Statistics and Data Analysis (HEP at LHC)

J Computing statistical results
= Estimating the value of a parameter
= Testing hypotheses
= Discovery
= Limits
= Confidence intervals

Slides extracted from N. Berger lectures at CERN Summer School 2019

Prof. dr hab. Elzbieta Richter-Was




How to represent the data

Physics measurement data are produced through random processes, ’:;_f_::,:._ L
Need to be described using a statistical model:

Description Observable Likelihood

Counting Poisson
P(n;S,B) = ¢

Binned shape  [FiYNESIRN Poisson product

H bins
analysis " - ( S fSIg + B fbkg)
~(Sf*+Bf|
P(n;;S,B) H e n!
Unbinned L i=1 0 Extended Unbinned Likelihood
shape analysis g 5rH) e
P(m;;S,B) = . ]:! S P (m;)+B Py

Model can include mulfiple categories, each with a separate description

m;)



Model parameters

Model typically includes:

* Parameters of interest (POIs) : what we want To measure
- S, o, m,. ...

* Nuisance parameters (NPs) : other parameters needed to define the model
- B

— For binned data, 9., feke

— For unbinned data, parameters needed
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— given a value “by hand” (possibly within
systematics) or

— constrained by the data (e.g. in sidebands)
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Statistical computations

Now that we have a model, can use it
to compute analysis results:

- Discovery significance: we see an excess —
is it a (new) signal, or a background
fluctuation ?

* Upper limit on signal yield: we don’t see an
excess — If there is a signal present, how small
must it be ?

« Parameter measurement: what is the
allowed range for a model parameter ?
("confidence interval”)

— The Statistical Model already contfains all the
needed information — how to use it ?
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Using the PDF

Model describes the distribufion of the observable: P(data; parameters)
= Possible outcomes of the experiment, for given parameter values
Can draw random events according fo PDF : generate pseudo-data

2,5,3,7,4,9, ....

Each enfry = separate “experiment”
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Likelihood

Model describes the distribution of the observable: P(n; A), P(data; parameters)
= Possible outcomes of the experiment, for given parameter values

We want the other direction: use data to get information on parameters

P(A="?) _ 2
( 3

. Estimate > 3000
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Likelihood: L(parameters) = P(data;parameters)

— same as the PDF, but seen as function of the parameters



Poisson example

Assume Poisson distribution with B =0 : P ( n ,’S) —-e —

Say we observe n=5, want to infer information on the parameter S
— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S:n= 5) — e—S S_
’ 5!
-
0.8\ Observed
- Value n=5
0.6
0.4
0.2

ST
o
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Poisson example

s §"
Assume Poisson distribution with B =0 : P ( n, S) - e =

n!
Say we observe n=5, want fo infer information on the parameter S
— Try different values of S for a fixed data value n=5

5
— Varying parameter, fixed data: likelihood L ( S:n= 5) —_ e—S S_
’ 5!
0.6F]  Read L(S; n=5) here
Low 0.4 - S- :
likelihood q§gFL \ - ‘ P(S = 20)
L High
0.2F likelihood oW
E Jj likelihood
0.1+

T




Poisson example

s S
Assume Poisson distribution with B =0 : P ( n, S) =e ° —
n.
Say we observe n=5, want fo infer information on the parameter §
— Try different values of S for a fixed data value n=5 55
— Varying parameter, fixed data: likelihood L ( S:n= 5) —e
5!
0'6;: Read L(S; n=5) here 0.18F
0.5H Observed 018 L(S; n=95):
P(S =0.5) i 0.14F o
N Value n=5 0.12- Likelihood
Low 0.4 0.
o - P(S =5) 0.081 of S for n=5
likelihood g gFL , 0.06E
- High 0.04F
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Maximum Likelihood Estimation

To estimate a parameter y, find the value p that maximizes L(u)

Mo_mmum leelltlood Ift = arg max L(M)
Estimator (MLE)
S=05 _
0.6} o 0.18¢
—~ g Q.16
tg_ 0'55 Sbserve_d : 0.14;_ L(S) max
E o4 alue n=5 ~ o0.12F "
oA 0.4+ @S=5
F 0.08( .
0.2f 0.065 given n=5
0.1 0.04
(%J:II 0.025_|I|||||'|I|||I|||I|||I||. ...?..
%274 6 8 10 12 14 16 18 20

