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Abstract

In this Thesis we undertake a theoretical analysis of normal, magnetic, and un-
conventional superconducting states of strongly correlated model heavy-fermion
electron systems within the extended (statistically-consistent) generalized Gutz-
willer approach to the periodic Anderson model (PAM) in the strong-correlation
limit. The finite-U corrections are included systematically by transforming PAM
into the form with both the Kondo interaction and the residual hybridization be-
tween the uncorrelated band electrons and the correlated atomic (4f) states. The
resulting effective Hamiltonian is called the Anderson-Kondo lattice model. The
theoretical approach leads to a (semi)quantitative understanding of the complex
phase diagram encompassing both magnetic and superconducting phases within a
single, unified framework.

We show that magnetic phases are strongly affected by the presence of applied
magnetic field. We also find that for large values of hybridization strength the
system enters the so-called locked heavy fermion state. In this state the chemical
potential lies in the majority-spin hybridization gap and, as a consequence, the
system evolution is insensitive to the further increase of applied magnetic field.
However, for a sufficiently strong field, the system transforms from the locked
state to the fully spin-polarized phase. This is accompanied by a metamagnetic
transition, as well as by a drastic reduction of the quasiparticle effective mass.
The mass enhancement for the spin-minority electrons may also diminish with the
increasing field, unlike for the quasiparticle states in a single narrow band in the
same limit of strong correlations.

Next, we analyze in detail the possible coexistence of magnetism and the spin
singlet superconductivity. Within the framework of the Anderson-Kondo model
we also consider a microscopic pairing mechanism based on the idea of real space
pairing. We provide an overall phase diagram incorporating the emergence of the
quantum critical point at which the Kondo insulating (KI), the antiferromagnetic
(AF) and the superconducting (SC) phases meet. We also demonstrate a viable
definition of KI as the state with the totally compensated magnetic moments. This
state is the parental state for the emerging SC phase with diminishing electron
concentration. Furthermore, the appearing coexistent (AF+SC) phase contains
also a spin-triplet component within the essentially spin-singlet pairing mechanism.
The principal result is also the presence of Kondo compensation, complete (for PKI)
or partial (for AF and AF+SC phases), as well as the presence of a small uniform
moment, which may signal the possible stability of more complicated magnetic
phases than the commensurate cases considered in this Thesis.

The theoretical findings presented in this Thesis provide a fairly complete de-
scription of the phase diagram for the Anderson-Kondo model and are in good
overall agreement with experimental results for the Ce-based compounds, such as
the superconducting CeRhIn5 or the Kondo insulating CeRhSb.

Keywords: heavy fermions, strongly correlated electrons, unconventional su-
perconductivity, Kondo insulators, Kondo screening, antiferromagnetism, coexis-
tence superconductivity with magnetism, d-wave superconductivity, spin-dependent
masses, Periodic Anderson model, statistically-consistent Gutzwiller approxima-
tion, Anderson-Kondo lattice.





Streszczenie

W rozprawie rozważono niekonwencjonalne nadprzewodnictwo w uk ladach ciȩż-
ko fermionowych silnie skorelowanych elektronów. W ramach statystycznie-konsys-
tentnego podej́scia typu Gutzwillera zbadane zosta lo zachowanie uk ladów ciȩżko
fermionowych opisanych periodycznym modelem Andersona z uwzglȩdnieniem sil-
nych korelacji elektronowych. Wp lyw silnego oddzia lywania kulumbowskiego zosta l
uwzglȩdniony poprzez zastosowana̧ transformacjȩ kanoniczna̧. W wyniku powyższej
transformacji wej́sciowy Hamiltonian modelu zosta l przedstawiony w postaci efek-
tywnego modelu Andersona-Kondo, który w sposób jawny opisuje oddzia lywanie
typu Kondo wraz z resztkowa̧ hybrydyzacja̧. Powyższe jednolite podej́scie teore-
tyczne pozwoli lo w sposób bezpośredni skonstruować diagram fazowy zawieraja̧cy
zarówno fazy magnetyczne jak i nadprzewodza̧ce.

Wykazano również, że magnetyczne fazy normalne sa̧ w dużym stopniu po-
datne na wp lyw pola magnetycznego. Zaobserwowano, że dla dużych wartości
hybrydyzacji uk lad przechodzi w tzw. zablokowany stan ciȩżkofermionowy. W
tym stanie potencja l chemiczny leży w przerwie hybrydyzacyjnej podpasma spinów
wiȩkszościowych. Prowadzi to do niewrażliwości ewolucji uk ladu na wzrost przy lożo-
nego pola magnetycznego. Jednakże dostatecznie silne pole magnetyczne powoduje
przej́scie uk ladu do ca lkowicie spolaryzowanej fazy. Przej́sciu temu towarzyszy
tzw. przej́scie metamagnetyczne oraz radykalne zmniejszenie efektywnej masy
kwazicza̧stek. W przeciwieństwie do mas efektywnych kwazicza̧stek w przybliżeniu
jedno-pasmowym, w obecnym modelu obie spinowo-rozszczepione masy moga̧ maleć
wraz ze wzrostem pola magnetycznego.

Nastȩpnie zbadano wspó listnienie magnetyzmu i spinowo-singletowego nadprze-
wodnictwa. W ramach modelu Andersona-Kondo zaproponowano uogólniony mikro-
skopowy mechanizm parowania oparty na idei parowania w przestrzeni rzeczywis-
tej. Zaprezentowano również ogólny diagram fazowy, na którym w kwantowym
punkcie krytycznym spotykaja̧ siȩ izolator Kondo, faza antyferromagnetyczna oraz
nadprzewodza̧ca. Przedstawiono definicjȩ izolatora Kondo z ca lkowicie skompen-
sowanymi momentami magnetycznymi, który jest stanem wyj́sciowym dla fazy
nadprzewodza̧cej pojawiaja̧cej siȩ wraz ze zmniejszeniem stȩżenia elektronowego.
Ponadto, badana faza wspó listnieja̧ca̧ zawiera także spinowo trypletowa̧ czȩść w
ramach zasadniczo singletowego mechanizmu parowania. Podstawowym wynikiem
pracy jest obecność kompensacji Kondo: pe lnej (dla PKI) lub czȩściowej (dla faz
AF i AF+SC) oraz obecność ma lego momentu ferromagnetycznego, który może
sygnalizować istnienie bardziej skomplikowanych faz magnetycznych, aniżeli te roz-
patrywane w tej pracy.

Przedstawione wyniki teoretyczne pozwoli ly przedstawić kompletny opis dia-
gramu fazowego dla modelu Andersona-Kondo, które sa̧ w dobrej zgodności z ob-
serwacjami doświadczalnymi dla zwia̧zków ciȩżkofermionowych na bazie Ce, takich
jak nadprzewodnik CeRhIn5 czy izolator Kondo CeRhSb.

S lowa kluczowe: ciȩżkie fermiony, silnie skorelowane elektrony, niekonwencjo-
nalne nadprzewodnictwo, izolator Kondo, ekranowanie typu Kondo, antyferromag-
netyzm, koegzystencja nadprzewodnictwa i magnetyzmu, nadprzewodnictwo typu
d-wave, spinowo-zależne masy, periodyczny model Andersona, statystycznie kon-
systentne przybliżenie Gutzwillera, sieć Andersona-Kondo.
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Finally, I wish to thank Julia.
The work was supported by Ministry of Science and Higher Education under

Grant Nos. NN202 489839 and NN202 128736, as well as by the Project TEAM
awarded by the Foundation for Polish Science (FNP) for the years 2011-2014.

ix



x



List of abbreviations

AF Antiferromagnetism (or antiferromagnetic)

AF+SC Coexistent antiferromagnetism with superconductivity

AKI Antiferromagnetic Kondo insulator

DOS Density of states

FM Ferromagnetic

GA Gutzwiller approximation

HF Heavy fermion

KI Kondo insulator

MF Mean-field

PAM Periodic Anderson model

SC Superconductivity (or superconducting)

SC-RMFT Statistically consistent - renormalized mean-field theory

SFM Strongly ferromagnetic phase

S-W Schrieffer-Wolff

WFM Weakly ferromagnetic phase

xi



xii



Chapter 1

Introduction

Strongly correlated materials in which the Coulomb interaction between electrons
plays a significant or dominant role are one of the most intriguing in the condensed
matter physics and quantum materials science. Among them are the following
classes of materials:

• High temperature superconductors,

• Mott insulators,

• Heavy fermion systems,

• Kondo insulators.

This made the term strong correlations as signalling of striking physical phenom-
ena. During the past decades one can observe a vast and impressive experimental
progress in synthesizing novel correlated systems [1, 2, 3]. This was followed by a
substantial effort to create an efficient and reliable theoretical approach for treating
strong correlations. Among the most popular theoretical approaches to correlated
systems are: (i) dynamical mean field theory (DMFT) [4], (ii) quantum Monte
Carlo simulations [5, 6], (iii) improved density functional calculations (LDA+U
and LDA+U+DMFT) [7], (iv) slave-boson approach, and finally (v) Gutzwiller
variational approach [8], which in a modified version is the subject of this Thesis.
Also, a new perspective into theoretical investigations may be opened up by the
artificially designed correlated materials, e.g. cold atoms in optical lattices, as they
can be regarded as a test bed for the theoretical models [9].

In this Thesis we focus our attention on some aspects of rare-earth and actinide
compounds which fall into the heavy-fermion (HF) class of materials. The term
heavy fermions was introduced in order to underline the unusually high electronic
density of states (DOS) observed in this new class of inter-metallic compounds
[10] and associated with this DOS enhancement very large mass of observed quasi-
particles (over 1000 times larger than in pure copper). The indication of the fact
that applied pressure, the magnetic field or the chemical doping may tune an in-
termetallic aniferromagnet into HF state [11] can lead to the conclusion that HF
materials can be placed as the materials close to magnetic instabilities. This cir-
cumstance, in turn, suggests that these systems lie at the edge of magnetism, i.e.,
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in the regime, where the crucial role is played by both magnetic fluctuations and
electronic correlations [12].

1.1 Unique features of heavy fermion systems

J
H

J
K

f spin

c spin

a) b)

Figure 1.1: Panel a) depicts schematically the local moments (big blue arrows)
antiferromagnetically-ordered and screened by a cloud of conduction band electrons
(small red arrows). Note the emergence of two different antiferromagnetic orders as
a consequence of both the f -f and Kondo-type f -c spin-spin interactions as marked
by the exchange integrals JH and JK , respectively. Right panel b) represents the
simple Doniach phase diagram, after Ref. [13]. The point at Pc represents a
quantum critical point.

HF metals are customarily regarded as a quantum electron liquid composed
of strongly correlated (quasi-atomic) f -electron quasiparticle states resulting from
hybridization of bare atomic f with conduction uncorrelated (band) electrons.
The f -electrons are associated with the presence of rare-earth or actinide ions
with valency very close to the integer value, e.g., Ce+3−δ, with δ ≪ 1. In other
words, the onsite Coulomb repulsion is strong and the f-electrons behave often in
a solid as localized (or almost localized) magnetic moments, even in the presence
of the interband hybridization. In HF systems Coulomb interaction emerges as
a consequence of the significant spatial compactness of the valence orbitals (f -
shell) in the rare-earth/actinide ions. Thus, the intraatomic Coulomb interaction
described by the parameter U ≡ e2

∫

|Ψf(r1)|2|r1 − r2|−1|Ψf(r2)|2dr1dr2 is large.
The first-principle calculations for 4f systems [14] provide the value U = 5÷ 6eV ;
this compared to the typical band-width of the relevant conduction states, W =
1 ÷ 2eV , constitutes the largest energy scale in the system.

In most of 4f -electron metals and insulators local moments order antiferro-
magnetically but only in HF and the fluctuating-valence systems they delocalize
due to the hybridization with the band 5d− 6s electrons. This hybridization can
become so strong that it can destroy the magnetic order. In the simplest terms,
quantum effect associated with this phenomenon is called Kondo effect [15] and is
based on the quantum-mechanical process by which a magnetic moment becomes
screened by the conduction electron cloud. Parenthetically, HF material can be
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viewed as a dense lattice of Kondo screened local moments (cf. Figure 1.1a). In
the low-temperature regime the local moments screened by a cloud of conduction
electrons is thus accompanied by the singlet formation between heavy f -electrons
and conduction band electrons. The energy gain of the singlet formation is esti-
mated to be of the order of kBTK , where TK , the so-called characteristic Kondo
temperature depends exponentially from the local-exchange-coupling constant JK ,
namely TK ∝ exp(−1/JKρ0), where JK is the amplitude of antiferromagnetic in-
teraction of the local moments with the conduction electrons and ρ0 denotes here
the bare conduction-electron density of states at the Fermi level. The antiferro-
magnetic Kondo interaction (∝ JK) and the intersite RKKY (TRKKY ∼ JH) in-
teraction between local moments compete with each other and subsequently allow
for an emergence of new nonmagnetic, superconducting or magnetically ordered
ground states in heavy fermion systems. In Figure 1.1b we present Doniach phase
diagram which is based on these ideas [16]. This simplified picture created by
Doniach [16] suggests that the competition between the quenching of localized
magnetic moments and the intersite RKKY spin-spin interaction is governed by a
single parameter, namely, the effective exchange constant JKρ0 mentioned earlier.
Experimentally the strength of the exchange interaction is usually tuned by the
corresponding change of composition or pressure. The diagram sketched in Figure
1.1b lacks many important details, namely the ferromagnetic and insulating, as
well as superconducting phases. More importantly, it does not take into account
explicitly the hybridization, a necessary condition to have itineracy of f -electrons
in HF state. More elaborated phase diagram for the Kondo lattices was obtained
and discussed in [17]. In this Thesis we significantly extend the existing discus-
sion of the heavy fermion phase diagrams by including both the superconducting
and the coexistent antiferromagnetic-superconducting phases. What is even more
important, we allow for f -electron itineracy changing qualitatively the situation
depicted in Figure 1.1b.

One of the first startling observations made in the heavy fermion systems was
their unusual temperature properties. In the high-temperature limit (in f -electron
systems this states for the temperatures of the order of hundreds Kelvins) the heavy
f -electrons e.g. coming from Ce3+ ions behave as individual localized magnetic
moments equal to atomic moment of the free Cerium ions with angular momen-
tum J = 5/2. This behavior manifests itself in Curie-Weiss type susceptibility
χ(T ) ≈ µeff/3kB(T + Θ), where µ2

eff ≡ gJJ(J + 1)µ2
B with Θ > 0 defining the

Curie-Weiss temperature and gJ is Landé factor for a given rare-earth/actinide
ion. Yet at low temperatures these systems exhibit a crossover to the Fermi-liquid
state with very heavy quasiparticles. In other words, in this state f -electrons from
rare-earth/actinide ion behave as delocalized carries. The crossover temperature
is of the order of ∼ 10K which is about 104 times lower than Fermi temperature
of copper. This indicates an appearance of an important low-energy scale in the
heavy fermion systems. Below this characteristic temperature localized moments
of rare-earth/actinide ion behave as itinerant/delolized and create with conduc-
tion band electrons so-called Kondo-singlets. This phenomenon gives rise to the
creation of heavy Fermi-liquid as depicted in Figure 1.2. Because the f electrons
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Figure 1.2: The illustration of Kondo breakdown in heavy-fermion metals. (A)
Heavy Fermi-liquid created by the Kondo-singlets. The shapes with orange arrows
are mobile conduction electrons, and the thick black arrows indicate localized mag-
netic moments. (B) The dissolved local moments in the sea of conduction electrons
give rise to a large Fermi surface. (C) Kondo breakdown in an antiferromagnetic
phase. Local moments do not form Kondo singlets with the conduction electrons.
(D) In the Kondo-breakdown state only conduction band electrons contribute to
Fermi surface which becomes much smaller. (The picture after Ref. [18]).

become itinerant they can no longer be regarded as atomic moments, but rather as
electron carriers which together with band electrons contribute to the Fermi sur-
face. Parenthetically, it is manifested in enlargement of Fermi surface (cf. Figure
1.2B).

In general, metallic systems of interacting fermions at low temperature can
be described by the Landau Fermi-liquid theory. Heavy fermion metals can be
also viewed as an extreme case of Fermi-liquid formed by hundreds times heavier,
comparing to the free electrons in conventional metals, quasiparticles. The Lan-
dau Fermi-liquid theory predicts number of low-temperature properties of heavy
fermion systems, such as: linear behavior of electronic specific heat in the low tem-
perature regime, namely CV = γT + δT 3lnT , with γ = limT→0CV /T = π2k2

Bρ
∗/3;

Pauli-type magnetic susceptibility proportional to quasiparticle density of states
i.e. χm(T ) ∝ µ2

Bρ
∗, with quasiparticle density ρ∗ = (kF/(π2

~
2))m∗ proportional to

the effective mass m∗; and the quadratic resistivity ρ(T ) = ρ(0) +AT 2. The above
dependencies constitute two universal scaling laws applicable to a wide range of
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heavy fermion materials:

χ

γ
≈ const.,

A

γ2
≈ const.. (1.1)

One of the key features of this heavy Fermi-liquid is emergence of single energy
scale kBT

∗, such that the quasiparticle density of states at the Fermi level obeys
the following relation ρ∗ ∝ 1/T ∗. This energy scale manifests the limit of validity
of Fermi-liquid picture. One has also to note that the introduction in Fermi-liquid
theory the idea of effective quasiparticle mass m∗ is based on the concept that the
excitation spectrum of interacting system can be adiabatically connected to those
coming from non-interacting electron fluid. This assumption gives a possibility for
an adequate description of renormalization observed in many thermodynamic and
transport properties which take place in HF compounds.

