Appendix B

The Relation between
Minkowski and Euclidean
Actions

The Minkowski action leads to canonical quantization and it is used to
calculate matrix elements of the evolution operator e *#*. The Euclidean
action is used to calculate the partition function tre . Lattice calcula-
tions are formulated in terms of the Euclidean action. In Minkowski space
9w = (1,—=1,-1,-1) and detg = —1, whereas in Euclidean space g,, =
(1,1,1,1) = 0, and det g = +1. As a rule of the thumb, a Euclidean action
can be transformed into a Minkowski action by the following substitutions:
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Euclidean — Minkowski
ONAyj = cijor (ONA)y, | = | iIONAY =ici% (9 A A),,
LONALONA,L, — —10NA,0NA"
[ d*z = [ dtdzdydz | — J d*z = [ dtdzdyd= (B.1)
(action) — — (action)
E — —iE
Jii — i

For example, the Minkowski Landau-Ginzburg action (3.8) of a dual super-
conductor is:

I; (B, S, p) =
2q2
/d% <—; (OAB+G) + 925 (B + 0¢)* + % (08)* — %b (8% — v2)2>
(B.2)
whereas the Euclidean action is:
Ij (B7 Sa (ID) =
2q2
/d4x (; (ONB+G)* + 925 (B —9p)* + % (05)* + %b (8% - 2)2)2>

(B.3)

The table (B.1) can be used to recover the Minkowski action (B.2) from the
Euclidean action (B.3). The change in sign of the action is chosen such that
the partition function can be written in terms of a functional integral of the
FEuclidean action, in the form:

7 =ePH = / D (B, S, ) e 1iB:59) (B.4)

In general however, the functional integrals need to be adapted to the acting
constraints..

We can choose to represent the Euclidean field tensor F'** = F},, in terms
of Euclidean electric and magnetic fields E and H thus:

0 —E, —E, —E.
E, 0 -H. H,

E, H. 0 -—H,
E. —H, H, 0

P =
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0 —-H, —H, —H.
— 1 H, 0 E, -F
FIW = iz’fuyaﬂFaﬁ = Hy —EZ 0 Ezy (B5)

H. E, —-E, 0

If we want to express the Euclidean field tensor as FF = 0 A A then
the relation between the Euclidean and Minkowski electric and magnetic
fields is the one given at the end of table B.1.The Euclidean electric and
magnetic fields E and H are expressed in terms of the Euclidean gauge

potential A, = (qb, /Y) as follows:

E=-8A+V¢ H=-VxA (B.6)

In the Euclidean formulation, e* = G and the duality transformation of
antisymmetric tensors is reversible without a change in sign:

_ 1 1 _
Sy = §5uvaﬂsaﬁ S = §5umﬁsaﬂ (B.7)

The projectors K and E are defined by (A.42) with g,, = J,, and we have:
K*=K=¢Ke F'=F KE=0 K+FE=G (B.8)
with:

Gul/,aﬁ - (6u0461/ﬂ - 6#5&/0) (Bg)