MLE: tThe value of u for which this data was most likely fo occur

The MLE is a function of the data - itself an observable

No guarantfee it is the true value (data may be "unlikely”) but sensible estimate
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MLEs in shape analyses

A
ATLAS Prellmlnary -.—Data
is=13TeV,13.2fb" -HHI o]
Single Lepton L1t + light 3

Events

26j,24b ﬁgii:g
. . 500L post-fit it + V. ]
Binned shape analysis: 400 o etartainty ]
N 300 —ttH (norm.) ]
L(S;n;,)=P(n;;S) = I I Pois(n;,; Sf, + B,) 200
i=1 100

Maoximize global L(S) (each bin may prefer a different S) %
In practice easier to minimize S esiotion BDT output
Mpoie (S) = —2log L(S —22 log Pois(n,;Sf, + B,) Needs a compuiter...
In the Gaussian limit )
n;,— S + B,
)\'Gaus Z 2]OgG(n13 Sf + B::O — Z f ) Xz fOI'mU|CI!
i=1 I

— Gaussian MLE (min x? or min A._ ) : Best fif value in a x? (Least-squares) fit

Gaus

o) - Best fif value in a likelihood fit (in ROOT, fit option “L")
= ROOAbsPdf::fitTo()., A = ROOAbsPdf::chi2FitTo().

— Poisson MLE (min A
INn RooFit, A

Pois Gaus

In both cases, MLE < Best Fit
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MLEs in shape analyses
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Estimate the MLE S of § ?

— Perform (likelihood) best-fit of
model to data

= fit result for S is the desired S.
INn particle physics, often use

the MINUIT minimizer within
ROOT.

ATLAS-CONF-2017-045
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MLE Properties

A #Y 2
Asymptotically Gaussian P(fi) o« exp|— (i—n) forn > o
and unbiased : zcyf.1
A
for large enough Standard deviation of the distribution of fu
datasets
o

« Asymptotically Efficient : o, s the lowest possible value (in the limit N—w«)

among consistent estimators.
— MLE captures all the available information in the data

n=>co

- Also consistent: i converges to the true value forlargen, L = u*

* Log-likelihood : Can also minimize A = -2 log L
— Usually more efficient numerically ﬁ " 2
— For Gaussian L, i is parabolic: A (M) = o,

« Can drop multiplicative constants in L (additive constants in 1)
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Hypothesis testing and discovery
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Discovery testing

=
D
O]
L
i
%]
=
=
[«5]
>
(N}

o As
— [l Background zz"

E [l Background Z+jets,
= |:| Signal {mH=125 GeV)

%% Syst.Unc.
a signal for new physics or a fluctuation ? 15015 = 7 TeV:[Ldt = 4.8 fb”
[Vs=8TeV:|Ldt=5.8fb"

N
I:jllll

N
o

We see an unexpected feature in our data, is it

e.g. Higgs discovery : “We have 5¢”
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Discovery testing

® Obs: 120

Say we have a Gaussian measurement with

a background B=100, and we measure n=120

Did we just discover something ? Maybe :-) (but not very likely)

The measured signal is S = 20. S=n__-B

obs

Uncertainty on B is VB = 10 Obs: 120

g S
= Significance Z = 2 Z = E
= we are ~2o away from S=0.

Gaussian quantiles :

Z =2 happens p_ ~ 2.3% of the time if S=0

B=100 n

P-value: p,=1— (D(Z)

d(z) = j':G(u;o,l) du
=> Rare, but not exceptional
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Discovery testing

105
110
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150

10
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31%
16%
2.3%

0.1%
3107

105
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150

vy _—

120130

¥

- VB=10

<
g

B=100 n

Straightforward in this Gaussian case

Need to be able to do the same in
more complex cases:

« Determine S

Evidence . Compute Z and p,

Discovery
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Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : $=0)

— Goal : decide if H, is favored or disfavored using a fest based on the dafa

PO:’*;Sib'e Data disfavors H, Data favors H,
outcomes:
(Discovery claim) (Nothing found)
H, is false Missed discovery
(New physics!) | Discovery! Type-Il error
(1 - Power)
H, is true False discovery claim

(Nothing new)

Type-I| error
(= p-value, significance)

No new physics,
none found

"... the null hypothesis is never proved or established, but is possibly disproved, in the course of
experimentation. Every experiment may be said fo exist only to give the facts a chance of
disproving the null hypothesis." — R. A. Fisher
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Hypothesis Testing

Hypothesis: assumption on model parameters, say value of S (e.g. H, : S=0)

Data disfavors H, Data favors H,

(Discovery claim) (Nothing found)

H, is false = | Type-ll error

i [
Discovery! (Missed discovery)

(New physics!)

