
QCD
problem set 8

1. Winding number of the SU(2) gauge transformation U is defined as

Nw =
1

24π2
εijk

∫
d3r Tr

[(
U †∂iU

) (
U †∂jU

) (
U †∂kU

)]
. (1)

Calculate (1) for U = exp (i ~n · ~τ P (r)) where ~n = ~r/r. What are the boundary
conditions for P (r) that ensure that Nw is an integer?

HINT:

First decompose

U †∂iU =
i

2

3∑
a=1

ξai τa

where τa are Pauli matrices. You should obtain that εijk Tr
[(
U †∂iU

) (
U †∂jU

) (
U †∂kU

)]
∼

det(ξ).

Due to the symmetry of U , elements of matrix ξ can be decomposed in the following
way:

ξai = Aδia +Bnina + Cεiaknk.

Express det(ξ) in terms of A,B and C.You should get an answer, which is propor-
tional to (A2 + C2)(A+B).

In the last step calculate A, B and C. To this end expand U using de’Moivre (or
Euler) formula for the exponent. For this you have to prove that (~n · ~τ)2 = 1.

In order to differentiate U it is useful to use the following identities (prove them!)

∂ir = ni,

∂irk =
1

r
(δik − nink).

2. Calculade the field tensor Fµν for the pure gauge Aµ = − i
g
U∂µU

†.

3. Prove that
T/2∫
−T/2

dτ 1

T/2∫
τ1

dτ 2 . . .

T/2∫
τn−1

dτn =
1

n!
T n.