Another interesting rare-earth/actinide class of materials is Kondo insulators.
Compounds which belong to this group in the low-temperature limit develop an
insulating gap in the quasiparticle spectrum. This peculiar feature implies that
physical properties of this materials will display thermal activated behavior. The
former is indeed observed in the specific heat, the electrical conductivity and other
characteristics. It should be noted that there is an important difference between
Kondo insulators and the small-gap nonmagnetic semiconductors, namely with
increasing temperature the gap in Kondo insulators diminishes and, eventually,
disappears, while in the conventional semiconductors gap magnitude remains tem-
perature independent. As stated in Reference [19] there is a set of conditions and
properties which must be fulfilled in order to rare-earth or actinide compound to be
a Kondo insulator. Among them one can find a requirement for the total number
of electrons to be an even number and vanishing magnetic susceptibility in weak
magnetic fields as T → 0. The later result is in accord with the picture of fully
occupied subband in case of even number of electrons. With regard to high tem-
perature regime Kondo insulators behavior does not deviate from the properties of
common heavy fermion compounds.

The heavy fermion systems exhibit various types of ground states. So that with
the temperature reduction different types of order can emerge, namely the mate-
rial can remain in paramagnetic state, become Kondo insulator, undergo magnetic
phase transition or can be found in coexistent with magnetism or pure supercon-
ducting state.

Due to antiferromagnetic interaction between both local moments of the f -
f type and Kondo type interaction (cf. Figure 1.1) most of the rare-earth and
actinides heavy fermion compounds order antiferromagnetically, e.g. CeAl2 [20],
CeB6 [21], CeCu2Ge2 [22], NpBe13 [23]. Nonetheless, there is also a constantly
growing group of heavy fermion compounds which show a ferromagnetic ordering,
e.g. URu2−xRexSi2 for 0.3 < x < 1.0 [24], UIr2Zn20 [25], and CeSi1.81 [26]. One of
the most characteristic magnetic properties of the heavy fermion compounds is the
metamagnetic behavior (a sudden magnetization increase or discontinuous jump
at a critical value of the applied magnetic field). This phenomenon is observed
in HF compounds such as CeRu2Si2 [27], CeCoGe3 [28], UPd2Al3, URu2Si2, and
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UPt3 [29]. The former feature of HF electron systems makes the applied field a
useful tool of probing the strong correlation behavior. Additionally, as discussed
in Chapter 3 a sufficiently strong applied magnetic field may lead to a destruction
of the HF state of those strongly correlated fermions and, as a consequence, force
a destruction of the heavy, predominantly f -electron, quantum liquid. This type
of transition, preceded by the metamagnetic transition (MMT), was the subject of
extensive studies during the past decade [30, 31], but still, because of rich variety
and complicated structure of associated with it phase diagrams, the universal na-
ture of the MMT is difficult to be singled out unequivocally. One of the puzzles
is also the circumstance, that metamagnetic behavior can take place starting from
the ferromagnetic state [31]. An additional and specific property of these systems is
the explicit spin-direction dependence of the resulting quasiparticle masses [32] (for
a recent review see [33]). Also for the experimental confirmation of this theoretical
concept see Reference [34].

1.2 Unconventional superconductivity in heavy

fermion compounds

1.2.1 Experimental observations

Since the discovery of heavy fermion superconductivity the unusual properties of
f -electron materials continue to attract substantial attention [35]. The first indi-
cations of unconventional superconducting state revealed by CeCu2Si2 [10] opened
the road to disclosure of the whole numerous family of HF materials in which the
appearance of superconductivity is closely connected to antiferromagnetic (AF)
spin fluctuations. Rich scientific debate is focused around the evident similarities
between HF and high-Tc cuprate superconductors as in both situations the exper-
imental findings show that AF spin-fluctuations might be crucial for emergence of
the superconductivity.

The interplay between the magnetism and superconductivity is one of the most
interesting topic in modern condensed matter physics, since the long-range mag-
netic order should be in principle antagonistic or strongly competitive with su-
perconducting states due to screening and internal fields generated by magnetic
order. However, some Ce-based HF compounds do exhibit coexistence of AF and
SC order at ambient or high pressure.

Discovery of pressure induced superconductivity in CeRhIn5 provided an oppor-
tunity to study competition and/or coexistence of long range antiferromagnetism
and unconventional superconductivity. The temperature vs pressure phase diagram
of this compound (see Figure 1.3) was thoroughly studied using several different
experimental techniques, among them are low temperature calorimetry [38], resis-
tivity measurements [39], nuclear quadrupole resonance [40] and others. It should
be noted that there has to be a big difference between pure AF and AF+SC phase
in CeRhIn5. Since, at ambient pressure staggered moment in antiferromagnetic
phase is relatively high ∼ 0.8µB/Ce [39] and below the Néel temperature and
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Figure 1.3: Phase diagram of CeCoIn5 and CeRhIn5 (b) (temperature versus pres-
sure). The superconducting (SC) phase with a critical temperature Tc and an
antiferromagnetic (AF) phase with a Néel temperature TN , with a small coexis-
tence region for CeRhIn5 in between these phases and a paramagnetic (PM) phase
at higher temperatures. Phase diagram is taken from the Reference [36].

under the pressure when system is close to coexistent phase magnetic moment
drops to the value of ∼ 0.2µB/Ce[36]. Furthermore, there are indications that
CeRhIn5 at ambient pressure below TN = 3.8K orders in an incommensurate an-
tiferromagnetic structure with an ordering vector Q = (1/2, 1/2, 0.297) but AF
and SC coexist only if AF has a commensurate structure [36]. The magnetic field
-temperature phase diagram presented in Figure 1.4 shows that for selected values
of applied pressure there are regions where SC appears inside the AF ordered phase
(cf. Figure 1.4b) or under the application of an external magnetic field SC state is
suppressed and AF order re-enters inside the SC state (cf. Figure 1.4c).

Recently more elaborated and generalized investigations of the 115 family of
heavy fermion superconducting compounds were conducted, namely the CeMIn5

(M=Co, Rh, Ir) group. Its phase diagrams as a function of pressure and chemical
substitution presented in Figure 1.4 confirms that superconductivity lies closely to
the quantum critical point associated with the AF transition [37, 41]. In Figure
1.5 the evolution of CeMIn5 under the isovalent replacement of Co by Rh and Ir
and of Rh by Ir is shown. As can be seen, it allows to study the phase transition
between superconductivity and antiferromagnetism, as well as the coexistence of
antiferromagnetism and superconductivity, which is observed for a large range of
x in CeCo1−xRhxIn5 [37, 41].

Additionally, under pressure in some of HF materials superconductivity may
also appear at the border of itinerant antiferromagnetism. Experiments on CeCu2Si2
show that under moderate doping with Ge, which induces pair breaking defects,
the superconducting phase disintegrates into two separate domes [42, 43]. This ob-
servation may suggest the existence of two different pairing mechanism. It seems
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Figure 1.4: Magnetic field - temperature phase diagram of CeCoIn5(a) and
CeRhIn5(b-d) at selected values of applied pressure [36].

that the most natural explanation to this phenomenon is that these two unconven-
tional superconducting states are driven by the two distinct pairing interactions.
The superconductivity close to AF transition quantum critical point may emerge
due to antiferromagnetically mediated pairing and at high pressures the second
superconducting dome which lay in the vicinity of the charge-density fluctuations
where valence transition seems to be of a great importance. It should be noted that
the increase of pressure is connected with an increase of the hybridization between
f -electrons and band conduction electrons (c-electrons). Because of that in the
high pressure region 4f electrons are delocalized and the subsequent decrease of
pressure induces the charge fluctuation that originates in Ce3+ → Ce4+ transition
and results in valence fluctuations of f -electrons. New members of the 115 family
of heavy fermion superconductors discovered among the actinide compounds [35]
brought new confirmation of a relevance of the valence fluctuation for emergences
of the high-pressure superconducting dome. One of the most impressive observa-
tion made while exploring the superconductivity in Pu compounds was its high
value of critical temperature Tc, which in case of PuCoGa5 rises up to the value of
18.5K [44]. This is the highest value of critical superconducting temperature for
any f -electron system observed so far. The increased value of Tc can be attributed
to the nature of plutonium 5f electrons, for which Coulomb screening is smaller
than in 4f electrons coming from Ce atoms, as well as the typical bandwidth of
5f systems is intermediate between those of 3d and 4f [10]. The Pu-based heavy
fermion compounds seem to create a missing bridge connecting Ce-based heavy
fermion and high-Tc cuprate superconductors [45]. In both PuMGa5 and CeMIn5

a number of similarities can be found including the same stoichiometry and the
Fermi surface [46]. This was expected, as for the Ce atom only one electron exists
in the j = 5/2 sextet for Ce3+ configuration, while for Pu3+ there is one hole. Thus,
Pu3+ may be viewed as the hole analogue of the Ce3+ one electron state. In spite
of this, the origin of superconductivity in these two compounds is quite different.
The detailed comparison between CeCoIn5 and PuCoGa5 [43] shows that in the
first compound superconductivity arises from the proximity to the AF quantum
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Figure 1.5: Evolution of superconductivity and antiferromagnetic order in the series
CeMIn5, where M= Co, Rh, and Ir. Phase diagram is taken from the Reference
[37].

critical point while in the later case most probably superconductivity is mediated
by the valence fluctuation. It should be noted that, as most of Ce-based HF su-
perconductors, PuCoGa5 is also identified as spin-singlet d-wave superconductor
[47].

1.2.2 Theoretical description

The question of the origin of unconventional superconductivity (superfluidity) in
strongly correlated electronic [48] and optical-lattice [9] systems is one of the most
important in condensed matter physics, as it concerns going beyond one of the
most successful theories of XX-th century physics - the Bardeen-Cooper-Schrieffer
(BCS) theory [49] of superconductivity and of its descendants - superfluid 3He,
paired nucleons, superfluid neutron matter, and the quark-gluon plasma. Most of
these systems do not involve any coupling to the lattice (also in the optical-lattice
case), so the basic question is if there exists a universal type of pairing mechanism
which would be complementary to the electron-lattice interaction. One of such
mechanisms has been proposed based on the paramagnon exchange [50] between
fermions. The collective-excitation exchange between the fermionic quasiparticles
constitutes one class of theoretical models. This excitation is regarded as dominant
in almost or weakly magnetic (i.e. weakly correlated) systems (see, however discus-
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sion in Ref. [50]). The second class, studied here, is based on the Dirac universal
idea of exchange interaction [51] which takes place between any two fermions if
they only form a coherent state. This idea is widely assumed to have a direct ap-
plication in the case of high temperature superconductivity, where it takes the form
of the so-called t − J model with real space pairing [52, 53], originating from the
kinetic exchange (superexchange) in the strongly correlated Mott insulators and
the doped Mott systems. Within this last approach the so-called renormalized-
paramagnon contribution can be then incorporated as a higher order effect [53].
In this conceptual changeover from the language of the virtual-boson exchange
to that of short-range (real-space) pairing based on pair-correlation induced by
the exchange interaction, it is important to note that there is a rigorous formal
one-to-one correspondence between the exchange (spin-spin) interaction and the
real-space pairing language [53, 54] expressed by fermionic spin-singlet pair oper-
ators. Such language leads to the results which for the case of high temperature
superconductors can be compared semiquantitatively with experiment, at least in
the overdoped regime [55].

Here we extend these ideas to the heavy-fermion systems and generalize them
to situation with a more complicated both electronic and exchange-interaction
structures [56] due to the mixed localized (f) - itinerant conduction, (c) nature of
starting fermions. In the quantum-condensed magnetic phases those two (f and c)
electron subsystems are hybridized quantum-mechanically and strongly correlated
at the same time. In that situation, by constructing an approximate, but reliable
and straightforward solution of that problem, we demonstrate in this Thesis the
applicability of the concept of the exchange-induced (real-space) pairing in this
very important class of strongly correlated materials.

1.3 Aim and scope of the Thesis

The main aim of this Thesis is to determine the phase diagram involving both
magnetism and superconductivity of model heavy fermion systems. Here we pro-
pose an extended version of Gutzwiller-type approximation and apply it to solve
the proposed earlier Anderson-Kondo lattice model. Our approach can be summa-
rized in three essential steps. The first consists of an application of the truncated
Schrieffer-Wollf’s transformation to the Periodic Anderson model. In effect, we ob-
tain a general form of the effective Hamiltonian which we call the Anderson-Kondo
lattice Hamiltonian. This Hamiltonian in an explicit manner comprises both the
hybrid f -c and the f -f pairing terms. The second step is to create an appropri-
ate renormalization scheme ( the statistically consistent renormalized mean-field
theory (SC-RMFT)), which captures the key features of the model, namely the
strongly correlated f -electron’s nature and emergence of their itinerancy due to
hybridization with band electrons. The final step is the solution of obtained mean-
field effective Hamiltonian, with taking under consideration magnetic, insulating,
superconducting, and mixed magnetic-superconducting states. Within this theo-
retical framework, we would address the following fundamental questions relevant
to the heavy fermion physics:
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1. Can an antifferomagnetic Fermi-liquid state with a small staggered moment
coexist with superconductivity? Also, to what extent the coexistent AF+SC
phase can be connected to the experimental observations in CeRhIn5? A
comprehensive answer to this question requires a solution of a number of
self-consistent equations, which will provide all necessary single-particle char-
acteristics such as: the staggered and the uniform magnetic moment compo-
nents for both the f electron and the band (uncorrelated) electrons, as well
as both the spin-singlet and the spin-triplet components of the supercon-
ducting gap, the number nf (f -electron occupancy), etc. The total number
of mean-field order parameters in the coexistent AF+SC phase reaches the
value of 17. This is the lowest-symmetry phase considered here. The accurate
investigation of this coexistent phase stability against other normal and pure
superconducting phases shows that there are two stable regions of coexistent
AF+SC phase on hybridization magnitude |V | - total occupancy ne plane.
We argue that only one coexistent phase with a small staggered moment is
relevant to the recent experimental observations [57].

2. What is the underlying nature of the unconventional superconducting state
in heavy-fermion compounds? Can we point to the link between the heavy-
fermion and high-Tc superconductors? We propose a hybrid nature of the
superconducting gap created by the mixing of f -c electronic states. We claim
that superconductivity, as well as magnetism in heavy fermion compounds are
directly related to the antiferromagnetic Kondo interaction. Nevertheless, we
also study the influence of f -f type of pairing which emerges as a higher order
contribution in our theoretical approach. We extend the long-lived discussion
concerning the similarities between HF and high-Tc materials, based on the
observation that here the hybrid spin-singlet superconductivity emerges from
the Kondo insulator, which can be viewed as a heavy-fermion analogue of the
Mott insulator in case of high-Tc materials.

3. What is the definition of Kondo insulator within our theoretical approach?
We claim that in this Thesis a proper form of Kondo insulating state with
totally compensated moments is obtained theoretically for the first time.
It means that the magnetic moments are not set to be ad hoc zero but
instead, we show that in KI state the f - and c- electron magnetic moments
totally compensate each other and give rise to emergence of nonmagnetic and
insulating ground state.

4. What is the influence of applied magnetic field on magnetic properties of
heavy fermion system? We show that the application of magnetic field pro-
vides a gradual destruction of the coherence in f -c hybridized states. This, on
the other hand, results in a progressive decrease of the effective quasiparticle
spin-split effective masses.

Though most of presented here calculations are performed within SC-RMFT,
which is still just only another more involved mean-field approach, we believe that
our renormalization scheme goes beyond existing in the literature Gutzwiller or
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slave-boson approximations. The results presented in this Thesis provide probably
the most general and complete mean-field approximation for heavy fermion sys-
tems, as we consider not only magnetic, but also superconducting states and more
importantly, we study here the coexistence of antiferromagnetism and superconduc-
tivity. We provide results which reproduce the pivotal properties of heavy fermion
compounds. The first observation is the emergence of the Kondo insulating state
for the even number of electrons. In this state the magnetic moments of both f -
and c- electrons are totally screened out. In effect, system is nonmagnetic. More-
over, the obtained magnetic susceptibility shows the Fermi-liquid behavior in the
low-temperature regime and the Curie-Weiss law in the high-temperature region.
All these observations are in good agreement with experimental observations made
in HF Kondo insulators [58, 59, 19]. The second crucial result concerns the super-
conducting phase, which as we show explicitly has predominantly spin-singlet type
of pairing. The other key result obtained here is the emergence of the coexistent
AF+SC state from superconducting phase with diminishing hybridization and its
evolution to pure antiferromagnetic phase under the influence of further hybridiza-
tion decrease. The observed sequence of phases, namely SC→AF+SC→AF re-
produces experimental results observed recently in CeRhIn5 under the assumption
that increase of the applied pressure can be directly connected with the increas-
ing hybridization. Furthermore, we observe interesting phenomenon assisting the
uniform moment, which is the appearance of the spin-triplet gap component in
addition to the spin-singlet component in this coexistent AF+SC phases.