H, is true Type-I error m No new physics, ‘gana
: - 2]
(Nothing new) (False discovery)

none found =l=I-Il

Lower Type-I| errors & Higher Type-Il errors and vice versa: cannot have

everything!
0.4
— Goal: test that minimizes Type-l| 035f § = 0 S>0
errors for given level of Type-I error. 002‘3,:
0.2fF
0.15fF Type-| error
o1 Type-




Hypothesis Testing

Hypothesis: assumpfion on model parameters, say value of S (e.g. H, : $=0)

Data disfavors H,
(Discovery claim)

Data favors H,
(Nothing found)

H, is false )
Discovery!

(New physics!)

Type-
(Missed discovery)

Il error

H, is true Type-l error

m No new physics,
(Nothing new) (False discovery) - #| none found

Lower Type-I errors « Higher Type-Il errors and vice versa: cannot have

everything!
— Goal: test that minimizes Type-ll oss S=0
errors for given level of Type-I error. 9?2'2

|II]I|IIIIIIIII|IIII|IIII|IIII|III |I

<
T
®

S>»0

ve-| error




ROC Curves

Increasingly

discriminators

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-| vs Type-ll rates
for different cut values

1-¢€)

|| 6
— All curves monofonically ~ %
decrease from (0,1) to (1,0) § -
w
— Better discriminators more o
bent towards (1,1)
o

— Goal: fest that minimizes Type-l| 003:_3 -0 S>0
errors for given level of Type-I error. 0.25F-
0.2
0.15F Type-I error
— Usually set predefined level of o Type;
acceptable Type-I| error (e.g. "55") e ke 5 9,
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ROC Curves

Increasingly

discriminators

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-| vs Type-ll rates
for different cut values

— All curves monotonically
decrease from (0,1) to (1,0)
— Beftter discriminators more ;
bent towards (1,1)

=] - EB)

Better

Type-| (

1- €

— Goal: test that minimizes Type-l| 0032:3 =0 Ss0
errors for given level of Type-I error. 9022

0012 be-| error
— Usually set predefined level of ﬂf);
acceptable Type-I error (e.g. "50") 05 5
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ROC Curves

“Receiver operating
characteristic” (ROC) Curve:
— Plot Type-l vs Type-Il rates
for different cut values

— All curves monotonically
decrease from (0,1) to (1.0)
— Better discriminators more v
bent towards (1,1)

=1-¢€,)

Type-| (

1

Increasingly

discriminators

Better

— Goal: fest that minimizes Type-li
errors for given level of Type-I| error.

— Usually set predefined level of
acceptable Type-Il error (e.g. "50”)

1T |IIHlIIIIII]IIlI[IIIIIII|

<
T
?

$S>0

be-| error
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Discovery testing in Gaussian counting

@ 0.04
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0.03
0.025
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W w
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80
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Hypothesis testing with Likelihoods

Neyman-Pearson Lemma

When comparing ftwo hypotheses H, and H,, the L( H, ;data )

opfimal discriminator is the Likelihood ratio (LIR) L(H,; data)
L(S = 5;data)
L(S = 0;data)

As for MLE, choose the hypothesis that is more likely given the data we have.

e.g.

— Minimizes Type-Il uncertainties for given level of Type-l uncertainties
— Always need an alternate hypothesis o test against.

Caveat: Strictly true only for simple hypotheses (no free parameters)

— In the following: all fesfs based on LR, will focus on p-values (Type-I errors),
frusting that Type-Il errors are anyway as small as they can be...
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Discovery: Test Statistic

Cowan, Cranmer, Gross & Vitells,
Eur.Phys.J.C71:1554,2011

Discovery : S=0
« H, : background only (S = 0) against '

« H,: presence of asignal (S > 0) Hg -'” Hl

— For H,, any $>0is possible, which to use ? The one preferred by the dataq, S.

