
QCD
problem set 1

1. QED. In QED the Maxwell equations can be derived from a variational principle,
analogously to the equations of motion in classical mechanics. To this end we have
to define degrees of freedom, in the QED case these are electromagnetic potentials
expressed in terms of the potential four-vector Aµ(x, t) = (Φ,A), and the action.
Before defining the action we have to introduce the field strength:

F µν = ∂µAν − ∂νAµ. (1)

Write explicitly the 4 dimensional matrix F µν in terms of the electromagnetic fields
(we work in natural units):

B = ∇×A, E = −∇Φ− ∂A

∂t
. (2)

2. Show that the field tensor satisfies the Jacobi identity

∂λF µν + ∂νF λµ + ∂µF νλ ≡ 0. (3)

Express this identity in terms of the electromagnetic fields (2), and show that it
implies two out of four Maxwell equations.

3. Remaining two Maxwell equations can be derived from the variational principle. To
this end we define first the Lagrange density

L = −1

4
FµνF

µν − jνAν (4)

where jν denotes external electromagnetic current. Express L in terms of fields (2).

4. Now we define the action

S =

∫
d4x

[
−1

4
FµνF

µν − jνAν
]
. (5)

Consider variation of the Aµ field

Aµ → Aµ + (δA)µ (6)

at fixed jν . Calculate step by step δS corresponding to transformation (6). At
some point you will have to perform integration by parts, assuming that all fields
vanish for large xµ. Show that the requirement δS = 0 is equivalent to the two
"missing" Maxwell equations.



5. Show that the very specific transformation

(δA)µ = ∂µχ(x, t), (7)

called gauge transformation, leaves F µν invariant. What is δS corresponding to the
gauge transformation? How to interpret the obtained result?

6. In full theory the current jµ is constructed from dynamical matter fields ψ, be it
fermions or bosons. To describe matter fields the pertinent lagrangian density has
to be added to (4). This density is at most quadratic in field derivatives ∂µψ and is
invariant under global transformation

ψ(x)→ ψ′(x) = e−iθψ(x), (8)

it is however not invariant under local transformation where θ → θ(x) (x being four-
point), so called gauge transformation. In order to make the theory gauge invariant
one replaces

∂µ → Dµ = ∂µ + iqAµ (9)

where q is a constant (in fact in the case of QED it corresponds to the electric charge
of field ψ). Find transformation of the vector filed Aµ from the requirement

D′µψ
′(x) = e−iθ(x)Dµψ(x), (10)

where D′µ is simply Dµ(A′µ). Note that transformation (10) implies

D′µ = e−iθ(x)Dµe
iθ(x). (11)

7. Yang-Mills fields. Suppose now that instead of a phase transformation (8), we
impose a non-Abelian local SU(N) transformation

Ψ(x)→ Ψ′(x) = U(x)Ψ(x) (12)

where Ψ is a N -component vector of fields and matrix U can be parameterized as
follows

U(x) = e−iθm(x)Tm

,

where Tm are generators of the SU(N) group (for SU(2) Tm = τm/2). To make
such theory gauge invariant we have to introduce N vector fields Amµ and define the
covariant derivative as follows

Dµ = ∂µ + igTmAmµ (x) = ∂µ + igAµ(x). (13)

Guided by Eq. (11) find transformation law for the Aµ fields.