The contents of the Thesis is as follows. In Chapter 2 we have introduced the
essence of Anderson-Kondo model, as well as its generalization to the crystal field
(CEF) split f states, with restriction only to the lowest Karamer’s doublet. The
details of the derivation of Anderson-Kondo model are provided in Appendix A. We
also present in Appendix B a brief discussion on the role of the Falicov-Kimball
term which is not included in main text. In Chapter 3 we discuss some of the
normal state characteristics and their applied magnetic field dependencies. Also, in
associated with this chapter Appendix C we present some analytic results obtained
for the quasiparticle density of states and their effective masses in magnetic phases.
Some technical aspects of local-constraint Gutzwiller scheme [60] is presented in
Appendix D. Chapter 4 contains a detailed discussion of superconductivity and
related to this phase system properties emerging in the framework the Anderson-
Kondo lattice model. The outline of possible extension of the presented here mean-
field approach by including the Gaussian fluctuations, is presented in Appendix
E. Finally, in Chapter 5 we summarize main results obtained in this Thesis and
provide an outlook.
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Chapter 2

Model and Formalism

Our theoretical description is based on the introduced earlier the so-called Anderson-
Kondo lattice Hamiltonian [56, 61], in which both the Kondo interaction and the
residual hybridization processes appear together and are accounted for on in a sys-
tematic manner and treated on equal footing. Subsequently, a modified Gutzwiller
approach is formulated [60] and combined with the statistically-consistent renor-
malized mean-field theory (SC-RMFT) [62, 55]. We show that the hybrid (f -c)
type of real space pairing induced by the antiferromagnetic Kondo-type interac-
tion is crucial for description of heavy-fermion superconducting properties even
though the f -f interaction may play the dominant role in magnetism of f -electron
systems in the localization limit.

2.1 General model for heavy fermion systems:

Periodic Anderson Model in strong correla-

tion limit

In the case of cerium compounds, one usually assumes that: (i) only the Γ7 dou-
blet (4f 1) state of Ce+4−nf valency, with the f -level occupancy nf → 1 matters
in the low-temperature dynamics; (ii) this state is strongly hybridized with the
conduction-band (c) states; and (iii) the hybridization has either intraatomic or
interatomic form. In this Thesis we consider both situations. Nevertheless, the
discussion presented in Chapter 4 for the interatomic-hybridization case is more
detailed, as it leads to the stable paired state with the gap of d-wave character,
observed almost universally in strongly correlated systems [35].

First, we elaborate on the real space pairing approach, as applied to model
heavy fermion systems. This comprises a detailed discussion of: (i) a derived ear-
lier Anderson-Kondo-lattice model from the Anderson-lattice model (cf. Appendix
A); (ii) properties of both the hybrid f -c and the f -f pairing operators; (iii) elab-
oration on the statistically-consistent renormalized mean-field theory (SC-RMFT).
Also in Appendix E we outline the possible next step to undertake: incorpora-
tion of quantum fluctuations as the next step to present mean-field approximation.
Summarizing, our approach allows for analysis of the phase diagram encompassing
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magnetic, Kondo-compensated, pure superconducting (SC) states, and coexistent
antiferromagnetic-superconducting (AF+SC) phases within a single formal frame-
work.

We start from the microscopic Anderson-lattice model with hybridization ma-
trix elements (of bare magnitude Vim) and the intraatomic (Hubbard-type) f -f
interaction of magnitude U being by far the largest energy scale in the system.
The starting Hamiltonian - periodic Anderson model (PAM) has thus the follow-
ing form in the Wannier representation:

H =
∑

mnσ

tmnc
†
mσcnσ + ǫf

∑

iσ

n̂f
iσ + U

∑

iσ

n̂f
i↑n̂

f
i↓

+
∑

imσ

(

Vimf
†
iσcmσ + H.c.

)

− µ

(

∑

iσ

n̂f
iσ +

∑

mσ

n̂c
mσ

)

− 1

2
gfµBH

∑

iσ

σn̂f
iσ −

1

2
gcµBH

∑

mσ

σn̂c
mσ, (2.1)

with n̂f
iσ ≡ f †

iσfiσ being the number operator of originally atomic (f) electrons
and n̂c

mσ ≡ c†mσcmσ the number of conduction (c) electrons, both at given lattice
sites, i and m, respectively. The consecutive terms are: the first represents the
hoping (band) energy of c electrons, the second - bare f atomic-level position
(with respect to the atomic level of c electrons, ǫf ≡ ǫf−ǫc), the third - intraatomic
Coulomb interaction among the f -electrons (the Hubbard term), the fourth the f -c
hybridization (with the amplitude Vim). The fifth term represents the subtraction
of the chemical-potential part, as we will work in the grand canonical scheme. The
last two terms are the Zeeman energies (in applied magnetic field H) of f and c
electrons, respectively.

Next, we transform canonically the starting Hamiltonian (2.1) into the Anderson-
Kondo Hamiltonian, which has the form that explicitly limits the dynamical pro-
cesses to those on the low-energy scale [64, 56, 53]. The formal derivation of
the effective Anderson-Kondo model using the canonical perturbation expansion is
presented in Appendix A. Such canonical transformation guarantees that the sub-
sequent mean-field approximation scheme (SC-RMFT, see below) catches already
on the mean-field level the essential features of the quantum dynamics of the prob-
lem. In this case, it means that we take into account also the high-energy virtual
f ⇆ c hopping processes, with the local double f -level occupancies in the inter-
mediate state. Additionally, there is a subtle, but crucial difference between our
canonical transformation and the standard Schrieffer-Wolff (S-W) transformation
[65]. Namely, in S-W transformation (or the related Coqblin-Schrieffer transforma-
tion [66]) the whole hybridization term in (2.1) is transformed out and expressed by
the effective Kondo interaction in the first nontrivial (second) order. In result, in
the effective Kondo-lattice Hamiltonian obtained by S-W transformation, the total
number of f electrons (

∑

iσ n̂
f
iσ) and the total number of c electrons (

∑

iσ n̂
c
iσ) are

the numbers conserved separately. In our (truncated S-W) transformation, only
the part of hybridization, corresponding to the high-energy quantum-mechanical
mixing processes (cf. Figure 2.1), is transformed out. To achieve that goal, we first
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Figure 2.1: Schematic representation of hybridization c-f mixing processes as f -
occupation-dependent hopping processes and their division into low- and high-
energy processes. The former (I) processes lead to the formation of hybridized
heavy-quasiparticle states; the other (II) leads to the Kondo-type coupling which
in turn is expressed as real-space hybrid pairing in the second order in V/(U + ǫf),
after Ref. [63].

0.1 1.0 V/ f
ϵ

heavy-fermion

(Anderson-Kondo)

regime

Figure 2.2: Schematic representation of various regimes as defined by effective
model Hamiltonians. The nature of the borders between the regions is not sharply
defined. This classification is particularly relevant for various versions of the so-
called renormalized mean-field analysis, when the validity of various limiting ver-
sions of PAM may lead to a distinct physical description.
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decompose the hybridization term according to:

f †
iσcmσ ≡ (1 − n̂f

iσ̄ + n̂f
iσ̄)f †

iσcmσ

≡ (1 − n̂f
iσ̄)f †

iσcmσ + n̂f
iσ̄f

†
iσcmσ, (2.2)

and leave the first term intact, while transforming out canonically only the second
term (for the detailed visualization of the origin of low- and high-energy hybridiza-
tion see Figure 2.1). In effect, we arrive at Hamiltonian, in which only the total
number of electrons in the system, n̂e =

∑

iσ n̂
f
iσ +

∑

iσ n̂
c
iσ is conserved. In other

words, the f -electrons mix with the c-carriers and in particular, form a heavy
quasiparticle Fermi liquid. In the limit 〈n̂f

iσ〉 → 1, we should however recover
the limiting situation corresponding to Kondo lattice (effectively, this is obtained
asymptotically in the limit V → 0).

Physically, the reason why we have to use our transformation instead of the
full S-W form is as follows. As it was already mentioned, the Kondo-lattice Hamil-
tonian describes well the situation when f electrons are well localized (nf → 1).
Microscopically, this situation corresponds to the limit |Vim| ≪ |ǫf − µ| and U ,
where µ is the chemical potential. In our situation, we have itinerant f electrons
and the valence fluctuations, as then the physical plausible regime is |Vim| ∼ |ǫf−µ|,
but still |Vim| ≪ U . This is the regime, where our Anderson-Kondo-lattice model
should be applicable. In the enclosed Figure 2.2 we illustrate the various regimes
of applicability of different models of correlated electrons in this two-orbital situ-
ation starting originally from the Anderson-lattice model. In the strong valence-
fluctuating regime, the inclusion of the Falicov-Kimball term may be important as
discussed briefly in Appendix B.

One has to emphasize that both the Kondo f -c and the exchange f -f interac-
tions considered here are regarded as the source of pairing in combination with the
renormalized hybridization, which is mainly responsible for the f -electron itineracy.

2.1.1 Anderson-Kondo lattice Hamiltonian

In the context of heavy fermion system periodic Anderson model Hamiltonian has
usually been considered in the U = ∞ limit, as this parameter represents the
highest energy scale in the system. Typically for Ce systems: U = 5 − 6eV ,
ǫf = −1 ÷ −2eV , V . −0.5eV , W = 2z|t| ∼ 0.5 − 2eV [14]. While |V |/U ≪ 1,
U is definitely finite and therefore, the finite-U corrections should be taken into
account, as e.g. the residual Kondo exchange interaction of the magnitude JK =
2V 2/(ǫf +U) ∼ 0.1eV appears to be of the order of |V | [56] and hence will influence
the nature of the magnetic ground state in a decisive manner. However, to account
for the Kondo interaction systematically, as well as to allow for itinerancy of f-
electrons at the same time, a direct application of either the Schrieffer-Wolff [65]
transformation or by starting from the periodic Kondo model [67] (i.e., neglecting
explicitly the hybridization term apart from the presence in the expression ∼ JK),
may not be realistic. At least, one has to try to reach such Kondo-lattice limit in
a systematic manner, by e.g. including explicitly both the non-zero renormalized
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site n
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1
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U

Figure 2.3: Schematic representation of the first (a) and second-order (b-d) hop-
ping processes in the strong-correlation limit. The hopping label 2 and 2′ in (c) are
alternative processes. The process (b) and (c) lead to real-space pairing, whereas
the three-step process (d) leads to itinerancy of originally atomic f electrons with
effective hopping tij . All the processes contribute to the dynamics of heavy quasi-
particles with renormalized characteristics. The virtual process (b) leads to the
Kondo interaction, whereas the process (c) introduces hybrid-pair hopping. The
effective f -f hopping (d) results from residual hybridization combined with the
hopping in c-bare band.

hybridization (see below) and the non-vanishing Kondo coupling in the large-U
limit at the same time.

For this purpose, in direct analogy to the corresponding projection set originally
for the Hubbard model [68], we divide the f -c hybridization into two parts as was
shown in Eq. (2.2). The first term in Eq. (2.2) represents the projected hybridiza-
tion of states |fiσ〉 under the proviso that the f -state |fiσ̄〉 is not occupied, whereas
the second represents the part of the f -c quantum-mechanical mixing when the
admixture of a doubly-occupied state with the opposite spins, |fiσ〉 and |fiσ̄〉, is
admissible (cf. Figure 2.1). The various hopping processes involving the original
(bare) atomic f electrons and the resulting occupation-resolved hybridization pro-
cesses are depicted in Figure 2.3 (for their detailed meaning see below). Since the
heavy fermion physics is related to the limit: |ǫf | & V and |ǫf | ≪ ǫf + U (with
ǫf ≡ ǫf −µ), the first term in (2.2) corresponds to the low-energy mixing processes
(represent the real f -c mixing process, cf. Figure 2.3(b)), whereas the processes
represented by the second term are realized only via virtual (high-energy processes,
cf. Figure 2.3(c,d)) and are accounted for in the second-order in V/(U + ǫf ) (the
first non-trivial order). The latter processes are removed from the original Hamil-
tonian (2.1) via canonical transformation proposed earlier [64, 56]. The original
Hamiltonian is then transformed to the effective Hamiltonian of the form
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H = P̂
{

∑

mnσ

(

tmnc
†
mσcnσ −

∑

i

V ∗
imVin

U + ǫf
ν̂iσ̄c

†
mσcnσ

)}
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+
∑
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ǫf ν̂iσ + P̂
{
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V ∗
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Ŝσ
i c

†
mσ̄cnσ

}

P̂

+ P̂
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∑
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†
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}
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+ P̂
{

∑

imσ

2|Vim|2
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(
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m

4

)

}
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{

∑
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ij

(

Ŝi · Ŝj −
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4

)

}

P̂

− P̂
{

1

2
gfµBH

∑

iσ

σn̂f
iσ −

1

2
gcµBH

∑

mσ

σn̂c
mσ

}

P̂ . (2.3)

with JK
im ≡ 2|Vim|2/(U + ǫf ) and JH

ij ≡
∑

mn |VimVjn|2/(U + ǫf )3. The consecutive
lines represent the following dynamical processes: the first comprises a direct (c-c)
hoping in the conduction band, as well as the hoping via intermediate f -state (see
Figure 2.3(a)). The second line expresses, respectively, the bare f -electron energy
(with the f -level energy positioned at ǫf with respect to that for c-electrons) and
the spin-flip term (see Figure 2.3(b)). The third line contains residual hybridization
term of bare magnitude Vim. The fourth and fifth lines represent, respectively the
Kondo interaction between the f and c electrons, as well as the Heisenberg (f -f)
interaction (in both cases the full Dirac exchange operators are taken). The last
line represents the Zeeman term for both f and c electrons in the applied magnetic
field H . One crucial feature of this Hamiltonian, should be emphasized, apart from
its systematic derivation in the powers of Vim/(U + ǫf ). Namely, we have projected
out completely the double occupancies of the f states, what is equivalent to as-
suming that f electrons are strongly correlated. In effect, the physical quantities
characterizing them have a non-trivial character: the f -electron number n̂f

iσ is re-
placed by their projected counterpart: ν̂iσ ≡ n̂f

iσ(1− n̂f
iσ̄) ≡ f̃ †

iσf̃iσ and ν̂i ≡
∑

σ ν̂iσ.

The f -spin operator is defined by Ŝi ≡ (Ŝσ
i , Ŝ

z
i ) ≡ [f̃ †

iσf̃iσ̄, 1/2(ν̂i↑ − ν̂i↓)]. The cor-
responding (unprojected) quantities for c-states are n̂c

mσ, n̂c
m and ŝm. Additionally,

as we assume that gc = gf = g = 2, the applied field is defined as h ≡ 1
2
gµBH .

We see that in Eq. (2.3) we have simultaneously presented a residual (pro-
jected) hybridization term and the Kondo kinetic exchange interaction, with the
exchange integral JK ≡ Jim = 2|Vim|2/(U + ǫf ), which differs from that obtained
with the help of the Schrieffer-Wolff transformation (as it contains only the high-
energy virtual-hopping processes, cf. Figure 2.1). Performing such transformation
will allow us to include both the Kondo-compensation effects and the itineracy of
f -electrons (when nf < 1), already on the mean-field level of analysis. The appear-
ance of a number of magnetic phases arises from a competition/cooperation of the
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projected hybridization processes and the antiferromagnetic Kondo interaction.