L(5=0)
= Use LR L(g)
" L(S=0) .
o —2log————— S$S=0
— In fact use the test statistic do = | L(S)
‘.. 0 S<0

- Sef g, =0 for S < 0, same as for S =0 : negative signal is same as no signal
— one-sided test stafistic ]

26



Discovery: p-value

data data
f refer
L(S=0) prefer (P
Large values of —2log = if: S=0 S>0
L(S)
R 0.5pT—
= observed S is far from O 0.45(| S<0O
= H,(S=0) disfavored compared fo H,(S#0). 0.4f f(q,[5=0)
0.35)
0.3f /C)bserved
How large g, before we can exclude H, ? 0.25¢ value g °°
(and claim a discovery!) 0.21
— Need small Type-| rate (falsely accepting H.) 0(1)51:
— Type-l rate also known as the p-value p,: 0-05§
(b‘.-.. NI A W A A WA
Fraction of outcomes that are at least as extreme Ao

(signal-like) as data, when H,, is frue (no signal present).

— Compute from the distribution f(q,|S$=0) : Po = f f(QU|S= O) dq,

— Smaller p-value = Stronger case for discovery o
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Asymptotic distribution of q,

Cowan, Cranmer, Gross & Vitells
Eur.Phys.J.C71:1554,2011

— Assume Gaussian regime for § (e.g. large n_ ... Central-limit theorem)
= q, is distributed as a X? under H (5=0), for S > O : Wilk’s Theorem (*)

0.5¢
H,,8>0|=f. _ 045/ | S<0O
f(qo | 0 ) fx [ndnf_l)[qo) 04l xz(ndof='|)
, 0.35F
= Can compute p-values from Gaussian 0.3l /)bserved
quantiles 0.25} value g
. By definition, 0.2¢
py=1-2(Vq,) G~ X2 = Vg, ~ GO 0.15[
0.1
= Even more simply, the significance is: 0.05

Z = +/q,

Typically works well already for for event counts of
O®) and above = Widely applicable

*) 1-line "proof” : asymptofically L and S are Gaussian, so

L(S)=m[—%(s%§)2] = a=[3) = va=E~6(01) = 4 ~ X(na=1)



Discovery Thresholds

Evidence : 30 < p_ =0.3% ¢ 1chance in 300

Discovery: 50 < p =3 107 < 1chancein 3.5M

Why so high thresholds ? (from Louis Lyons):

* Look-elsewhere effect: searches typically cover
multiple independent regions = Higher chance

to have a fluctuation “somewhere”

N.. ~1000: local 56 « O(10*) more reasonable

trials

* Mismodeled systematics: factor 2 error in

syst-dominated analysis = factor 2 error on Z...

Events /| 20 GeV

Data - fitted background

10'e

E|
= ATLAS

T
* Dala
—— Background-only fit
Spin-0 Selection
(s=13TeV,3.21t"

ITETI N I II.IIII| IIIIIIII| IIlIIIIIJ I.IIIIII| III.IIII| L

400 600 BOD 1000 1200 1400 1600 1800 2000
m,, [GeV]

* History: 30 and 4o excesses do occur regularly, for the reasons above

Extraordinary claims require extraordinary evidence!



Some examples

Some Excmples High-mass X—=Yyy Search: JHEP 09 (2016) 1

= E
. . § Data 3
Higgs Discovery: Phys. Lett. B 716 (2012) 1-29 S 0P — Backgroundoniy it
= N |.| T T T [ T T T T [ T T T T | I.% 102; Sp‘m—O Selection ;
I Data ) ATLAS 3 E {s=13TeV, 321" 3
0 25" [l Background 22 HozZ s - n
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5T} (R 4 E 3
[ %% SystUnc. ] = m
- 8 107 =
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Highlights: Hypothesis Tests and Discovery

Given a PDF P(data; p), define likelihood L(p) = P(data; p)

To estimate a parameter, use the value [ that maximizes L(u) — best-fit value

L{H
To decide between hypotheses H and H_, use the likelihood ratio ( ‘})
L(H,)
L(S=0) -
To test for discovery, use q, = —2log ( ~ ) 5=0
L(S)
For large enough datasets (n >~ 5), Z = '\/ qo
For a single Gaussian measurement, Z = %
B
. . A S M
For a single Poisson measurement, Z = §{ 2 (S+B) log|1 + Bl S




Hypothesis tests for Limits

If no signal in dataq, testing for discovery not very relevant (report 0.20 excess ?)

