF
0L, L .

" = —5p=—i(@Mar — qrMas),
O0L,,

R = S =—i(qrMaL — GLMqg) .

dg~



Quark masses — xSB

(chiral symmetry breaking)

Aa
0, VH#* = ig[M, 7](]’

- e e A
mm) 0, A" = Z(QL{?aA’I}QR—QR{E:N[}QL):'19{7:]\1}’75%
o,V = 0,
0, A" = 2igM~5q + anomaly

Here we included anomaly, but for most of the time we will ignore it.

* Individual vector currents @y*u, dy*d and 5y*s are always conserved

e Vector current is a sum of them and is also conserved

e Baryon number is conserved

* Axial current is not conserved due to the quark masses (and anomaly)

* For equal quark mass all vector currents V¥ are conserved

* Axial flavor currents A®® are not conserved, but their divergences are
propotional to pseudoscalar densities. This leads to the concept of partially
conserved axial currents (PCAC).



Chiral Ward identities

Define densities:
Sa(x) — Q(I)/\aQ(*E) Pa(x) — Z(Z(I)’YB)\(LQ(I), a=0,---,8

S(z) = q(x)q(z), Plr) = iq(r)ysq(z)

Ward identities relate divrgences of Green functions containing at least one
current V&2 or A™® to some linear combinations of other Green functions.

Example:

Ghp'(z,y) = (0|T[A%(z)Py(y)]|0)
= O(xo — y0)(0] AL () Fs(y)|0) + O(yo — x0) (0| F(y) A% (2)]0)

. ~vi,ab .
We shall calculate: 9,;G%p (7,y) remembering that

070(xo — yo) = 0(xo — Yo)gop = —95O(yo — x0)



Chiral Ward identities

Differentiating
Gl (x,y) = (O|T[AL(x) Py(y)][0)
= O(xo — y0)(0] AL () F(y)|0) + O(yo — o) (0| Fy(y) A% (2)]0)

we get:
05GP (,y)
= (0 — 40)(0[AG(2) Ps(y)]0) — 0(z0 — 10) (0| Po(y) A5 ()]0)
+O (20 — y0) (0|0 A% (2) Py (y)[0) + O(yo — 70)(0[ P (y)0;; AL (2)[0)
= (x0 — 50)(0|[A5(x), Po(y)]|0) + (O|T[0,; A% () Py ()][0),
equal time commutator time ordered product

can be calculated from for conserved current
chiral algebra. this term is zero



Chiral Ward identities

Generalization

90| T{J*(x) Ar(21) - - - An(z0)}|0) =
= (0|T{[0;J*(z)]A1(z1) - - - An(zn)}]0)
+6(2° — 29)(0|T{[Jo(a )Al(ll)]A2(L>) An(zn)}]0)
+0(z — 29)(0|T{ A1 (z1)[Jo(x), Aa(z2)] - - - An(xr) }|0)
+ o4 0(a” — 2 ) (0| T{Ay(z1) - - - [Jo(x), 4n(1"7)]}|0>



Current commutators

Full list:
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Schwinger terms’

Schwinger has shown that naive commutation rules involving charge densities
have extra contributions:

[J(()z(f 0) J’f)(g O)] — ZCachf(f 0)53(:? o g) + S’?Jb(?j 0)8]53(1_: _ 37)
where the Schwinger term satisfies
ab/ — _ @bayr=
Sij (?/ 0) = sz‘ (. 0)

One can get rid of the Schwinger terms by redefining the time ordered product.
In what follows we shall ignore Schwinger terms.

S. Treiman, R. Jackiw, and D. J. Gross, Lectures on Current Al-

gebra and Its Applications (Princeton University Press, Prince-
ton, 1972).



Chiral Ward identities

Example: Gi;j‘ib(ly) = (0|T'[AL(z)Py(y)]]0)

we have shown: 3ﬁfo1’}l>b(17= Y)
= 0(z0 — y0) (O[[AG(2), P (y)]|0) + <0‘T[aiA5($)Pb(y)]|0>

= (@ — y)ifwe(0]|S.(x)|0) < follows from symmetry

Aa o,
symmetry breaking > +i<0|T[Q(I){7=M}%Q(I)Pb(’ymm

ol N ’
We can now calculate “1(’17){7: M }ysq(x) =

the anti-commutator 1 1 [ my, +my
(no summation over a) [g(mu + mg+ m;) + V3 ( 9 - ms) daaS] Fu(z)
[exercise] ; /3
. w1
&3 g(mu — Ma)da3 + 3 (m 5 = ms) das | Po()

8
‘f‘w Z dafScPc(x)-

c=1



Chiral Ward identities

Another example (for SU(2) and for My = Mg = m):

8‘242 = G (qT'i%q)

Consider nucleon matrix element

Ti

(NI AL@)IN () = (N(ps)la(x) s 5 a(@) | N (p)

and take its derivatve
M (N(pr)| A, IN(pi)) = im (N(ps)| qr'vsq |N(ps))

=m (N(ps)| P [N (p:))

But nucleon matrix element of the pseudoscalar density can be related to the pion
coupling to the nucleon (Goldberger-Treiman relation, to be discussed later)



QCD spectrum

Both vector and axial charges commute with QCD (massless) hamiltonian chn
therefore the eigenstates organize themselves into irreducible representations

of the chiral group SU(3),; x SU(3), x U(1),, (axial U(1) is broken by anomaly).
States within each multiplet are (nearly) degenarate in mass and have well defined
baryon number ( U(1),, ensures baryon number conservation). Since axial and
vector charges have opposite parity, one would expect that multiplets of opposite
parity are degenerate in mass.