2.1.2 Real-space pairing in heavy fermion systems

The effective Hamiltonian (2.3) derived up to the fourth order via the truncated
S-W transformation contains physically restricted f -c mixing processes, as well as
antiferromagnetic, both the Kondo (f -c) and the f -f interactions, in the second-
and the fourth-order, respectively. This Hamiltonian comprises the spin-spin cou-
pling and has natural form for considering the interplay between the Kondo-
compensation phenomenon, the long-range magnetic ordering, the itineracy of
strongly correlated f electrons, and finally, the superconductivity. To visualize
the fact that the local (real-space) pairing is directly related to the spin-spin repre-
sentation of the interactions, we introduce the pairing operators, devised originally
in Ref. [56], with the help of which one can see directly that the spin-spin in-
teraction and the local pairing are the two faces of the same coin. Explicitly, we
introduce the following hybrid pairing operators

b̂†im ≡ 1√
2

(

f̃ †
i↑c

†
m↓ − f̃ †

i↓c
†
m↑

)

,

b̂im ≡ 1√
2

(

f̃i↓cm↑ − f̃i↑cm↓

)

=
(

b̂†im

)†

, (2.4)

as well as the local f -f pairing operators:

B̂†
ij ≡ 1√

2

(

f̃ †
i↑f̃

†
j↓ − f̃ †

i↓f̃
†
j↑

)

,

B̂ij ≡ 1√
2

(

f̃i↓f̃j↑ − f̃i↑f̃j↓

)

=
(

B̂†
ij

)†

, (2.5)

where the projected fermion operators are defined as f̃ †
iσ ≡ f †

iσ(1 − n̂f
iσ̄) and f̃iσ ≡

fiσ(1 − n̂f
iσ̄) =

(

f̃ †
iσ

)†

. Note that the projected fermion creation and annihilation

operators, expressing explicitly the fact that high-energy configuration (f -state
local double occupancy), have been projected out (their role is included via the
virtual kinetic processes composing the exchange terms). What is more important,
is that the exchange interaction can be expressed rigorously as the local pairing,
namely [56, 54]

b̂†imb̂im ≡ −
(

Ŝi · ŝm − 1

4
ν̂in̂

c
m

)

,

B̂†
ijB̂ij ≡ −

(

Ŝi · Ŝj −
1

4
ν̂iν̂j

)

, (2.6)

where ν̂i ≡
∑

σ ν̂iσ ≡
∑

iσ f̃
†
iσf̃iσ. The representation expresses in an explicit man-

ner the circumstance, that we have to consider both magnetism (spin arrangement)
and the spin singlet pairing on equal footing. In effect, Hamiltonian (2.3) with in-
clusion of all three-state(site) terms is expressed as follows
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H =
∑

mnσ

tmnc
†
mσcnσ + ǫf

∑

iσ

ν̂iσ +
∑

imσ

(

Vimf̃
†
iσcmσ + V ∗

imc
†
mσf̃iσ

)

−
∑

imn

2V ∗
imVin

U + ǫf
b̂†imb̂in −

∑

ij

JH
ij B̂

†
ijB̂ij (2.7)

For simplicity, we have neglected the three-site terms in the f -f pairing part.
We see that indeed, the system energy is lowered when the number of local f -c and
f -f singlets is created. Parenthetically, the terms ∼ b̂†imb̂in and ∼ B̂†

ijB̂ij compose
an invariant (operator) language expressing the resonating-valence-bond dynamics
(RVB) of the hybrid f -c and the f -f singlet bonds, respectively. Second, the full
exchange operators (which we call Dirac exchange operators) must be used in (2.6)
(not only the spin part) in order to be able to prove the equivalence between the two
languages. Physically, this means that the full exchange operator singles out the
full singlet state, not just the classic spin configuration. Third, Hamiltonian (2.7)
has a closed form when compared to (2.3) and contains the renormalized single-
particle dynamics (the first three terms) and the local spin-singlet pair dynamics
(their binding, m = n term, and their hopping, m 6= n term). Finally, the form
(2.7) is written in an invariant operator language and allows for both the diagonal
(magnetic) and the off-diagonal (superconducting) types of ordering, which should
be treated on the same footing. This is the principal feature of our unified approach
to the periodic Anderson model. In the subsequent analysis we neglect the three-
site correlations.

2.1.3 A general comment: Why Anderson-Kondo repre-

sentation?

It may be useful at this point to characterize briefly the subtle difference between
the present formulation and the original Anderson- or the Kondo-lattice models (cf.
also Figure 2.2). First, as already said, our canonical transformation differs from
the standard Schrieffer-Wolff transformation. Namely, in the Schrieffer-Wolff [65]
(and related Coqblin-Schrieffer [66]) transformations the whole hybridization term
is transformed out and replaced by the effective Kondo interaction. Here, only
the second part of (2.2) represents virtual processes (cf. Figure 2.3(b)), whereas
the first term of (2.2), cannot be transformed out, since V ∼ ǫf and hence, the
corresponding processes lead to the itinerancy of f -electrons (cf. Figure 2.3(d) for
an illustration of an effective f -f hopping induced by the residual hybridization).
This means that here the f -electrons are not usually strictly localized, as in most
of the HF systems they are not (i.e., the valency of Ce is Ce+3−δ, with δ ≪ 1). As
a consequence, the number of f particles is not conserved, only the total number
n̂e =

∑

iσ n̂
f
iσ+
∑

mσ n̂
c
mσ of all particles is a conserved quantity. The last statement

amounts to saying that the physics of Hamiltonian (2.3) and (2.7) is contained in
that coming of (2.1), but in general, is not equivalent to that of true Kondo-
lattice model, i.e., when the third line of (2.3) ∼ V is absent. This is similar
to the difference between the physics coming from the Anderson impurity model

20



as compared to that coming from the Kondo model; the later representing the
asymptotic limit (V/ǫf ≪ 1) of the former [69].

In principle, one could say that all the relevant physics is fully contained in the
general form (2.1). Why then introduce (2.3) or (2.7), which represents its partic-
ular limiting forms? This is the first basic question. The answer to this question
is as follows. The form (2.1) represents indeed a general hybridized two-orbital
system with the short-range (Hubbard) interaction (apart from the absence of
Falicov-Kimball term ∼

∑

<im> Uimn̂
f
i n̂

c
m; the role of the missing Falicov-Kimball

term is discussed in Appendix B). Almost, no exact solution is available in the
lattice situation of dimensionality D > 1 (see, however [70]). Therefore, we have
to resort to approximations and it is usually profitable, and even physically plau-
sible, to take into account the principal interorbital/intersite exchange interaction
explicitly first and carry out a simplified (e.g. mean-field like) analysis on such an
effective Hamiltonian subsequently, with the most relevant correlations included,
even in the approximate manner already in the mean-field type approximation.
What is equally important, the form of the effective Hamiltonian, by containing
only the physical (low-energy) interactions, helps in selecting relevant order param-
eters and related to them mean-fields in non-trivial cases, as discussed in detail in
the next Chapters. Parenthetically, the analysis is of the same type as that when
transforming the Hubbard model into an effective t − J model and determining
non-trivial many body ground states for the latter. Such Hamiltonian is applicable
to the analysis of both normal and superconducting states, in the latter situation
with real-space pairing included [71].

One has to note, that for the standard Kondo-lattice Hamiltonian, which has
general form

HKL =
∑

mnσ

tmnc
†
mσcnσ +

∑

im

JK
imŜi · ŝm +

∑

ij

JH
ij Ŝi · Ŝj, (2.8)

the numbers of f - and c-particles are conserved separately, i.e., both n̂f ≡
∑

iσ n̂
f
iσ

and n̂c ≡
∑

mσ n̂
c
mσ commute with HKL separately. Therefore, in discussing the HF

or superconducting states involving f electrons explicitly and based on this type
of Hamiltonian [72] one has to assume that those two global conservation laws are
only approximately obeyed. It is better to use our effective Hamiltonian (2.3) or
(2.7), on the expense of the simplicity though.

A second basic question still remains and concerns the reduction of the Hamil-
tonians (2.3) into (2.8) in a consistent manner. This is usually done by removing
the residual hybridization term and completing the Schrieffer-Wolff transformation
in the lattice case [64]. However, in our mean-field analysis the true Kondo-lattice
limit expressed by (2.8), is effectively achieved as a limit nf → 1. This limit is
indeed achieved when V/ǫf → 0, as we show explicitly in the next Chapter in a
concrete situation.
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2.1.4 Anderson-Kondo model in terms of crystal field (CEF)

states

Below we discuss a general form of Anderson-Kondo model with the anisotropic hy-
bridization coming from the mixing between the lowest crystal electric field (CEF)
split Kramers doublet of Ce3+ ion and electrons from the conduction band. We
assume that Ce3+ ion is surrounded by the crystalline electric field (CEF) of cubic
symmetry, so that all f electrons have six-fold orbital degeneracy coming from the
sextet of 2F5/2 [73]. CEF levels further split into a doublet, which is the lowest
energy state and a quadruplet, which is considered to have higher energy. Here we
shall concentrate only on the lowest-energy Kramers doublet.

The importance of CEF effects to the HF systems was pointed out more than
a decade ago [74, 75], but still there is not many qualitative analyses taking into
account the CEF effects. The single 4f electron state with L = 3 and S = 1/2
from Ce3+ splits into two multiplets, namely 2F5/2 and 2F7/2 by the spin-orbit
interaction. The multiplet with J = 5/2 is believed to have the lower energy.
Furthermore, the cubic environment of Ce3+ ions due to CEF effect split the 2F5/2

multiplet into the following three Kramers doublets [76]

| Γ7±1〉 = −
√

1

6
| 5

2
,∓5

2
〉 +

√

5

6
| 5

2
,±3

2
〉,

| Γ8±2〉 =

√

5

6
| 5

2
,±5

2
〉 +

√

1

6
| 5

2
,∓3

2
〉,

| Γ8±1〉 = | 5

2
,±1

2
〉. (2.9)

The first doublet | Γ7±1〉 ≡ {|M〉, |M̄〉}, has the lowest energy and we restrict our
consideration only to these two states. The state |M〉 and |M̄〉 indicates | Γ7+1〉 and
| Γ7−1〉, respectively. Subsequently, we assume that conduction (band) electrons
are in a plane wave state

| kσ〉 =
1√
v
eik·rχσ, (2.10)

where v is the volume of the crystal and χσ represents the spin function. Wave
function of this state can be expanded into the partial spherical waves around each
lattice site i in the following manner [77]

| kσ〉 =
4π√
v
eik·Ri

∞
∑

l=0

iljl(k|r − Ri|)
l
∑

m=−l

Y m∗
l (Ωk)Y m

l (Ωr−Ri
)χσ, (2.11)

where jl(kr) is the spherical Bessel function and Y m∗
l (Ωk) the spherical harmonics

of the solid angle Ωk of the wave-vector k, and χσ is the spin wave function. We
can easily obtain the mixing f -c matrix, if we assume that c electron can be mixed
with f electrons only if they are in the same partial-wave (l) state, namely in the
state | kΓ7±1〉 which is proportional to jl(kr) | Γ7±1〉. The transformation of the
creation operator from c†kσ to c†

k|Γ7±1〉
basis of partial wave state M is given by [78]

c†
k|Γ7±1〉

≡
∑

σ

∫

dΩk〈kΓ7±1|kσ〉c†kσ, (2.12)
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where the integral is taken over all directions of the wave-vector k. On the other
hand, we can express the angular part of any state on the right side of (2.9) in the
following form

|5/2, µj〉 = −
√

7/2 − µj

7
Y

µj−1/2
3 (Ωr)χ↑ +

√

7/2 + µj

7
Y

µj+1/2
3 (Ωr)χ↓, (2.13)

where µj = {±5/2,±3/2,±1/2}. Combining Eqs. (2.11) and (2.13) we can see
that the orbital part of mixing matrix between plane waves of conduction electrons
and partial wave states | 5/2, µj〉 of heavy f -electrons is given by

〈kσ | 5/2µj〉 = 4π

{

−
√

7 − 2µj

14
Y

µj−1/2
3 (Ωk)χ↑ + −

√

7 + 2µj

14
Y

µj+1/2
3 (Ωk)χ↓

}

(2.14)
If we take into account the effects of cubic crystalline field, the ground state

multiplet configuration splits into a Γ7 doublet and Γ8 quartet, as was explicitly
shown in Eq. (2.9). It should be noted, that the resulting Γ7,8 states combine
partial wave basis states | 5/2, µj〉. With the help of (2.14) and (2.9) it is straight-
forward to see that the mixing matrix between f -electrons from the lowest Kramers
doublet | Γ7±1〉 and band electrons in plane wave state takes the following form

〈kσ | Γ7+1〉 ≡ 〈kσ | M〉 (2.15)

=
4π√
42

{

(−Y 2
3 (Ωk) + 5Y −2

3 (Ωk))χ↑ + (
√

6Y 3
3 (Ωk) −

√
10Y −1

3 (Ωk))χ↓

}

〈kσ | Γ7−1〉 ≡ 〈kσ | M̄〉

=
4π√
42

{

(−
√

6Y −3
3 (Ωk) +

√
10Y 1

3 (Ωk))χ↑ + (Y −2
3 (Ωk) − 5Y 2

3 (Ωk))χ↓

}

.

The next step is to consider the coupling of this Kramer doublet | Γ7±1〉 ≡
{|M〉, |M̄〉} to a band of conduction electrons ckσ. We assume that the f -electron
in partial wave states {|M〉, |M̄〉} hybridize with the appropriate partial-wave state.
Therefore, this coupling may be incorporated by the periodic Anderson model with
f -electron coming from the lowest Kramer doublet

H =
∑

kσ

ǫkc
†
kσckσ +

∑

iM

ǫf N̂iM +
∑

inMσ

V (vinMσa
†
iMcnσ + H.c.) + U

∑

iM

N̂iMN̂iM̄ ,

(2.16)
where N̂iM ≡ f †

iMfiM is number of f -electrons in state |M〉. The hybridization
vinMσ matrix incorporates here the projection of band electrons states at site n to
partial-wave state M [79] of f -electron located on the site i

vinMσ =
∑

k

〈kM | kσ〉eik(Rn−Ri). (2.17)

Above hybridization matrix provides only angular part of hybridization, the radial
part representing Coulomb interaction between orbitals is contained in the param-
eter V from Eq. (2.16). In the same manner as discussed in the Section 2.1 we can
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Figure 2.4: Angular dependence of anisotropy factors emerging in Eq. (2.23), the
front view (the first column) and top view (the second column). The blue sphere
inside each plot represents the Ce atom and the surrounding cubic crystal field
environment is illustrated by the red spheres. Note the essentially nodal (d-wave)
character of |C†

MCM̄ | and s-wave kind of term |C†
MCM |.

split the hybridization term into two processes (cf. Eq. (2.2))

vinMσa
†
iMcnσ = (1 − N̂iM̄)vinMσa

†
iMcnσ + N̂iM̄vinMσa

†
iMcnσ. (2.18)

After carrying out the canonical perturbation expansion discussed in Appendix
A we obtain effective Hamiltonian in the following form

H =
∑

mn

tmnc
†
mσcnσ +

∑

iM

P
{

ǫf N̂iM(1 − N̂iM̄)
}

P

+
∑

inMσ

P
{

V (1 − N̂iM̄)(vinMσf
†
iMcnσ + H.c.)

}

P

− V 2

U + ǫf

∑

inmMσ

P
{

v∗inMσvimMσN̂iM̄(1 − N̂iM)c†nσcmσ

}

P

− V 2

U + ǫf

∑

inmMσ

P
{

v∗inMσ̄vimMσN̂iM̄(1 − N̂iM)c†nσ̄cmσ

}

P

+
V 2

U + ǫf

∑

inmMσ

P
{

v∗inM̄σvimMσf
†
iMfiM̄c†nσcmσ

}

P

+
V 2

U + ǫf

∑

inmMσ

P
{

v∗inM̄σ̄vimMσf
†
iMfiM̄c†nσ̄cmσ

}

P. (2.19)

In order to simplify above expression we can introduce operator CinMσ which cre-
ates a conduction electron with spin σ in a l = 3, j = 5/2 Wannier state at site n
dressed in the partial-wave state M of f -electron located in the site i, i.e.,

CinMσ = vinMσcnσ, (2.20)
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we also introduce following notation for the spin sum of this operator, namely

CinM =
∑

σ

CinMσ. (2.21)

This notation enables us to present the effective Hamiltonian (2.19) in the following
closed form

H =
∑

mn

tmnc
†
mσcnσ +

∑

iM

P
{

ǫf N̂iM(1 − N̂iM̄ )
}

P (2.22)

+
∑

inMσ

P
{

V (1 − N̂iM̄ )(f †
iMCinM + H.c.)

}

P

− V 2

U + ǫf

∑

inmM

P
{

N̂iM̄(1 − N̂iM)C†
inMCimM + C†

inM̄
fiM̄f †

iMCimM

}

P.

It should be noted that due to k-dependent factors in operators CinM , which come
from the CEF symmetry, two different kinds of anisotropy emerge. One of them
|C†

MCM | has essentially s-wave form and the second |C†
MCM̄ | shows d-wave sym-

metry behavior (cf. Figure 2.4). This result justifies the selection of simplified
k-dependent hybridization factor and superconducting gap symmetry used in the
Chapter 4, where we assume that in the case of intersite hybridization it is of the
extended s-wave (∝ cos kx + cos ky) form and superconducting gap formed by f -c
pair has the d-wave type (∝ cos kx − cos ky).