— More interesting to exclude large signals
= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%)

Normalized events per GeV

300
250F

200
150
100
50¢

5+
T,
i ++++ﬁ

foo 110 20

130

140

150 160
m (GeV)

7S <5, @ 95% CL”



Hypothesis tests for Limits

If no signal in dataq, testing for discovery not very relevant (report 0.20 excess ?)

— More interesting to exclude large signals

= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : *S < §; @ 95% CL”

300{#
250
2007
150
100

50

Normalized events per GeV

Allowed

foo

110 120

130 140 150 160
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Hypothesis tests for Limits

If no signal in dataq, testing for discovery not very relevant (report 0.20 excess ?)

— More interesting to exclude large signals
= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : *S < §; @ 95% CL”

300
250
200
150
100

Normalized events per GeV

50F

Excluded

f00 710 120 130 140 150 160

m (GeV)



Hypothesis tests for Limits

If no signal in dataq, testing for discovery not very relevant (report 0.20 excess ?)
— More interesting to exclude large signals
= Upper limits on signal yield

— Typically report 95% CL upper limit (p-value = 5%) : *S < §; @ 95% CL”

> -

()] C

pu 300p Excluded
S 2500 -- 95% CL Upper limit
& 2000

= C

@ -

E 1505—

s 100F

£ -

S 50F

P00 10 120 130 140 150 160
m (GeV)



Test Statistic for Limit-Setting

Discovery :
« H:5=0 Compare
. = %+ |ikeli
« H:S>0 4i=—2log L(S - 0) Likelihood of H, &, o

L(S) e Likelihood of H,

Limit-setting

. H,:S=S, H, ——H H,

. H, :S<S, Compare
. L(S=S,) <e— Likelihood of H_
=—=210 — a
T ®TL(3) < LikelihoodofH, <5
Same as g :

— large values = good rejection of H,
= Can compute p-value from g



Inversion: Getting the limit for a given CL

Procedure: Asymptotics
Va5, = @' (1-py)

- Compute gy, for some S, get the exclusion p-value p,,. _
: — CL Region
Asymptotic case: canuse ps =1 — ®(+v/qs)

90% 9.> 1.64

: . oro : Crory
- Adjust .SD until 95% CL exclusion (p,, = 5%) is reached 95% a5 2.70
Asymptotic case: need q,, = 2.70

99% d;> 541

4

> i "E 1
& 300t 0.09F- 1 q,=270:p=5%
S os0F 0.08- :
£ : } 0.07F :
g 200 Y 0.06] ,
Q - =
o 150" } 0.05F :
N E 0.04F '
: 1005— yed :
2 50F S, : (foo) strong exclusion %-021; :

- L 0 :_ |

o110 120 130 140 150 160 ST R
m (GeV) "1 234 5 6 7 8 9



Inversion: Getting the limit for a given CL

Procedure:

— Compute gg, for some S, get the exclusion p-value p,.
Asymptotic case: canuse ps =1 — ®(v/qs)

— Adjust S, until 95% CL exclusion (p,, = 5%) is reached

Asymptotic case: need q,, = 2.70

Normalized events per GeV

300
250f
200}
150}
100F

501 S, : no exclusion

oo 710 720 130 140 150 160

m (GeV)

0.1

Asymptotics
Vas,= @'(1-p,|
CL Region

90% 9.> 1.64
95% Q.> 2.70

99% Qs> 5.4l

0.09
0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01

3

g, =2.70:p =5%

p-value
for q,




Inversion: Getting the limit for a given CL

Procedure: Asymptotics
Vas,=@7'(1-p,)

- Compute gy, for some S, get the exclusion p-value p,,. )
: — CL Region
Asymptotic case: canuse ps =1 — ®(4qs)

90% 9;> 1.64

. . oro : Crorn
- Adjust .SD until 95% CL exclusion (p,, = 5%) is reached 95% Q> 2.70
Asymptotic case: need q,, = 2.70