For positive parity states: 0 : .

(e.g. baryon or meson Haceplt, +) = Eili, +)
ground sates) Pli,+) = +|i, +)

Define now* |¢) = Q4 i, +) and calculate its mass. Because [Hcp, @4] =0

HgCD|¢> = H(%CDQil'i: +) = QGAH(%CDli: +) = E;Q%i,+) = Ei|¢)

so the new state has the same energy (mass) but opposite parity

P|¢) = PQAP~'Pli, +) = —Q%4(+]i, +)) = —[¢)

*charges and generators transforming Hilbert space states are identical (lecture 9)



QCD spectrum

State |®) can be expanded in the basis of negative parity multiplet (in fact generators
are Clebsch-Gordan coefficients)

|#) = Qali, +) = —t;li, =)

But such degeneracy of opposite parity states is not seen in Nature.



n# ¥ g, JPE 1 =1 | =3 | =0 | =0 7 - Orin
ud, ud, us, ds; ¥ f [°] [°]
%(dci— uw) ds, us

11Sg 0t m(138) K (494) n (548) n’ (958) —11.3 —245

1281 1= p(770) K*(892)  ¢(1020) w(782) 302  36.5

1'Py 1t b1(1235) Kip' h1(1415) h1(1170)

13Py 0"t ap(1450) K3(1430)  fo(1710) fo(1370)

1P, 1ttt a1(1260) Kial f1(1420)  f1(1285)

1°P, 2t a3(1320) K3(1430)  f5(1525) f2(1270)  29.6  28.0

1'D, 27t 7y(1670) K,(1770)T 15(1870) 12(1645)

1°D; 17  p(1700) K*(1680)% w(1650)

155 T e K,(1820)f

13D3 37~ p3(1690) K%(1780) ¢3(1850) w3(1670) 31.8  30.8

13F; 4t a4(1970) K}(2045)  f4(2300)  f4(2050)

1°Gs 5~ ps(2350) K?(2380)

215 0=t w(1300) K (1460) n(1475) n(1295)

235, 17  p(1450) K*(1410)% ¢(1680) w(1420)

2P 1Tt a1(1640)

2P 2t ay(1700) K3(1980)  f2(1950)  f»(1640)




J (D,Ly) S Octet members Singlets
1/2%  (56,05) 1/2 N(939) A(1116) X(1193) Z=(1318)
1/2%  (56,03) 1/2 N(1440) A(1600) X(1660) =(1690)
1/2= (70,17) 1/2 N(1535) A(1670) X(1620) Z=(?) A(1405)
X (1560)1
3/2- (70,17) 1/2 N(1520) A(1690) X(1670) =(1820) A(1520)
1/2= (70,17) 3/2 N(1650) A(1800) X(1750) Z=(?)
¥(1620)f
3/2- (70,17) 3/2 N(1700) A(?) X (1940)F =(2)
5/2~ (70,17) 3/2 N(1675) A(1830) X(1775) Z=(1950)
1/2*  (70,05) 1/2 N(1710) A(1810) X(1880) Z=(?) A(1810)F
3/2t  (56,23) 1/2 N(1720) A(1890) X(?) =(7)
5/2F (56,23) 1/2 N(1680) A(1820) X(1915) =(2030)
7/2=  (70,37) 1/2 N(2190) A(?) 2(?) Z(?) A(2100)
9/2= (70,3;7) 3/2 N(2250) A(?) 2(?) =(7)
9/2t  (56,45) 1/2 N(2220) A(2350) X(?) =(7)




Spontaneous XSB

What was wrong with the previous argument?
We have tacitly assumed that the ground state of QCD (vacuum) is annihilated by Q%

To show this, consider a creation operator asociated with positive parity fields a;-r
creating positive parity state |i,+) and b;. creates quanta of opposite parity. States
4, 4+) and |j, —) are basis states of an irreducible representation of SU(3); x SU(3),

In analogy with (lecture 9) [Q@“(f), ®r(¥,1)] = —t;,;®;(¥,)
a & a 1.1
we have Q% a;] = _tz‘jbj
Then  Qali+) = Q4all0) = ([Q4,all +af Q4 )I0) = —t5b![0)
0
ey

If axial charges annihilate vacuum then we arrive at
|¢) = Qali, +) = —tl5, )
What happens when Q%]0) #0 ?



Spontaneous xSB

Goldstone theorem:
For each charge (generator) of some symmetry group that does not annihilate
vacuum there corresponds a massless particle (Goldstone boson) of parity

equal to the parity of this charge. In QCD natural candidates for Goldstone bosons
are: i, K and n.