In the present analysis we took a point of view, that the conduction electrons
(in case of Ce compounds hybridized 5d-6s states, and those due to the ligands) are
regarded as free electrons. This assumption is by no means obvious. A complemen-
tary view, leading to similar results is based on the consistent atomic picture as a
starting picture, not only for 4f states, but also for the conduction-band states. In
that situation, the intraatomic hybridization between the atomic 4f states and the
atomic 5d-6s states is forbidden due to parity conservation. In that particular case
the intersite hybridization k-dependence is the same as the band dispersion rela-
tion. In our calculations we will take the so-called extended s-wave form, which
in the case of simple square lattice (assumed in the numerical calculations) will
have form Vk = V (cos kx + cos ky). However, if the hybridization is due to ligands
(presumable p states), then it is certainly not of the extended s-wave form. This
situation requires a separate analysis, not carried out in this Thesis. Such analy-
sis would be certainly useful because it would show explicitly, to what extent the
present results are universal, i.e., independent of the compound. This Thesis is in
this respect a starting point, and this is what we mean by model heavy fermion
compounds. However, we regard the cases with the itraatomic and model (s-wave)
hybridization separately. The main purpose of this Thesis is to study the possibil-
ity of the true antiferromagnetism coexisting with superconductivity, albeit in the
model situation.
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2.2 Extended Gutzwiller approximation scheme

for the two band case

In this Section we set an approximation scheme in which we solve the Anderson-
Kondo model. The most important point of our subsequent approach is to take into
account the strong correlations among f -electrons. For this propose we implement
the extended Gutzwiller method and supplement it by the so-called statistically
consistent approximation [80, 81]. This approximation scenario is equivalent with
the slave-boson formalism (for a formal proof see Ref. [62]) and will be used
throughout the Thesis.

Our starting point is construction of the renormalized mean-field theory and
subsequently, introduction of constraints via the Lagrange multiplier method, which
provide the essence of the statistical-consistency conditions. The primary factor
is to construct the system trial wave function of the Gutzwiller type |Ψ〉 = P̂|Ψ0〉,
where Ψ describes the correlated state and Ψ0 is an eigenstate of the effective
single-particle Hamiltonian, still to be defined. P̂ represents the projection opera-
tor eliminating double |i ↑↓〉 f -site occupancies. In effect, the ground state energy
acquires the form

EG =
〈Ψ|Ĥ|Ψ〉c
〈Ψ|Ψ〉c

=
〈Ψ0|P̂ĤP̂|Ψ0〉
〈Ψ0|P̂2|Ψ0〉

≡ 〈Ĥ〉0
〈P̂2〉0

, (2.23)

where Ĥ defines effective Anderson-Kondo Hamiltonian and the expression 〈...〉0
means that the consecutive terms in the Hamiltonian P̂ĤP̂ can be split into prod-
ucts of single-particle (bare) averages in accordance with the Wick theorem. In
the subsequent calculations we generalize the one-band approach of Fukushima [60]
which modifies the original Gutzwiller projection according to the prescription

P̂ =
∏

i

λ
n̂f
i↑
/2

i↑ λ
n̂f
i↓
/2

i↓ (1 − n̂f
i↓n̂

f
i↑). (2.24)

This projector operator eliminates in a standard Gutzwiller manner the double
occupancies and additionally, allows for assuming that the f -level occupancy is the
same before and after the projection, i.e., 〈n̂f

iσ〉c = 〈n̂f
iσ〉0. This last assumption

means essentially that we operate in the Fermi-liquid (FL) regime, i.e., in the
limit where the Luttinger theorem holds. The case of a non-Fermi liquid must be
studied separately. Effectively, this assumption leads to the relations determining
the fugacity factors {λiσ}, namely

〈n̂f
iσ〉c =

λiσ(1 − 〈n̂f
iσ̄〉0)〈n̂f

iσ〉0
〈P2

i 〉0
(2.25)

or equivalently,

λiσ =
1 − 〈n̂f

iσ〉0
1 − 〈n̂f

i 〉0
. (2.26)

Note that λiσ → ∞ for nf → 1, which means that in the state with localized
f -moments the double occupancy exclusion is strictly obeyed (mAF

f and nf → 1).

26



Also, λiσ is identical with the well-known Gutzwiller band-narrowing factor in the
U → ∞ limit. Phenomenologically, it describes probability of having an itinerant
particle with spin σ located at site i [82].

By executing the averaging procedure combined with the Wick factorization,
we obtain the following expression for the ground-state energy functional.

EG ≡ 〈H〉c =
∑

mnσ

tξmnσ −
V 2

U + ǫf

∑

imnσ

nifσ̄ξmnσ

− V 2

U + ǫf

∑

imnσ

(

∆∗
imσ̄∆inσ̄ +

nifσ̄

1 − nifσ
γ∗
imσγinσ

)

+
∑

imnσ

V

√

1 − nif

1 − nifσ
(γimσ + γ∗

imσ)

− V 2

U + ǫf

∑

imnσ

γinσγ
∗
imσ̄ − ∆inσ̄∆∗

imσ
√

(1 − nifσ)(1 − nifσ̄)

+

〈

∑

ij

JH
ij

(

Ŝi · Ŝj −
ν̂iν̂j

4

)

〉

C

+ (ǫfnf − hfm
FM
f − hcm

FM
c )Λ, (2.27)

where Λ is the number of lattice sites, hf = 1/2gfµBH and hc = 1/2gcµBH are the
effective applied fields acting on f and c electrons, respectively. The mean-field
(order) parameters appearing in our model are defined as

nif =
∑

σ=↑,↓

〈n̂f
iσ〉0, nic =

∑

σ=↑,↓

〈n̂c
iσ〉0,

mif =
∑

σ=↑,↓

〈σn̂f
iσ〉0, mic =

∑

σ=↑,↓

〈σn̂c
iσ〉0,

γimσ = 〈f †
iσcmσ〉0, ∆imσ = 〈fiσcmσ̄〉0,

χijσ = 〈f †
iσfjσ〉0, ξnmσ = 〈c†nσcmσ〉0. (2.28)

The above expressions represent respectively, the f - and c-occupancies with their
magnetic polarizations mif and mic. The remaining parameters express hybridiza-
tion γimσ, hybrid pairing ∆imσ and hopping χijσ and ξnmσ correlation functions,
respectively. Note that for the sake of clarity the expectation value of the quan-
tity corresponding to the fourth-order term ∼ JH

ij is not shown here (for the
explicit form of this expression see Ref. [60]). Also, those averages are ex-
pressed in bare (〈...〉0) representation. In correlated (physical) state the correspond-
ing averages (〈...〉c) contain additionally the renormalization factors. Explicitly

〈∆imσ〉c ≡ qiσ〈∆imσ〉0 and 〈γimσ〉c ≡ qiσ〈γimσ〉0 with qiσ =
√

(1 − nf
i )/(1 − nf

iσ).

Note that hybrid (f -c) pairing amplitude ∆imσ is present only in the terms ∼ JK
〈im〉.

This is the reason why we say that the hybrid pairing originates from the Kondo
interaction. Obviously, the local f -f pairing comes only from the f -f interaction
part.

27



It should be noted that to describe AF spin-polarized states, we take the particle
occupancies in the following form

nf(c)iσ ≡ 〈n̂f(c)
iσ 〉0 =

1

2
(nf(c) + σmFM

f(c) + σmAF
f(c)e

iQRi), (2.29)

where nf(c) is the occupancy of f and c - levels, respectively; mFM ≡ (mA +mB)/2
is the ferromagnetic (uniform) spin polarization, whereas mAF ≡ (mA −mB)/2 is
the antiferromagnetic (staggered) polarization, with A and B indicating sublattices
in the two-sublattice antiferromagnetic phase. The term eiQRi (with Q = (π, π))
is responsible for the appropriate change of sign of the antiferromagnetic magne-
tization while switching the sublattices i.e., Ri ↔ Rj(i). We assume as nonzero
only the first nearest-neighbor exchange integrals for f -c and f -f interactions,
what leads to two different hopping parameters in each of two bands: {χAB↑ ≡
χ↑, χAB↓ ≡ χ↓, ξAB↑, ξAB↓}. Additionally, we set ξAB↑ = ξAB↓ ≡ ξ, as difference
in these hopping amplitudes are insignificantly small in all considered phases and
can be neglected. The remaining order parameters have similar to magnetization
structure, namely

∆imσ = ∆S
σ + ∆T

σ e
iQRi ,

γimσ = γS
σ + γT

σ e
iQRi , (2.30)

where ∆S
σ ≡ 1/2(∆A

σ + ∆B
σ ) and ∆T

σ ≡ 1/2(∆A
σ − ∆B

σ ) denote, respectively, the
singlet and triplet parts of order parameter. The same convention applies to γimσ.
It should be noted that in contrast to the earlier slave-boson descriptions of both
magnetic and superconducting instabilities [83, 84], we do not neglect the mag-
netic moment of the c (band) electrons and evaluate their staggered and uniform
components in AF phase as well. In this manner, our representation is the most
general in the two-band situation accommodating the two-sublattice magnetism.

The next and the last step of our approximation is to formulate the statistically-
consistent mean-field approximation. By doing so, we ensure the consistency of the
present variational method [85, 62] of evaluating the averages with that coming
from the self-consistent solution. This is not assured in the straightforward Gutz-
willer scheme, as discussed in detail elsewhere for a single-band model [62]. In
general, there should be a constraint for each mean field appearing explicitly in ex-
pectation value of effective Hamiltonian (2.27). The presence of those constraints
leads to a redefinition of the Hamiltonian, according to the prescription [81]

ĤMF ≡ 〈Ĥ〉c − ~λ · (Â − ~A). (2.31)

The Lagrange multipliers ~λ play the role of (spatially homogenous) molecular
fields, which are coupled to each of mean-field from (2.28) presented as coordinates
of vector Â . The importance of this terms was noticed before in some papers
[86, 87, 88].

Next, we construct the generalized grand-potential functional F for the effective
Hamiltonian (2.2),

F ≡ −β−1 lnZMF , ZMF ≡ Tr[exp
(

− β(ĤMF − µN̂e)
)

]. (2.32)
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F = − 1

β

∑

kσ

ln[1 + e−βEkσ ] + Λ(~λ ~A). (2.33)

All the averages appearing above are defined with the help of the following density
operator

ρ̂λ = Z−1
λ exp

(

− β(Ĥλ − µN̂e)
)

(2.34)

in a standard manner, i.e. A ≡ 〈Â〉 = Tr[Âρ̂λ]. The equilibrium values of the mean
fields and the Lagrange multipliers are obtained from the necessary conditions for
F to have a minimum, i.e.

∂F
∂ ~A

= 0,
∂F
∂~λ

= 0. (2.35)

In the above equations: ∂F/∂ ~A ≡ ∇AF , etc., and by ~A, ~λ we denote respectively
the sets of the mean fields and of Lagrange multipliers. In effect, all of the above
variables are to be determined from the variational minimization procedure for a
fixed number of total electrons Ne. The mean-field thermodynamics is constructed
by defining the grand potential Ω(T, h, µ) from the generalized grand-potential
functional F , evaluated for the optimal values of all parameters (i.e. the solutions
of Eqs. (2.35)

Ω(T, h, µ) = F(T, h, µ; ~A0(T, h, µ), ~λ0(T, h, µ)). (2.36)

In the above formula ~A0(T, h, µ), ~λ0(T, h, µ) denote the equilibrium values of the
mean-fields and the Lagrange multipliers, respectively. Consequently, the free en-
ergy is defined as F = Ω+µNe. The quantity µ plays the role of the thermodynamic
chemical potential entering in the relations

∂Ω

∂µ
= −Ne,

∂F

∂Ne

= µ. (2.37)

2.2.1 Concluding remarks

• We use an altered Gutzwiller-ansatz scheme - the SC-RMFT scheme - pro-
posed recently in our group [80, 81, 62]. This scheme introduces additional
constraints to the standard GA approach to assure that the self-consistent
approach and the variational minimization procedure lead to the same re-
sults.

• The introduction of Lagrange multipliers makes the statistically consistent
scheme equivalent to the slave-boson approach [89], but the present formu-
lation contains no auxiliary (slave) Bose fields. Therefore, the spurious con-
densation of the slave boson fields is avoided already on the mean-field level.
For a formal proof of the equivalence (at least in the analysis of the normal
state) see Ref. [62].
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• We solve the mean-field model by constructing from a starting effective
Hamiltonian the generalized free-energy functional. This functional is min-
imized with respect to the mean-fields { ~A}, as well as with respect to the

Lagrange multipliers {~λ}. The minimization procedure yields a system of
integral equations, which are solved numerically to obtain the equilibrium
values of mean fields ~A = ~A0 and Lagrange multipliers ~λ = ~λ0.

• The stable phase from the selection of a priori of possible phases is the
one with the lowest physical free energy F . The last quantity is obtained
by substituting the obtained solution for all mean-field parameters into Eq.
(2.33)

In the subsequent Chapters we provide a detailed discussion of the results
obtained within the scheme.
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Chapter 3

Physical properties of
ferromagnetic heavy fermion state

In this Chapter we discuss selected magnetic properties of the heavy fermion com-
pounds such as metamagnetism and spin-dependence of effective masses in the
strong applied magnetic field. Metamagnetic behavior or a sudden magnetiza-
tion increase or a discontinuous jump at a critical value of the applied magnetic
field, was observed in many HF compounds such as CeRu2Si2 [27], CeCoGe3 [28],
UPd2Al3, URu2Si2, and UPt3 [29]. Additionally, as we discuss below, a sufficiently
strong applied field may lead to a destruction of the HF state and as a consequence,
a destruction of the heavy state, predominantly f -electron quantum liquid. This
type of transition, preceded by the metamagnetic transition (MMT), was the sub-
ject of extensive studies during the past decade [30, 31], but still, because of rich
variety and complicated structure of associated with it phase diagrams, the uni-
versal nature of the MMT is difficult to single out. It was also observed that
metamagnetic behavior can take place starting from the ferromagnetic state [31].

One of the very specific and intriguing properties of HF systems is also an
explicit spin-direction dependence of the resulting quasiparticle masses in strong
applied field. This phenomenon was theoretically predicted more than decade
ago [32] (for a recent review see [33]). Spin-dependent masses can be viewed as
a a hallmark of strong correlations, as they appear naturally in many theories
incorporating electron correlations, namely in the Gutzwiller and the slave-bosons
approximations [33, 90], as well as in the Dynamical Mean Field Theory (DMFT)
[91] and the fluctuation-exchange approximation (FLEX) [92]. The first indications
of spin-dependent quasiparticle masses have been observed in CeCoIn5 system [93,
94] by means of the de Haas-van Alphen oscillations in strong applied magnetic
field. Recent experimental investigations carried out by Sheikin [34] show that the
spin-dependence of quasiparticles is also observed in CePd2Si2. Furthermore, it
was pointed out that at high magnetic fields both spin components masses decrease
with the increasing magnetic field. This last behavior was at odds with the earlier
theoretical considerations [32, 33, 92, 91], as all of them predict an increase of
the spin-minority and decrease of the spin-majority quasiparticle masses. In this
Thesis we show that in the ferromagnetic state of HF compound, the application of
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sufficiently strong magnetic field leads to a fully polarized state, near which both
spin-dependent masses diminish with increasing applied magnetic field.

In summary, we present a scenario, in which the heavy itinerant f -electron
quasiparticles localize at MMT, with a concomitant suppression of the HF state
at that critical field. To account for the interplay between the localized- and the
itinerant-type behavior, we start from the Anderson-Kondo model in an external
magnetic field included via the Zeeman term. We utilize the statistically-consistent
extension of the Gutzwiller-type approach [85, 62]. As shown explicitly in the sub-
sequent discussion, such formulation allows for a consistent mean-field discussion
of correlated states, here in the presence of applied magnetic field.

3.1 Effective mean-field Hamiltonian

We start from the expectation value (2.27) of Anderson-Kondo model adopted for
the analysis of normal ferromagnetic states and local hybridization.

〈H〉c
Λ

= 8tξ − V 2

U + ǫf

∑

σ=↑,↓

nfσ̄ncσ

+
∑

σ=↑,↓

V

√

1 − nf

1 − nfσ
(γσ + γ∗

σ)

− V 2

U + ǫf

∑

σ=↑,↓

γσγ
∗
σ̄

√

(1 − nfσ)(1 − nfσ̄)

− V 2

U + ǫf

∑

σ=↑,↓

(

nfσ̄

1 − nfσ
γ∗
σγσ

)

+ ǫfnf − hmf − hmc, (3.1)

where Λ is the number of lattice sites and we have additionally assumed, that
all the mean-field (order)parameters appearing in our model represent spatially
homogeneous quantities, i.e.,

nif =
∑

σ=↑,↓

〈n̂f
iσ〉 ≡ nf , nic =

∑

σ=↑,↓

〈n̂c
mσ〉 ≡ nc,

mif =
1

2

∑

σ=↑,↓

〈σn̂f
iσ〉 ≡ mf ,

mic =
1

2

∑

σ=↑,↓

〈σn̂c
iσ〉 ≡ mc,

γimσ = 〈f †
iσcmσ〉0 ≡ γσ, ξmnσ = 〈c†mσcnσ〉0 ≡ ξ. (3.2)

The consecutive expressions represent respectively, the f - and c-occupancies, f -
and c-magnetic moments, bare hybridization and hopping correlation functions.
Here we also assume that hybridization is of intraatomic type, namely Vim = V δim.
It should be noted that the hybridization term in (3.1) has the same renormalization
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factor as can be obtain in standard Gutzwiller approximation [95, 96] in the U = ∞
limit.