99% Q. > 9541

- i 015 1
& 300 0.09F 1 q;=2.70:p=5%
& 250 0.08- :
@ : 0.075 .
& 200F 0.06
5 1500 0.055
N g 0.04
£ 1005_ 0.03-
2 50 S, :95% exclusion %-%21;_
foo " T10 120 130 140 150 160 []0

m (GeV)




Upper Limit Pathologies

+

100

0
Upper limit: S ~S+1.64 o.. ot 0\ T =
up S 100 110 120 130 140 150 160
m,, [GeV]
% bJ R DL LR B LR LR DL LR
. i L - Observed CL, limit S\ H—s ]
Problem: for negative S, get very good c oot s o 7 T Lt 4557
observed limit. S i 5:; Data 2012, Ys= 8 TeV, [Ldt = 5.9 1" 1
E - o 3
— For S sufficiently negative, even S,p<0l 3 " ATLAS Preliminary .
¢ s :

How can this be ?
— Background modeling issue ?... Or:

I

— This is a 95% limit = 5% of the time, the qi‘é' TR 2o Az 10185 4045 150
limit wrongly excludes the frue value, m, [GeV]
e.g. S*=0. '

Options

— live with it: sometfimes report limif < O

— Special procedure to avoid these cases,
since if we assume S must be >0, we know
a priori this is just a fluctuation.




CL

)

A. Read, J.Phys. G28 (2002) 2693-2704

_ , /The usual p-value under
Usual solution in HEP : CL.. ps H(S=S,) (=5%)

— Compute modified p-value PcL

S_l_PB

\ The p-value computed
= Rescale exclusion at §, by exclusion at S=0. under H(S=0)

— Somewhat ad-hoc, but good properties...

= FrrrryrrrrprrrryrrrryrrIrr [ rrTrryrTrrr rirrT T rTIrTTrrrri—e
=
=

- —— 95% limit, CL
- —— 95% limit, CL_

S compatible with 0 : p, ~ O(1)
P~ Pgo ~ 9%, NO change.

Far-negative §: 1-p, < 1
Pcis~ Pso/ (1-Pg) > 5%

— lower exclusion = higher limif, 2}
usually >0 as desired

FrgnC 11|

Drawback: overcoverage
— limit is claimed o be 95% CL, but actually >95% CL for small 1-p,.

R



Upper Limit Examples

ATLAS 2015-2016 4l aTGC Search

o) L L L s30T T T T T T T T
= - —— Observed CL, limit ATLAS > [ ATLAS ------ Expected 95% CL -
2 L ---- Expected cL limt Vs=13TeV,367f" | £ [ Vs=13TeV,36.1fb" —— Obseved95%CL 1
& = I Expected + o Spin-0 Selection | ow20p 5 f:’ ]
c B Expected + 26 NWA (I'y = 4 MeV) E B h ]
= 10 = “10F .
5 Phys. Lett. B 775 (2017) 105 -
& i 0 .
S F i
] L —10l- ]
s 107 -
T T R B T B 10| T B S R B T
500 1000 1500 2000 2500 -15 -10 -5 0 9 10 1
Co/A* [TeV]
CMS M [Gﬁ\ﬂ 7z 197f6' @ TeV)+ 5.1 0" (7 TeV)
CwE 497 GO0 047 GHAGHAGH GGG 2
>s = _  _  F K
e 2T 77 G555 % Sl %% )
E : :%/:%: :é:’é: 7 Z L7 T T2 :%: Ll o
i 7272 Rl T8 4
°E | | S
- S
o E G Lo . - 2 1 A . = > =) o - = O
s B B AR O N L N S A S S A AT B B
SR s production : o producion decay only disriminants 3



Gaussian Intervals

If g ~ G(u*, o), known quantiles :
Pl —o<fi<p +0)=68%

This is a probability for g , not !
— M is a fixed number, not a random variable

But we can invert the relation:
Plw —o<fi<p +0)=68% |
= P(|i—n’|<oc)=68% H'-c P M'+O
= P(l—o<pn <i+0)=68%

— This gives the desired statement on y* : if we repeaf the experiment many
fimes, [ - o, d +will contain the frue value 68.3% of the fime: y* =g = o

