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1. Show that for free real scalar field theory defined by

L =
1

2

(
∂µϕ∂

µϕ−m2ϕ2
)

the enerdy is given by:

T 0
0 =

1

2

(
ϕ̇2 + (~∇ϕ)2 +m2ϕ2

)
.

Furthermore, for the field decomposition

ϕ(t, ~r) =
1√
V

∑
~k

(
ak√
2ωk

ei(
~k·~r−ωkt) +

a∗k√
2ωk

e−i(
~k·~r−ωkt)

)
calculate H = T 0

0 and momentum ~P = (T 1
0 , T

2
0 , T

3
0 ).

2. Langrangian density for classical electrodynamics reads:

L = −1

4
FµνF

µν − JµAµ

where F µν = ∂µAν − ∂νAµ. Derive equations of motion by performing variation of
the action.

3. Calculate T 0
0 . Express Lagrangian density and energy density in terms of electric

and magnetic fields ~E and ~B.

4. Field Φ is a two dimensional complex scalar field

Φ =

[
ΦA

ΦB

]
=

[
φ1 + iφ2

φ3 + iφ4

]
that has 4 real components φ1,2,3,4. Lagrangian density takes the following form

LΦ = ∂µΦ†∂µΦ− V (Φ†Φ).

Express LΦ in terms of φ1,2,3,4. LΦ is invariant under the U(1)×SU(2) global trans-
formation

Φ→ Φ′ = e−iθτ0UΦ

where
U = e−i~α·~τ .

Here ~τ are Pauli matrices and τ 0 is a unit matrix. Calculate the change of LΦ if
parameters β and ~α are space-time dependent.
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