In order to formulate a correct mean-field approximation, we supply the expec-
tation value of the Hamiltonian (3.1) with constrains via the Lagrange-multiplier
method. By doing so we ensure the statistical consistency of the present varia-
tional method [85, 55] of evaluating the averages. This consistency is understood
in the sense, that the above quantities, determined variationally, coincide with
those calculated via a fully self-consistent procedure. This is not assured in the
straightforward Gutzwiller scheme, as discussed in detail elsewhere for single-band
model [85, 62]. It is worth mentioning that, this method provides results which
are consistent with those obtained in the saddle-point approximation within the
slave-boson approach [17]. In result, the effective MF Hamiltonian takes the form

HMF = −
∑

<mn>σ

(

η(c†mσcnσ − ξ) + H.c.
)

− λcm

∑

mσ

(

σc†mσcmσ −mc

)

− µ
∑

iσ

(

c†iσciσ + f †
iσfiσ

)

−
∑

iσ

(

τσ(f †
iσciσ − γσ) + H.c.

)

− λf

∑

iσ

(

f †
iσfiσ − nf

)

− λfm

∑

iσ

(

σf †
iσfiσ −mf

)

− λ
∑

iσ

(

f †
iσfiσ + c†iσciσ − ne

)

+ 〈H〉, (3.3)

where < m, n > means the summation over nearest-neighbor pairs. Note that
the field λfm may play role of a molecular field induced by electronic correlations,
whereas λf and λ represent shifts of the chemical potential (the role of λ proves to
be minor). Now, equation (3.3) has a particularly simple k-space representation:

HMF =
∑

kσ

(

c†kσ f †
kσ

)

(

ǫckσ −τσ
−τσ ǫfσ

)(

ckσ
fkσ

)

+ C, (3.4)

where ne = nf + nc is the total number of electrons per site and the constant C
includes all the wave-vector independent quantities: C ≡ 〈H〉+ Λ(16ξη+λcmmc +
2
∑

σ τσγσ +λfnf +λfmmf +λn). For example, the band energy of c-electrons in a
two-dimensional case is represented explicitly by ǫckσ ≡ −4η (cos kx + cos ky)−µ−
λ−λcmσ and the energy of the localized f -electrons equals ǫfσ ≡ −µ−λ−λf−λfmσ.
It is easy to see that the eigenvalues of the Hamiltonian (3.4) are then

Eα
kσ =

1

2

(

ǫckσ + ǫfσ + α

√

(ǫckσ − ǫfσ)2 + 4τ 2σ

)

, (3.5)

where α = ±1 labels the quasiparticle band (antibonding and bonding components,
respectively). The quasiparticles form two bands with renormalized characteristics.
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Table 3.1: Exemplary values of the chemical potential and the MF parameters
for SFM (first row) and WFM (two bottom rows) phases for U = 5, ef = −0.75,
|V | = 0.3. The physical free energy F = F +µne for ne = 1.9 and 1.75 is −1.04971
and −1.04175, respectively.

quantity γ↑ γ↓ µ nf mc mf

ne = 1.5 0.3428 0.1314 -0.1443 0.8828 -0.0475 0.3880
ne = 1.75 0.4287 0.3182 -0.0781 0.8621 -0.0479 0.1768
ne = 1.9 0.4278 0.3798 -0.0291 0.8691 -0.0245 0.0784
quantity τ↑ τ↓ λ λf λfm λcm

ne = 1.5 0.2578 0.1260 0.0093 0.1766 0.4896 -0.0154
ne = 1.75 0.1962 0.1512 0.0091 0.0451 0.1450 -0.0074
ne = 1.9 0.1765 0.1578 0.0092 -0.0188 0.0598 -0.0032

The mean-field values can be determined by minimizing the free energy func-
tional F ≡ − 1

Λβ

∑

kσα ln
(

1 + e−βEα
kσ

)

+ C, i.e., by solving the following system of
equation representing the necessary conditions for the minimum:

∂F
∂ne

= 0,
∂F
∂nf

= 0,
∂F
∂mc

= 0,

∂F
∂mf

= 0,
∂F
∂γσ

= 0,
∂F
∂ξ

= 0,

∂F
∂λi

= 0, (3.6)

where equations with λi = {λ, λf , λfm, λcm, η, τσ} can be easily solved analytically,
so that we are left with six equations which we solve numerically with the help
of GSL (Gnu Scientific Library), on the lattice of Λ = 256 × 256 sites, using the
periodic boundary conditions, with the following values of the parameters: ǫf =
−0.75W , |t| = (1/8)W , U = 5W , and for sufficiently low temperature kBT/W =
5 · 10−5, where W is the bare conduction-electron bandwidth, that sets our energy
scale (W = 1). Exemplary values obtained for a ferromagnetic state and h = 0
are displayed in table 3.1. Note also, that the first and the third-row quantities
do not exhibit systematic trends, as they are calculated for different phases (cf.
Figure 3.1). The numerical accuracy is at least on the last digit of the quantities
displayed in that table. Also, the numerical results are provided for the case of a
two-dimensional (square) lattice. Parenthetically, a detailed shape of the density
of states in bare band is of secondary importance, as can be seen explicitly by
comparing the phase diagram displayed in Figure 3.1 with the proper portion of
Figure 3 in the first paper of reference [17], which was calculated for a constant
density of states.
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3.2 Results and Discussion

3.2.1 Phase diagram

A variety of magnetic phases appears in this model depending on the relative value
of the microscopic parameters and the type of stable long-range order obtained.
We analyse in this Chapter only the phases specified in Figure 3.1 (bottom part)
as well as provide the phase diagram on the ne − V plane (top part).

It can be seen from Figure 3.1 that, depending on the total number of electrons
ne and the value of hybridization parameter |V |, we can achieve different states.
In phase II, which corresponds to the weakly ferromagnetic metal (WFM), the
(lower) majority-spin subband is fully occupied, whereas the minority-spin subband
remains partially filled. The onset of region II is marked by the disappearance of the
spin-up (majority) Fermi-surface sheet, since the chemical potential is then placed
in the hybridization gap and the lower spin-up subband is completely filled. If the
lowest majority-spin subband in phase II is fully occupied (contains one electron
per site), then the minority-spin subband remains partially filled and contains
ne − 1 electrons per site, what results in total magnetization m = (2 − ne)/2 and
approaches zero for ne → 2 (cf. Figure 3.2(a,c) and phase II in Figure 3.1). On the
other hand, for a small value of hybridization the majority-spin electrons in the
phase III start filling the higher spin-up hybridized subband, what results in an
almost full polarization of the system (see Figure 3.2(a,c)). As the magnetizations
of f - and c-electrons, mf and mc, have opposite signs due to antiferromagnetic
Kondo coupling between them, the maximum value of the total magnetization
never exceeds 0.5µB i.e., reaches the maximum value in the localized f -electron
limit.

In the case of ne < 1.0 both f - and c-electrons have the same sign of magneti-
zation, as a consequence of the fact that the effective hybridization, represented by
the mean-field value of γ↓ = 〈f †

i↓ci↓〉, is close to zero, as can be seen in Figure 3.3(b).
In the case when ne > 1.0 and the bare hybridization |V | < 0.3, the f -electrons
start localizing, as can be seen by a rapid increase of mf (see Figure 3.2(a)) and
the suppression of the hybridization between localized and itinerant electrons (in
Figure 3.3 see a recess of both γ↓ and γ↑ in the region corresponding to the phase
III (SFM)). The Kondo singlet correlations are destroyed to yield a strong fer-
romagnetism. Thus, large magnetic moment reflects the tendency to destroy the
partial Kondo compensation. Similar conclusions can be drawn from the S = 1
underscreened Anderson lattice model [97, 98]. Here, the same effect is observed in
orbitally non-degenerate PAM. Also, as the Falicov-Kimball term is absent in the
analysis, a gradual evolution from heavy-quasiparticle state (nf = 1 − δ, δ ≪ 1)
to the fluctuating-valence state (δ > 0.1) is taking place with the increasing |V |.

The present result for H = 0 can be compared with those obtained before for
constant density of states and within the saddle-point slave-boson approximation
[17, 99]. It should be noted that we do not consider antiferromagnetic phases, as
they will be included in the next Chapter 4, when discussing also superconductivity
induced by the Kondo correlations. If we compare obtained here results with
those coming from the Refs. [17, 99], we see that the boundaries between the
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Figure 3.1: Phase diagram (top) on ne−|V | plane displaying various arrangements
of quasiparticle spin subbands (bottom) relative to the chemical potential. In phase
II (weakly ferromagnetic metallic - WFM) the lower majority-spin subband is fully
occupied, whereas the minority-spin subband remains partially filled. The onset
of region II is marked by the disappearance of the spin-up Fermi surface sheet,
as the chemical potential is placed in the hybridization gap and the lower spin-up
subband is completely filled. For the small values of hybridization, the majority-
spin electrons fill the upper hybridized band, what results in a full polarization
of the system (phase III - strongly ferromagnetic metallic SFM). The case (IV)
represents the paramagnetic Kondo insulator (PKI) and can be observed only for
ne = 2.0. The phase diagram is drawn for U = 5, ǫf = −0.75, and t = −1/8, all
in units of the conduction electron bandwidth W . Bottom panel: the five possible
placements of the bands with respect to the chemical potential. Phases I and
V are paramagnetic and ferromagnetic without Kondo screening (both magnetic
moments coming from f -electrons and band electrons has the same orientation).
In both phases II and III the antiferromagnetic Kondo interaction manifests itself
by opposite orientation of magnetic moments of c-electrons and f -electrons. The
phase IV represents the paramagnetic Kondo insulator.
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|V|

ne

mc

(b)

(c)

ne

|V|

(a)

mf

Figure 3.2: The magnetic moments of f -electrons (a) and of conduction electrons
(b) as function of bare hybridization magnitude |V | and total number of electrons
per site: ne = nc+nf , and (c) the number f -electron occupancy. Other parameters
are the same as those listed previously. The Kondo compensation is the strongest
in the regime 1.5 < ne < 2.0. The heavy fermion limit (nf > 0.9) is characterized
roughly by ne > 1.0 and |V | < 0.4.
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(b)

ne

|V|

Figure 3.3: The mean magnitudes of the hybridization correlation functions: γ↑ =

〈f †
i↑ci↑〉 (a) and γ↓ = 〈f †

i↓ci↓〉 (b), both as a function of total number of electrons
and bare hybridization parameter |V |. Other parameters are the same as those
used previously.
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Figure 3.4: The magnetization of c- and f -electrons, mc and mf , respectively,
plotted as a function of hybridization parameter for selected numbers electron
occupancy ne. The inset shows the corresponding dependence of the occupancy nf ,
jumps with diminishing |V | signal a strong local moment behavior for |V | < 0.15.

ferromagnetic phases, as well as between FM and PM phases are similar. This
provides us with confidence that the present method is feasible at temperature
T → 0. However, the present method does not yield the spurious transition due to
slave-bosons condensation at T > 0. The Kondo compensation of the f -magnetic
moments is of the same magnitude in both approaches.

3.2.2 Ferromagnetic phase: suppression of HF state

As was mentioned phase diagram in Figure 3.1 should encompass also antiferro-
magnetic phases [17]. However, in the present Chapter we limit our discussion only
to the range of parameters, for which the ferromagnetic phases II and III are stable,
as we are interested in the specific phenomenon associated with the suppression,
rather than with a usual enhancement of quasiparticle mass [17].

The phase transition from the state with relatively small magnetic moments
(phase II) to the phase with almost fully polarized spin-up subband (III) can be
induced by reducing the hybridization strength |V |, as can be seen in Figure 3.4.
We find, in agreement with DMFT [100, 101] and the slave boson [17] calculations,
that there is a critical value of hybridization strength (cf. Figure 3.4) below which
the system is practically fully polarized (phase III). For large value of hybridization,
the strong ferromagnetic phase is destroyed because of the partial screening of the
f -electron magnetic moments by the c-electrons, and partly by the itinerancy of
f -electrons (self-screening due to their fermion nature). While a strong hybridiza-
tion strengthens the Kondo interaction, it simultaneously weakens the magnitude
of magnetic moments by their enhanced itinerancy. When the hybridization param-
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Figure 3.5: Density-of-states DOS enhancement at the Fermi level as a function
of hybridization (a) and applied field (b), illustrating the phase transition from
phase II to III. The parameters are the same as used above. The arrows indicate
the spin orientations. Note that a large jump in magnetic moment (cf. Figure 3.4)
results in a sharp peak in DOS; the later signalling a strong enhancement of the
spin minority subband mass.
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Figure 3.6: The magnetizations of mc and mf , plotted as a function of applied
magnetic field. The metamagnetic (discontinuous) transition reflects the criti-
cal changeover when crossing the regime WFM→SFM. Inset: f -band occupancy
change accompanying the metamagnetic transition. Note that the Kondo compen-
sation survives the metamagnetic transition.

eter |V | falls below the critical value system transforms in a discontinuous manner
from the high-moment phase III to the weak ferromagnetic phase II. In the inset
to Figure 3.4 one can observe that the occupancy nf simultaneously undergoes a
sharp jump as a function of |V |. The limit mf → 1/2 and nf → 1 (for |V | < 0.15)
can be thus called the localized moment limit, in which indeed V/ǫf ≪ 1.

The density-of-states (DOS) enhancement at the Fermi level is a direct measure
of the effective mass enhancement of quasiparticles [102, 91, 103]. As can be seen
from Figure 3.5, in the case of stable state II the density of states for the spin-down
subband increases with the increasing the hybridization and that the spin-up part
is absent, because the chemical potential is placed in the hybridization gap for the
spin-up subbands (cf. Figure 3.7).

Our model predicts that the metamagnetic behavior appears in the ferromag-
netic phase in the crossover region in between the regimes II to III (see Figure
3.6). The phase II, coined as locked heavy fermion state in the Reference [30] and
as weakly ferromagnetic (WFM) in Ref. [17], seems to be of a great importance as
a precursor phase, present before the system undergoes a metamagnetic transition
[31]. The principal feature of the heavy fermion state II (WFM phase) is its insen-
sitivity to the strong applied magnetic field [30]. The only quantity which changes
significantly is the chemical potential position. With the increasing value of mag-
netic field, the chemical potential shifts and eventually leaves the quasiparticle-gap
regime (cf. Figure 3.7), entering into the spin-up upper hybridized band and switch-
ing the system to the phase III. This phase transition causes a sudden increase of
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Figure 3.7: Spin resolved quasiparticle density of states (DOS) in WFM (a) and
SFM (b) phases. The upper(lower) plots corresponds respectively to the spin
up(down) electrons. Insets: the spin subband structure for specific parameters.
The arrows label the spin orientation of the quasiparticles.
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the magnetization and associated with it rearrangement of the quasiparticle sub-
bands, as can be seen in the insets to Figure 3.7. In the inset to Figure 3.6 the
definite jump of nf in the applied magnetic field is observed while system evolves
from weakly polarized (II) towards strongly polarized phase (III). The present re-
sult is consistent with the existing considerations [104, 105], where additionally the
Coulomb interaction between the localized and the conduction electrons are taken
into account. The inclusion of the inter-orbital Coulomb interaction amplifies the
sharpness of the transition. One should underline, that metamagnetic behavior
arises here from itinerant nature of f -electrons, since any magnetic anisotropy is
absent.

3.2.3 Spin- and field-dependence of effective quasiparticle

mass

The phenomenon such of the field- or magnetic-moment-dependence of the effective
mass has been discussed for several heavy fermion compounds [34, 107, 108, 109,
94]. To understand better the behavior of strongly polarized HF system in phase III
we analyse also the field dependence of the quasiparticle mass. As was established
earlier [32], the quasiparticle mass is usually large and spin-direction dependent.
Here, the concept of such spin-split mass is extended to the situation when we
have a magnetically polarized state already in the zero applied field. We define the
spin-dependent effective mass at the Fermi level energy µ = 0 as (for the details
see Appendix C):

m

m∗
σ

≡ 1

m∗
σ

=
1

Λ

∑

k

(

∂Eα
kσ

∂ǫckσ

)

δ(Eα
kσ). (3.7)

As can be seen in the Figure 3.8, the minority quasiparticle mass is suppressed
with the increasing magnetic field. This can be interpreted as a suppression of
the HF state. The magnetic field tends to make parallel both of c and f elec-
tron spins and in this manner to suppress the antiferromagnetic Kondo coupling.
The effective mass reduction at high fields is one of the characteristic features of
HF state [110, 111, 107, 112]. In contrast to the paramagnetic ground state of
PAM [92], we observe a completely different behavior of the effective-mass field
dependence. Secondly, both effective spin-dependent masses (σ = ±1) decrease
in the strong applied-field limit for ne > 1.6. The effective mass of quasiparticles
depends additionally from the total number of electrons ne. In the case of the fixed
hybridization strength, the value nf is almost insensitive to the change in the total
number of electrons, since in the region with almost localized f -electrons (nf → 1),
changes in nf are minor. Thus the ne dependence of effective quasiparticle mass
in that region is mainly due to the change in the ratio of nf : nc.