This is a statement on the inferval [ - o, g +@btained for each experiment

Works in the same way for other intferval Z 1 1.96 2
sizes: [ -Zo, g +JAw@ith

CL 0.683 0.95 0.955

43



Likelihood Intervals

Confidence intervals from L:

- Test H(u, against altfernative using  t, =—2log

« Two-sided test since true value can be
higher or lower than observed

-8

Gaussian L: g il 11:.:1;::;.;:.:?3 icinbination )

LS o -

+ L= "o, : parabolic in . s ATLAS-CONF-2017-047

«  Minimum occurs at g = i Al : -

» Crossings with 1 = 1 give the 3l a

lTo inferval ol B

General case: 1_. o 1 / T |_

+  Generally not a perfect parabola 0.8 r ¢ ‘f 1416 k)
*  Minimum sfill occurs at gy = —o— u=1.09 £0.12

« Sfill define To inferval from the f = +1 crossings
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2D examples

- Hi ATLAS-CONF-2017-047
2D Example: Higgs ;. vs. ©__;
Ly — 1 T | I T I I 1 1 T I Ll Ll I I T I T I I | | I 1 I T I I I I T Ll — L(-Xl]’ YO)
o | | | ! | ! | t =—2log =
S 40 Combined 68% CL t < 2.30 ATLAS Preliminary - L(X,Y)
5 - : o — -1 ]
bgg 35 " Combined 95% CL t < 5.99 Vs =13 TeV, 36.1 fb E ~ %2 (N . =2) )
O H—yy 68% CL H—yy and H—>ZZ*—4l - ngFVBF 3
30:— RREEE H—ZZ* —4l 68% CL m,, = 125.09 GeV, |yH|<2.5 = i;
o5 E + Bestft - 5
= I SM prediction o e §
20— B . s
15 ............ 4 ] ;
: . .1:‘. T SR D ., - g
10— — 8
5 :_ ,..,..r»-.....,T.‘,,-:ﬂ,.__“.::_-' _____ _:‘_'_'_'.o‘ """ _: ;ocj
- SM - 2
_I | | | L1 11 | | I I | I L1 1 1 I I I | I L1 1 1 I L1 1 1 I L1 1 1 8
10 20 30 40 50 60 70 80 5
o o o Cggr [PD] ggF 3
68% (10) 95% 95.5% (20) 5
. L :
1 3.84 4 Gaussian case: ellipfic £
- =
230 590 618 paraboloid surface
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IELGEVENR

L(S=5) s
L(S) -

Limits : use LR-based test statistic: qs = -2

J—
o
4]

— Use CL, procedure to avoid negative limifs

r ATL;IQ,S I A e e Observed
10° fs=13TeV, 361167 77 Expected =
F B +1std dev.
L gg__)oxﬁvir +2 std. dev. 1
[ i . SR —— Observed 1
Poisson regime, n=0:§_ =3 events i Crorsion
F .~ Expected from  °

ensemble tests  _

95% CL Upper Limit on & x B [fb]

3107 10° 2¢10° 3x10°

L — m, [Ge
Confidence intervals: use  t,,=—2log (Ilj( Al)"") ot

n

— Crossings with T, = 22 for £Zo infervals (in 1D)

% i :QTUII.SIPreIimiInaIry I_Gnmh[lnmlmn I
N T (5-13Tev, 364 " gy 1 o
6l H—vrandH—ZzZ 4 iy oy -
- - ~ ' my, = 125.09 GeV
Gaussian regime; U= + o, (1o interval) 5
Al— i)
3
E i
L L




Extra slides



Discovery significance

Interesting p-values are quite small po=1- J' 1 e—uzﬂ du
. , . 0 -
= express in ferms of Gaussian quantiles _z V&t
— Significance Z —1—07 (I)(Z)
p(Ix-x | < 16) = 0.682689
0.4F 7
0.351
oq ®(Z)=[ G(u;0,1)du
0.25F Yo
0.2F-
0.15F
0.1
0.05f / p-value
U
1 0.32
INn ROOT: 2 0.045
P, = Z (®) :ROOT::Math::gaussian_quantile_c
L= p, (@Y :RO0T::Math::gaussian_cdf_c 3 0.003
5 6 x 107

= How small is small enough ?
— Conventionally, discovery for p= 6 107 « Z =150
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One-sided vs. Two-sided

