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• Modeling and simulation of natural processes 

  introduction and general concepts 

• Monte Carlo methods 



 

Examples of  natural processes 
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What is a model? 
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What is a model? 
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Computational Science 
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Computational Science 
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Why a model? What is a good model? 
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Level of reality 
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Several models/ different language of description  
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…to a virtual model of reality 
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Example of modeling method 
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From a model to a simulation  
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From a model to a simulation  
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From a model to a simulation: illustration  
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Space and time 
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Time evolution 
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Time evolution 
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Time evolution 
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Modeling space: Eurelian approach  
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Modeling space: Lagrangian approach  
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Modeling space 
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Beyond the physical space: complex networks 
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Example 
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Complex networks 
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Monte Carlo methods 
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A Monte Carlo computer simulation 

26 



A more difficult problem 
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Historical note  
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Markov-chain Monte Carlo (MCMC) 
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Sampling the diffusion equation in 1D 
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Diffusion equation in 1D 
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More general case: Master equation 
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Detailed balance 
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Metropolis Rule 
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Metropolis Rule in practice 
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Metropolis Rule in practice 
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Glauber Rule 
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Kinetic/Dynamic Mote Carlo 
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Monte Carlo simulation  
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Monte Carlo simulation  

40 



Gillespie’s algorithm 
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More on Monte Carlo methods 
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Monte Carlo methods 
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Numerical integration 
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Error estimation 
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Optimisation problems 
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Numerical simulations 
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Numerical simulations 
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Example: probability estimation 

49 



Example: error estimation 
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Example: numerical integration 
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Random numer generators 

52 



Random numer generators 
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Random numer generators 
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Random numer generators 
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Transformation method 
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Transformation method 
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Transformation method 
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Rejection method 
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Rejection method 
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Rejection method 
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Distributions 
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Quasi-random numbers 
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Quasi-random numbers 
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Quasi-random numbers 

65 



Quasi-random numbers 
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Quasi-random numbers 
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BONUS slides: For more 
mathematically oriented students 

68 

Follow the course/slides  from  
M. Chrzaszcz , Lectures on Monte Carlo methods,  ETH Zurich  



 

Monte Carlo methods: more maths 
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Applications of MC methods 

70 



 

Euler number determination 
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Let’s test the √N 
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Let’s test the √N 
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Let’s test the √N 
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Mathematical foundations of MC methods 
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Mathematical foundations of MC methods 
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Mathematical foundations of MC methods 
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Mathematical foundations of MC methods 

78 



Mathematical foundations of MC methods 
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Law of large numbers 
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Wrap up 
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Monte Carlo and integration 
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Uncertainty from MC methods 
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Buffon needle – p number calculus 

84 



Buffon needle – simples Carlo method 
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Head and tails Monte Carlo 
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Buffon needle 
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Crude Monte Carlo method of integration 
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Crude vs „hits or miss” 
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Generalization to multi-dimension case. Crude method 
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Generalization to multi-dimension case. „Hits or miss” 
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Crude MC vs  „Hits or miss” 
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Crude MC vs  „Hits or miss” 
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Crude MC vs  „Hits or miss” 
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Classical methods of variance reduction 
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Stratified sampling 
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Stratified sampling – mathematical details 
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Stratified sampling  in practice  
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Stratified sampling  for the Buffon needle 
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Importance  sampling 
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Importance  sampling - Example 
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Control variates 
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Antithetic  variates 
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Wrap up 
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Classical methods of variance reduction 
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Disadvantages of classical variance reduction methods 
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Schematic of running this kind of methods 
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VEGAS algorithm 
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VEGAS algorithm 
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VEGAS algorithm – futher improvements 
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VEGAS algorithm – 2D case 
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VEGAS algorithm – an example 
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FOAM algorithm 
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FOAM algorithm 
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FOAM algorithm 
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Monte Carlo vs numerical methods 
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Wrap up 
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Random and pseudorandom numbers 
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Random numbers = history remark 
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Pseudorandom numbers 

120 



General schematic 
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Linear generators 

122 



Linear generators 
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Linear generators 
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RANLUX generator 
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Wrap up 
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Literature 
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