InQCD Q7 |0) = Qv|0) =0 sothe vacuum is invariant under SU(3),, x U(1)y,
It follows that H(%CD is also invariant (but not vice versa) and that the physical
states correspond to some irreducible representations of SU(3),, x U(1),,

To each Q%|0) # 0 there corresponds a massless Goldstone boson field ¢*(z)

with zero spin and
g (7, 1) B —g"(~, 1)

Moreover:

[Q(\l/: be(l')] — ifabcqsc(l?)

Quark masses break axial symmetry explicitly, so Goldstone bosons are not exactly
massless.



Quark condensate

Recall definitions

Sa(y) - q—(y))\CLQ(y)* a = O: R 87
Po(y) = iq(y)sraqly), a=0,---,8
Generic quark billinears

Ai(x) = ¢'(x) Aig(x)
have the following commutation rules
[AL(Z,1), As(§. )] = 6%(F — §)q" () [ A1, Ad]g(x)

a

Calculate commutators of vector currents Q5 () = /d'gl'qT(fa t)—q(Z,t) with Sand P

2
)\(L A(1- 5
we have [7,70)\0] = 0 and [7,70%] = YotfabeAc
scalar quark densities [@(1). Saly)] = 8 m=1:+58,
transform as a singlet and 8
an octet [Q(\l/(f)sb(y)] = iZfachc(y): (L,b = 1 s '78
(similarly pseudoscalars) =1



Quark condensate

8
QY (1), S )] = i faeSe(y), ab=1,---.8
c=1

One can invert this relation with the help of (recall computation of the Casimir)

8
Z fabcfabd = 350(1

a,b=1

Suly) =~ 3 fuel@b (0). S.(v)]

b,e=1
Because vector charges annihilate vacuum Q{,|0) = 0 we have

<0|Sa(y)|0> - <0|Sa(0)|0> = <Sa> =0, a=1,.--.8

where we have used translation invariance of the ground sate:

eipyg(y)e—'ipy = 5(0)



Quark Condensate

] (1 0 0)
ds=y/z01 o
From (S,) =0 we have: 9 0 —2
a=3 {au) — {dd) =0 a=8 {(uu)+ (dd) —2(5s) =0
From these egs. we have
(tu) = (dd) = (3s)
Because [Q%(t),S0(y)] = 0, a=1,---,8 thesame argumentcannot be used

for singlet condensate.

However it is clear that

0 # (qq) = (tu + dd + 5s) = 3(au) = 3({dd) = 3(3s)



Quark condensate

Now we shall calculate commutator

This is related to g Aa

(Z) [A/S?a
We have

2 2 2

)\1 == )\2 — )\3

A2 = )2

2 2

Ae = A7

AR

o N OO O OO = OO =

S

i[Q(t), Pu(y)] for fixed a

2
— A(l.h/o

Q= OO0 OO

_ o O = O o O oo
T D O N N N

O =t O



Quark condensate

Now we shall calculate commutator  i[Q%(t), P.(y)] for fixed a

This is related to s B 5
(4) [7‘5777075%] = A%
We have (suppressing y dependence)

( wu + dd, a=1,2,3
il g uu + Ss, a=4,5
il@a (), Faly)] = § dd + 3s, a= 8,7

| 3(au +dd + 43s), a=

which gives vacuum expectation value

2



Goldstone bosons

Expectation value is non-zero and time independent

O1iiQAeLPII) = i [ & (0] [A%). R.] 0
i [ ng {(0] 42(2) |} (] o 0) — (O] P ) {n] A2(2) [0)}

n -~ d3 n
i S [ Gopoeh-m =3 [ Grpen
Tr p’ll

_ / P Zf {e=n7 (0] A°(0) [n) (n| Py [0) — € (0] Py |n) {n] A%(0) [0)}

only states with zero energy conribute (time indep.) p~iPnT _ ,—i(Pnt—p,T)

3 (0] AY |
0]i[QA(t), P,] |0) = 5 1&5102/ il /d?’a’{e?’pm( | po{g ><<Db}Pa|O)—h.c.}

Integral over d>x gives Dirac delta, which eats up integration over d°p




Goldstone bosons

(01i1Q2(¢), P2 [0 gnmz{o'éwwwm o1 P S0 |0>}

p9—0

¢"(p)) = ip'Fp0®

From hermicity and Lorentz invariance (0| A%

and we get 2

(04[Qg (1), Pa] [0) = —Fy (6°| Fu [0) = 3 (a9)
Here [}, is Goldstone boson (pion) decay constant. Its value is ~ 93 MeV
(different normalizations).

« There must exist states for which (0] A°(0) |n) and (0| P, |n) are non-zero

* Itis not vacuum, because (0| P,|0) =0

* Energy of these states must vanish, because the quark condendate is time
independent

e SoweneedE,=0

e Such states are massless Goldstone bosons |¢b>

* GBs are (pseudo)scalars — still to be proven