The obtained behavior can account for the observed field dependence of the
quasiparticle effective mass of CexLa1−xB6 [109, 113] and in other systems [34]
in very strong fields. In this respect, our analysis reproduces two important
experimental features: (i) the field suppression of effective masses at high mag-
netic field, (ii) the non-monotonic x dependence of m∗. One has to mention that
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Figure 3.8: (a): The field dependence of the quasiparticle effective masses for
|V | = 0.3. The jumps occur at the transition to phase III. (b): The quasiparticle
effective masses (in units of bare mass) and their dependence from the total number
of electrons ne; for applied magnetic field h = 0.03 and |V | = 0.3. For ne → 2
the zero-field masses are huge, as discussed in [106]. The diminution of both
masses with the increasing field enters the asymptotic regime h → ∞ above the
metamagnetic transition.
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CexLa1−xB6 shows the Fermi-liquid behavior (∼ T 2) in the low-temperature resis-
tivity [114] even though it exhibits a complicated phase diagram on the magnetic
field-temperature plane [114, 115, 116]. The discussed here effective mass suppres-
sion was observed in very strong fields, when the complicated quadrupolar phases
discussed in [114] have already disappeared. This is the reason why we can apply
our relatively simple approach to this complicated system and in strong applied
fields.

3.3 Concluding remarks

In this Chapter we have analyzed the effect of spin-split, applied-field dependent
quasiparticle masses (or quasiparticle density of states) and their influence on se-
lected magnetic properties. The results differ remarkably from those obtained for
a single narrow band model [33]. What is equally important, the heavy masses
are strongly suppressed at the border of weakly- to strongly-ferromagnetic phase
transition, as observed in CexLa1−xB6 system [109, 113].

Generally, as it comes out from our analysis (as well as from the earlier results
[17, 106]) for |V | < |Vmin| (∼ 0.25 for ǫf = −0.75) the f -electrons are almost local-
ized (nf → 1, cf. inset to Figure 3.4; see also Figure 3.2(c)). Well below the critical
value |Vmin|, we can claim that the Kondo-lattice Hamiltonian (2.8) is applicable.
In the heavy-fermion regime, we have |Vmin| . |V | < |ǫf | and the Anderson-Kondo
lattice model (2.3) or (2.7) can be used, whereas V/ǫf & 1 we enter a fluctuat-
ing valence regime, where the Falicov-Kimball term may become also important
to capture the large change in the ratio nf : nc [105]. The discussed subdivision
into various regimes is illustrated schematically in Figure 2.2. Obviously, in all the
analysis we assume that |V |/(U + ǫf ) ≪ 1.

Finally, our approach is an effective (almost localized) Fermi (but non-Landau)
liquid) picture with nontrivial novel characteristics: the non-linear effective fields
(λf , λfm, λcm), the spin-dependent effective mass (m∗

σ), and the adjustable chem-
ical potential, calculated separately for each phase. All the parameters are deter-
mined in a statistically consistent manner by determining first the effective Gibbs
energy functional, which plays the role of the Landau functional with a number of
the mean-fields and among them, order parameters.
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Chapter 4

Hybrid (f-c) pairing and
unconventional superconductivity

4.1 Introduction

One of the most intriguing properties of heavy fermion systems is the unconven-
tional superconductivity, which appears in spite of the magnetism rooted deeply
in the nature of the f -electron materials. Moreover, in some of them the coex-
istence of superconductivity and antiferromagnetism can be observed. The most
representative experimental result is the evolution of CeMIn5 under the isovalent
replacement of Co by Rh and Ir and of Rh by Ir, which reveals the phase transition
between superconductivity and antiferromagnetism [37, 41] (cf. Figure 1.5). The
replacement may also roughly increases f -c hybridization amplitude. Furthermore,
in the series CeCo1−xRhxIn5 coexistence of antiferromagnetism and superconduc-
tivity is observed for a wide range of x [37, 41]. The experimental investigation
shows that there has to be an essential difference between pure AF and AF+SC
phase in CeRhIn5, since for example, the staggered moment in AF phase is rela-
tively high mAF ∼ 0.8µB/Ce [39], but, on the other hand, below the Néel temper-
ature and under the pressure when system is close to coexistent AF+SC phase,
magnetic moment drops to the relatively small value of ∼ 0.2µB/Ce [36]. Also,
there are indications that CeRhIn5 at an ambient pressure and below TN = 3.8K
orders in an incommensurate antiferromagnetic structure with an ordering vector
Q = (1/2, 1/2, 0.297) but AF and SC coexist only if AF has a commensurate struc-
ture [36]. All this may suggest that the magnetic order in these materials is much
more complicated than simple pure commensurate AF phase customary assumed
in considerations of HF superconductivity [117, 83, 118]. Furthermore, in some
of HF materials under pressure SC may also appear at the border of itinerant
antiferromagnetism. This observation may indicate that both antiferromagnetic
spin-spin interaction and the valence fluctuations are crucial for emergence of su-
perconductivity.

A number of existing studies of HF superconductivity focus on magnetically
mediated scenario, which assumes that the emergence of superconductivity as a
consequence of direct exchange interaction between the local moments [119, 83,
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118, 120]. The investigation of another microscopic pairing mechanism in which
the pairing is dominantly mediated by the charge fluctuations is split into two
streams. The first is based on the sharp valence change caused by the effect of f -c
inter band Coulomb repulsion Ufc, which induces a rapid decrease of the f -electron
concentration per ion and at the same time sharply enhances the superconducting
transition temperature for the case of the d-wave pairing [121, 122]. The second
scenario developed in the framework of two-channel Kondo model is based on the
assumption that superconductivity is established by the condensation of composite
pairs involving both localized and conduction electrons [123, 124]. There is also
another branch of studies of HF unconventional superconductivity which elaborates
on a pairing mechanisms based on paramagnon exchange between fermions [50].

In this Chapter we utilize Anderson-Kondo model introduced in Chapter 2.
Our SC-RMFT formulation allows for a consistent mean-field discussion of corre-
lated states in multiple-phase case. Moreover, we show that the exchange inter-
action, crucial for the appearance of both the antiferromagnetism and the Kondo-
compensated state, is regarded here as also responsible for an emergence of both
the coexistent AF+SC and the pure SC phases. We consider both the cases with
the interatomic and the intraatomic types of hybridizations and provide a broad
comparative discussion of the physical properties appearing in these two different
situations. We underline the universal features, independent of the choice of the
hybridization type, such as the observation of totally compensated Kondo insulat-
ing state for even number of electrons (ne = 2), and the emergence of spin-singlet
superconducting hybrid f -c pairing. The sequence of the phases AF→AF+SC→SC
observed with the increasing intersite hybridization, as well as the stable d-wave
superconducting-gap symmetry, reproduce experimental observations in the case
of the quasi-two-dimensional CeRhIn5 [57]. Our real-space pairing mechanism thus
accommodates in a natural manner the spin-singlet pairing correlations within the
AF configuration of the staggered moments. The interesting feature is also the
presence of a very weak staggered component of magnetic moment in the AF+SC
phase; as well as its sizeable magnitude in the pure AF phase. The small uniform-
moment presence may signal a possibility of having a more complicated order in
real systems than that assumed in this Thesis. The principal result is also a strong
mutual f - and c-moment compensation, either complete or partial, depending on
the phase. Finally, the role of intersite f -f pairing as the fourth-order effect is
briefly discussed.

Summarizing, the real-space pairing proposed here differs remarkably from ei-
ther the paramagnon mechanism [50] or the Kondo-type pairing starting from the
Kondo-lattice model [125, 126, 127, 128]. On the other hand, the Kondo-lattice
model is simply insufficient as the f electrons are then considered as localized and
the hybrid pairing, most probably, is ineffective. The spin fluctuations represent a
higher-order effect within the present approach (cf. Appendix E).
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4.2 Effective mean-field Hamiltonian

As in the preceding Chapter, we start from the equation representing the ground
state energy, which takes into account at the same time the expectation values
of both diagonal and off-diagonal (i.e., superconducting gap parameters) operator
pairs, which has the following form

EG ≡ 〈H〉c =
∑

mnσ

tξmnσ −
V 2

U + ǫf

∑

imnσ

nifσ̄ξmnσ

− V 2

U + ǫf

∑

imnσ

(

∆∗
imσ̄∆inσ̄ +

nifσ̄

1 − nifσ
γ∗
imσγinσ

)

+
∑

imσ

V

√

1 − nif

1 − nifσ
(γimσ + γ∗

imσ)

− V 2

U + ǫf

∑

imnσ

γinσγ
∗
imσ̄ − ∆inσ̄∆∗

imσ
√

(1 − nifσ)(1 − nifσ̄)

+

〈

∑

ij

JH
ij

(

Ŝi · Ŝj −
ν̂iν̂j

4

)

〉

C

+ (ǫfnf − hfm
FM
f − hcm

FM
c )Λ, (4.1)

where Λ is the number of lattice sites. The mean-field order parameters comprise
the following quantities

nif ≡
∑

σ=↑,↓

nifσ =
∑

σ=↑,↓

〈n̂f
iσ〉0, mif =

∑

σ=↑,↓

σnifσ,

nic ≡
∑

σ=↑,↓

nicσ =
∑

σ=↑,↓

〈n̂c
iσ〉0, mic =

∑

σ=↑,↓

σnicσ,

γimσ = 〈f †
iσcmσ〉0, ∆imσ = 〈fiσcmσ̄〉0,

χijσ = 〈f †
iσfjσ〉0, ξnmσ = 〈c†nσcmσ〉0. (4.2)

The above expressions represent respectively, the f - and c-occupancies and their
corresponding magnetic polarization. The remaining four parameters are the hy-
bridization, the superconducting and the hopping correlation functions, respec-
tively. It should be noted that, in the case of intraatomic hybridization we assume
that indexes in Eq. (4.1) i = m = n, so that all the introduced mean-fields are
local. Whereas, in the situation with interatomic hybridization we set only m = n,
so that in our mean-field approximation we neglect three site contributions to γ
and ∆.

In order to describe apart from normal and superconducting, also antiferromag-
netic phases, we assume that the corresponding particle number order parameter
has the following general form

nf(c)iσ ≡ 〈n̂f(c)
iσ 〉0 =

1

2

(

nf(c) + σmFM
f(c) + σmAF

f(c)e
iQRi

)

, (4.3)
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where nf(c) is the occupancy of f(c) levels, respectively; mFM = (mA+mB)/2 is the
ferromagnetic (uniform) part of spin polarization, mAF = (mA −mB)/2 is the an-
tiferromagnetic (staggered) polarization, and A and B label two sublattices in the
antiferromagnetic phase. The term eiQRi (with Q = (π, π)) is responsible for the
appropriate change of sign of the antiferromagnetic magnetization when switching
sublattices Ri ↔ Rj(i). We assume as non-zero only first nearest-neighbor hopping
integral for f - and c-electrons which leads to two different hopping parameters
in each of two bands: {χAB↑ ≡ χ↑, χAB↓ ≡ χ↓, ξAB↑, ξAB↓}. Additionally we set
ξAB↑ = ξAB↓ ≡ ξ, as the difference between these hopping amplitudes in all phases
is small and can be neglected. The remaining order parameters have similar to
magnetization structure, namely

γimσ = γS
σ + γT

σ e
iQRi ,

∆imσ = ∆S
σ + ∆T

σ e
iQRi , (4.4)

where ∆S
σ ≡ (∆A

σ +∆B
σ )/2 and ∆T

σ ≡ (∆A
σ −∆B

σ )/2 denote, respectively, the singlet
(uniform) and the triplet (staggered) components of the pairing order parameter.
The same notation applies to γimσ. It should be noted that in contrast to earlier
slave-boson descriptions of both magnetic and superconducting instabilities [83, 84]
we do not neglect the magnetic moment of c-band electrons and evaluate their
staggered and uniform components in the AF phase as well.

In order to formulate a correct mean-field approximation we supply the mean-
field Hamiltonian (4.1) with constrains via the Lagrange-multiplier methods. By
doing so we ensure the statistical consistency of the present variational method
[85, 55] of evaluating the averages. This consistency is understood in the sense, that
the above quantities determined variationally should coincide with those calculated
via a fully self-consistent procedure.

The resulting effective Hamiltonian has rather complicated form, namely

Hλ = 〈H〉c −
∑

<ij>σ

(

η(c†iσcjσ − ξ) + H.c
)

−
∑

<ij>σ

κσ

(

(f †
iσfjσ − χσ) + H.c.

)

− λFM
c

∑

iσ

(

σc†iσciσ −mFM
c

)

− λAF
c

∑

iσ

(

σc†iσciσe
iQRi −mAF

c

)

− λFM
f

∑

iσ

(

σf †
iσfiσ −mFM

f

)

− λAF
f

∑

iσ

(

σf †
iσfiσe

iQRi −mAF
f

)

−
∑

imσ

(

τimσ(f †
iσcmσ − γimσ) + H.c

)

−
∑

imσ

(limσ(fiσcmσ̄ − ∆imσ) + H.c)

− λf

∑

iσ

(

f †
iσfiσ − nf

)

− λ
∑

iσ

(

f †
iσfiσ + c†iσciσ − ne

)

− µ
∑

iσ

(

c†iσciσ + f †
iσfiσ

)

(4.5)

where 〈ij〉 means the summation over nearest-neighbors and ne = nf+nc represents
the total number of electrons per site. Note that the field λFM

f may play the role
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of a molecular field induced by electronic correlations whereas λf and λ represent
shifts of the chemical potential.

The k-space representation of Eq. (4.5) has the 8 × 8 matrix form

HMF =
∑

′

k
Ψ†

kMkΨk + C, (4.6)

written in the following 8-fold basis

Ψ†
k = (c†k↑, f

†
k↑, c−k↓, f−k↓, c

†
k+Q↑, f

†
k+Q↑, c−k+Q↓, f−k+Q↓). (4.7)

Explicit form of the 8 × 8 matrix Mk in above basis is as follows

Mk =



























Ec
k↑ −τu↑ Vk 0 −lu↓D−k −λAF

c −τ s↑Vk+Q 0 −ls↓D−k−Q

−τu↑ Vk Ef
k↑ lu↑Dk 0 −τ s↑Vk −λAF

f ls↑Dk 0

0 lu↑Dk −Ec
k↓ τu↓ V−k 0 ls↑Dk+Q −λAF

c τ s↓V−k−Q

−lu↓D−k 0 τu↓ V−k −Ef
k↓ −ls↓D−k 0 τ s↓V−k −λAF

f

−λAF
c −τ s↑Vk 0 −ls↓D−k Ec

k+Q↑ −τu↑ Vk+Q 0 −lu↓D−k−Q

−τ s↑Vk+Q −λAF
f ls↑Dk+Q 0 −τu↑ Vk+Q Ef

k+Q↑ lu↑Dk+Q 0

0 ls↑Dk −λAF
c τ s↓V−k 0 lu↑Dk+Q −Ec

k+Q↓ τu↓ V−k−Q

−ls↓D−k−Q 0 τ s↓V−k−Q −λAF
f −lu↓D−k−Q 0 τu↓ V−k−Q −Ef

k+Q↓



























.

(4.8)
The primed sum denotes in Eq. (4.6) summation over the folded (magnetic)

Brillouin zone (MBZ). Constant C in Eq. (4.6) includes all the wave-vector inde-
pendent quantities and has the following form C = 〈H〉c+Λ(16ηξ+2

∑

imσ τimσγimσ+
2
∑

imσ limσ∆imσ +8κσχσ +λFM
c mFM

c +λFM
f mFM

f +λAF
c mAF

c +λAF
f mAF

f −2(λ+µ)−
λf + λFM

f + λFM
c ). The summation over {im} is taken over the nearest-neighbor

pairs in the case with interatomic hybridization, whereas it is assumed that i = m in
situation with local hybridization. The expressions Ec

kσ = −4η (cos(kx) + cos(ky))−
σλFM

c −µ−λ and Ef
kσ = −4κσ (cos(kx) + cos(ky))−σλFM

f −λf −µ−λ are energies
of c and f bands, respectively. The Lagrange multipliers τu,sσ ≡ (τAσ ± τBσ )/2 and
lu,sσ ≡ (lAσ ± lBσ )/2 stand for uniform (u) and staggered (s) components, with A
and B indicating parts belonging to one of the antiferromagnetic sublattices. Also
the anisotropy factors for hybridization and superconducting gap are taken in the
following forms for the inraatomic and interatomic hybridization, respectively

Vk =

{

1 : intraatomic,
2(cos(kx) + cos(ky)) : interaatomic,

Dk =

{

1 : intraatomic,
2(cos(kx) − cos(ky)) : interaatomic.