If $ < 0, is it adiscovery ? (does reject the S=0 hypothesis...)
Usual assumption : only $ > 0 is a bona fide signall
= Change statistic so that$§ < 0 = t,= 0 (perfect agreement with H,, as for S=0)

Two-sided One-sided
: H

| L(S=0) -
L(S=0) Test _|—2log ( = ) 5=0

t, = —2log L(3) Statistc qQo = L(S) )
0 S<0

z=a"(1-2) = |, mnm z="(1-p,) = Va,

0.32 0.16

By convention, factor 2 0.003 3 0.0015 = Same Z in both cases
in p-values for a given Z 6x107 5 3x107 for a given signal S
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One-sided Asymptotics

— One-sided test:

S=0,
N, T H,

qo —

L(S=0) &> 0
L(S)
0 éjo)

Asymptotics: "half-x2” distribution: f(qg | S= 0) — %5 (q[}) + o fxz[ndale)(%)

Discovery p-value: p, = 1—@[\/%) Significance: Z = @ '(1—p,) = NF

0.5

0.45}f
0.4f
0.35}
0.3}
0.25¢
0.2}
0.15}
0.1
0.05f

N

®(z)= j'Guﬂl)

normol CDF

2

q0=(0'£"

b 1234567 8 9
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One-sided Test Statistic

For upper limifs, alternate is H, : S<

- If large signal observed (S > S), does not favor H, over H,
— Only consider S < S, for H, andinclude § 2 S in H,.

S=0 S,

Discovery H *’H
Limit-Setting H, i’”

= Setq,, =0for §> S, — only small signals (§ < S,) help lower the limit.

— Also treat separately the case S < 0 | 0 $>¢
fo avoid tfechnical issues in -2logl fits. Y
L(S=S,) )
o~ —2log = 0=<S§=<S,
Asymptotics: qs, = L(S)
q, ~ “¥2x?” under H (S=S,), same as g, L(S=S,) .
. —2log S<0
except for special freatment of S < 0. L(S:(l)
=1—- [ (a.
Po @ \/qs,, Cowan, Cranmer, Gross & Vitells, Eur.Phys.J.C71:1554,2011
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CL.: Gaussian Bands

Eur.Phys.J.C71:1554.,2011

350

300k

250F

Usual Gaussian counting example with known B:
25% CL, upper limit on S:

2000

Events

150+

) » R with 1o
Sllp = S <+ (I) (1 - 0.05 (I)(SIUS) )l US GS — \'B s0F
Compute expected bands for S=0: 2
— Asimov dataset & S =0 Sﬂpexp = 1.96 o,
— * no bands: +; .
st = (in +[1— @7*(0.05 @(+n) | )cs
Cls:
S /B
. Positive bands
+2 3.66 e somewhat reduced,
+1 2.72 * Negative ones more so
2
0 1.96 Band width from o2 , = (AS, )
s1Imov
-1 1.41 depends on S, for s
-2 1.05 non-Gaussian cases,different

values for each band...
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Likelihood ratios are not a new idea: q,rr=—2l0g

« LEP: Simple LR with NPs fromm MC
— Compare p=0 and u=1

* Tevatron: PLR with profiled NPs q Tovatron —

Both compare to p=1 instead of best-fit p

LEP/Tevatron

H
LHC H, FlE—— H,

— Asymptotically:
* LEP/Tevaton: g linear in y = ~Gaussian
* LHC: gguadraficinu = ~x2

— Still use TeVatron-style for discrete cases

| CMS Preliminary \/s=7 TeV
Higgs Gombination at m,, - 250 GeV
._f[qu] for signal+bkgd pseudo-data (u=2)
f[q"] for bkgd-only peeudo-data (u=2)
[— q, observed (u=2)

%4
| LOZ Sd3 ‘NojAIoy Asipuy

Number of toys
2

- s -

%

Test Statistic q,



Spin/Parity measurements

Phys. Rev. D 92 (2015) 012004

CMS 19.4 b (8 TeV) + 4.9 1b' (7 TeV)
_LIIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII_L

9g — X(27) — WW

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

—— Observed

R AR R

Pseudoexperiments

R R AR

T e L

)20 15 -10 -5 0 5 10 15 20
2xIn(L, /L,
J
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