(4.9)

Thus, the mean-field values can be determined by minimizing the thermody-
namic potential functional

F ≡ − 1

Λβ

∑
′

kσα
ln
(

1 + e−βEα
kσ

)

+ µne + C, (4.10)

with Eα
kσ representing the eigenvalues of matrix (4.8). Therefore, we solve the fol-

lowing system of equation representing the necessary conditions for the minimum:
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Table 4.1: . Basic characteristics of the system with intraatomic hybridization
presented for selected values of ne and |V |. For meaning of the symbols see main
text; QiRi is the superlattice factor. Numerical accuracy is far better than the
last digit in each case.

ne = 1.9 ne = 2.0
phase AF WFM SC AKI PKI
|V | 0.16 0.32 0.46 0.2 0.4
nf 0.9808 0.8855 0.8419 0.9631 0.8619
mFM

f 0 0.1470 0.0066 0 0.0048
mFM

c 0 -0.0470 -0.0066 0 -0.0048
mAF

f 0.9504 - - 0.8308 -
mAF

c -0.1732 - - -0.2961 -
∆↑↓ - - 0.0892 - -
∆↓↑ - - -0.0884 - -
γ↑ 0.1141+ 0.4546 0.4563 0.2215+ 0.4699

0.0295eiQiri 0.0239eiQiri

γ↓ 0.1140- 0.4090 0.4555 0.2215- 0.4693
0.0295eiQiri 0.0239eiQiri

χ↑ -0.0079 -0.1009 -0.0403 -0.0261 -0.0766
χ↓ -0.0079 -0.0352 -0.0404 -0.0261 -0.0765
µ -0.0048 -0.0149 -0.0352 -0.0605 0.0519
F -1.0805 -1.2434 -1.5080 -1.1081 -1.4033

∂F
∂ne

= 0,
∂F
∂nf

= 0,
∂F

∂mFM,AF
f,c

= 0,

∂F
∂ξ

= 0,
∂F
∂γS,T

σ

= 0,
∂F

∂∆S,T
σ

= 0,

∂F
∂χσ

= 0
∂F
∂~λ

= 0, (4.11)

where some of equations, namely with ~λ = {λ, λf , λ
FM
c,f , λAF

c,f , η, κσ, τ
u,s
σ , lu,sσ } can be

easily solved analytically, so that we are left with up to 17 equations which we solve
numerically with the help of Gnu Scientific Library (we use the gsl multiroot solver
hybrids solver which implements the hybrids algorithm) on the lattice of Λ = 256×

256 sites, using the periodic boundary conditions. We chose the following set of
parameters values: ǫf = −0.85W , t = −(1/8)W , U = 2W , and kBT/W = 1 · 10−4,
where W is the bare conduction-electron bandwidth, that sets our energy scale
(W = 1). In Table 4.1 and 4.2 the exemplary numerical values of the order
parameters have been provided. Numerical accuracy is on the level far better than
the last digit specified.
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Table 4.2: . Exemplary characteristics for the case of interatomic hybridization
(in extended s-wave form) for selected above values of parameters. QiRi is the
superlattice factor. The numerical accuracy is by far better than the last digit
in each case. The values of the constrain constants are not listed for the sake of
clarity.

ne = 1.95 ne = 2.0
phase SFM AF AF+SC SC PKI
|V | 0.19 0.22 0.28 0.3 0.3
nf 0.9255 0.8793 0.7990 0.7819 0.7818
mFM

f 0.8878 0.1548 0.0354 0.0278 0.0289
mFM

c -0.0012 -0.0735 -0.0324 -0.0262 -0.0289
mAF

f - 0.4711 0.0498 - -
mAF

c - 0.1534 0.0258 - -
∆↑↓ - - 0.0323- 0.0228 -

0.0189eiQiRi

∆↓↑ - - -0.0242+ -0.0194 -
0.0121eiQiRi

γ↑ 0.1121 0.1605+ 0.1860+ 0.1880 0.1884
0.0028eiQiRi 0.0004eiQiRi

γ↓ 0.0455 0.1537+ 0.1846- 0.1867 0.1870
0.0098eiQiRi 0.0009eiQiRi

χ↑ -0.0164 -0.0804 -0.0755 -0.0709 -0.0712
χ↓ 0.0114 -0.0856 -0.0761 -0.0712 -0.0714
µ 0.0138 0.0068 0.0111 0.0091 0.0326
F -1.1394 -1.1840 -1.3028 -1.3481 -1.3475
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4.3 Results and discussion

In this Section we discuss normal and superconducting properties of the heavy
Fermi liquid described by the Anderson-Kondo model introduced in Section 2.
Quantitative results and their detailed discussion is provided for the two different
cases, namely with the local (intraatomic) hybridization between f and c electrons
and with the intersite (interaatomic) hybridization taken in the extended s-wave
form. To simplify the analysis, we restrict ourselves to two-dimensional square
lattice with the tight-binding form of the dispersion for both f - and c-electrons.

4.3.1 Phase diagram

PKI

SFM

WFM

SC

AKI

AF

QCP

|    |/W

Figure 4.1: Overall phase diagram for the case with intraatomic hybridiza-
tion containing magnetic and superconducting states on hybridization amplitude
(|V |) - number of electrons ne (per site) plane. The marked phases are: AF-
antiferromagnetic metal; WFM, SFM - weak and strong ferromagnetic phases,
respectively; AKI, PKI - antiferromagnetic and paramagnetic Kondo insulators,
respectively; SC - s-wave superconducting singlet state.

The phase diagrams for the case with intraatomic and the interatomic hy-
bridization are shown in Figure 4.1 and Figure 4.2, respectively. They were ob-
tained by solving self-consistently the system of equations (4.11) at zero external
magnetic field and with f -f pairing disregarded. It should be noted that here
we focus on the region with |V | substantially less than |ǫf |, as only then does
one expect spectacular effects associated with the heavy-fermion physics and re-
lated with it nontrivial magnetism and superconductivity. The obtained phase
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Figure 4.2: Phase diagram containing magnetic and superconducting states on
hybridization (|V |) - number of electrons (per site) plane (ne) in the case with in-
teratomic hybridization (of extended s-wave form) and anisotropic superconducting
gap of d-wave type. The other symbols are the same as in the foregoing Figure
4.1.

diagram comprises in each case different magnetic phases and forms in either case
a rather complicated map on ne-|V | plane. It involves a number of magnetic phases,
namely: the two ferromagnetic phases (strongly ferromagnetic phase (SFM) and
weakly ferromagnetic (WFM)), as well as the antiferromagnetic phase and the su-
perconducting phases. There is also insulating line for ne = 2 (i.e., for even number
of electrons per f + c pair of states), along which an antiferromagnetic Kondo in-
sulator (AKI) transforms continuously into a nonmagnetic Kondo insulator (PKI)
with totally compensated magnetic moments. For ne < 2.0 and for an intraatomic
hybridization the insulating phases AKI and PKI transform into antiferromagnetic
(AF) metallic and superconducting phases, respectively. The transition from in-
sulating phases are of the first order except at the quantum critical point (QCP).
The common feature appearing for both the local and the anisotropic hybridization
cases is the compensation of the magnetic moments in the SC phases, and predom-
inantly spin-singlet character of the paired state (for the details see Subsections
4.3.4). It should also be noted that whereas in the situation with intraatomic
hybridization the magnetic moments of f - and c-electrons in the paired state are
small and completely compensated, in the case with interatomic hybridization (and
with the d-wave superconducting phase) the results show that in spite of signifi-
cant compensation, there still remains a small total magnetic moment of the order
10−3 and the superconducting pairs form singlet state with an admixture of the
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Figure 4.3: Schematic illustration of relative f - and c-spin arrangement of mag-
netic moments in the phases with itraatomic (a) and interatomic (b) hybridization.
The larger arrows represent f -electron moments and the smaller c-electron moment
orientation. In the situation (a) the Kondo interaction is also local so the screen-
ing of the large f moments takes place locally (on each site). This results in the
opposite orientation of f - and c-moments in both FM and AF phases. When
the hybridization is non-local (b), the screening processes correspond only to the
nearest neighboring f -c moments. The last situation does not change the overall
characteristics of magnetic order for FM phases in distinction with the local case
(a). The difference appears in the AF phase, namely, the same orientation of AF
staggered moments of both the f and c emerges in both cases.

spin-triplet paired state (cf. the data for SC phase in Tables 4.1 and 4.2).

In spite of many properties which are universal and independent of the hy-
bridization and the SC-gap symmetry, the difference between the phase diagrams
in Figure 4.1 and 4.2 is essential. The main source of these difference comes from
the different form of the Kondo interaction in the two situation. The most dra-
matical changes can be expected in AF phases (see Figure 4.3). Namely, in the
case with intraatomic hybridization, f and c moments have opposite orientation in
both FM and AF phases (cf. Table 4.1: in both AF and WFM phases the moments
mAF,FM

c and mAF,FM
f have opposite signs). When the intersite Kondo interaction

is considered, the physical picture for AF phase changes: while f and c- moments
preserve the antiferromagnic order, they order in the same direction inside each site
(see Tab. 4.2: note that in AF phase staggered components of magnetization mAF

f

and mAF
c have identical signs). Also in situation with intersite hybridization the

AF phase except the large staggered part of magnetization with no compensation
of moments has also a compensated ferromagnetic part.

Because of difference in stability regimes of AF phases for the case with local vs.
intersite hybridization, the overall placement of AF phase on the phase diagram
with respect to superconductivity also differs. In the situation with the local
hybridization the AF and SC phases are separated by a region where the metallic
WFM is stable (cf. Figure 4.1), whereas in the case with anisotropic hybridization
and the d-wave form of the superconducting gap, both AF and SC are adjacent with
each other (cf. Figure 4.2). Moreover, two regions with coexisting (AF+SC) phases
emerge. The AF+SC phase observed for lower value of hybridization amplitude
has a large antiferromagnetic (staggered) magnetization component and a small
ferromagnetic moment, i.e., is almost totally compensated. The second AF+SC
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region appearing inside the SC phase has a very small antiferromagnetic (staggered)
moment which is larger but comparable to the ferromagnetic (uniform) part of
magnetization.

4.3.2 Magnetic vs. Kondo insulating properties

Choice of parameters V and ǫf (representing the hybridization strength and the
position of f -level, respectively) sets the values of both Kondo (JK ∼ V 2/(U + ǫf ))
and the Heisenberg type (JH ∼ V 4/(U + ǫf )3) kinetic exchange integrals, when
the value of U is fixed. Clearly, the selection of values for these parameters, as
well as of the electron number ne (the total occupancy), has an essential influence
on the energetically most favorable ordering. Independently of the choice of the
form of hybridization, local or intersite, a number of common features emerges.
For ne = 2 and |V | & 0.3 the PKI phase takes place in both cases (cf. Figure 4.4a
and 4.5a). Within our approach, this phase has totally filled the lowest hybridized
quasiparticle subbands and thus possesses an energy gap between the empty and
the full subbands. In spite of this, there still exists a small non-zero magnetic
moment for both f - and c-electrons. Albeit, due to the AF Kondo interaction
they are oriented antiparallel so that the total magnetic moment mf + mc is zero
(cf. the corresponding data for PKI phase in Table 4.1). With the decreasing
hybridization, the PKI state transforms into AF phase which in the situation with
local hybridization is in the same time insulating and is termed as AKI (antiferro-
magnetic Kondo insulator). As the transition is continuous there is a well defined
quantum critical point (QCP).

In Figure 4.4 we display magnetization profiles for selected ne values, each as
a function of intraatomic hybridization amplitude. In this sequence of figures we
observe the evolution of the insulating states into the superconducting phase with
compensated moments; this happens for a relatively large value of hybridization.
In the region, where the hybridization is low AF or SFM phases with high moments
appear. As can be seen in Figure 4.4, the WFM state plays a role of an intermediate
phase. The exemplary magnetization profiles as a function of extended s-wave-
type hybridization amplitude are presented in Figure 4.5. As was stressed in the
preceding Section, in AF phase, apart from the staggered (mAF ) magnetization
component there also appears a nonzero uniform (mFM) part. For the sake of
clarity, in Figure 4.5 we plot those two components separately. Note that the
uniform moment in the paired states (SC and AF+SC) is very small, so in order
to visualize better its behavior as a function of |V |, we multiply the actual value
by factor of 10.

In Figure 4.6ab the f -level occupancy (nf) profiles on ne-|V | plane are shown.
One can see that phase transition from superconducting to magnetic phase is ac-
companied by the valency jumps. The insets to Figure 4.4 and 4.5 show that nf

changes stepwise when transforming an almost mixed-valent state (SC phase) to an
almost localized with nf → 1 state in AF and SFM phases. Strictly speaking, only
in the case with the intraatomic hybridization and ne = 2.0 (cf. Figure 4.4a) the
transition PKI→AKI is continuous and is marked by the corresponding quantum
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Figure 4.4: f -electron (mf = nf↑ − nf↓), conduction (mc), and total (mf + mc)
magnetic moments in insulating (a) and metallic (b,c) states, all vs. itraatomic
hybridization magnitude. The insets exhibit the f -level occupancy as a function
of the hybridization. On panel (a) transition from antiferromagnetic (AKI) to
paramagnetic (PKI) Kondo insulating state for ne = 2, induced by the change
of hybridization strength and located at quantum critical point (QCP), is shown.
Note a complete compensation of the spin moments in PKI state, which represents
a parent state for the superconductivity appearing for |V | & 0.4 and ne < 2. For
the sake of clarity the magnitude of the magnetic moments was multiplied by the
factor of 10 in the PKI and SC cases.
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Figure 4.5: f -electron (mf = nf↑−nf↓), conduction (mc), and total (mf +mc) mag-
netic moments as a function of hybridization amplitude for the case with intersite
hybridization. The left panels represent the uniform (ferromagnetic) component
of magnetization. In the top portion of the right panels the f -level occupancy
is shown as a function of hybridization, and the bottom represents the staggered
(antiferromagnetic) component of magnetization. For the sake of clarity the mag-
nitude of the uniform (mFM) component of magnetic moments was multiplied by
the factor of 10 in the AF+SC, SC and PKI cases. The quasi-critical point (the
solid point on the top right panel) is marked, since the corresponding jumps of nf

and mt are very small.
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/W /W

Figure 4.6: f -state occupancy profiles as a function of both bare hybridization
magnitude (|V |) and the number of electrons (ne). The right and the left panels
represent the cases with intraatomic and interatomic hybridization, respectively.
Note the sharp valency transition accompanying the phase transitions AF→ WFM,
as well as WFM→SC (left panel) and SC→ AF and AF+SC→ SFM (right panel).
The steps mark discontinuous phase changes. The evolution from the HF to the
fluctuating-valence regime involves the AF, AF+SC and pure SC phases as shown.

critical point (QCP). In the case with an interatomic hybridization it is weakly
discontinuous, with a very small jump in mt = mf + mc.

For both intersite and local hybridization we observe two different ferromag-
netic phases, WFM and SFM, which were predicted in earlier works [17, 30]. The
difference between these two ferromagnetic phases lies in the arrangement of the
spin subbands with respect to the Fermi energy, as shown in Figure 4.7ab and
4.8ab. In the insets to this figures we see that the transition from WFM to SFM
or AF phase is accompanied by the change of the Fermi surface (FS) volume. We
observe that with the diminishing hybridization the state with a large Fermi sur-
face in WFM phase can collapse in SFM or AF phase with a small FS, that may
indicate a formation of the state with an almost localized f -electrons. This result
is consistent with the previous studies for the Kondo-Heisenberg model [129, 119].
The situation is quite different when we consider the situation with the inter-
atomic hybridization, where AF phase persists to the region with a relatively high
hybridization and nf smaller than in the same phase and with local hybridization
(cf. Figure 4.6). This indicates that in the latter case f electrons are still far from
being localized. Also, FS in this phase almost fills the full magnetic Brillouin zone
(MBZ), leaving only small empty pockets in the antinodal directions (cf. insets to
Figures 4.8cd).

Summarizing this subsection, one of the most important and interesting features
of results obtained here is the presence of either complete or almost complete Kondo
screening in all of the observed phases, including insulating phases PKI and AKI
and more importantly, the superconducting phases (cf. Figures 4.4 and 4.5). This
effect, obtained here already on the level of sophisticated mean-field approximation,
manifests itself by the total or partial compensation of the f -electron moment by
that of conduction electrons. This compensation is possible because the f -electron
moment is already strongly reduced from its atomic value by the itineracy of f
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Figure 4.7: Density of states (DOS), quasiparticle band structure (lower insets)
and Fermi-surface topology (upper inset) for selected phases calculated for the
case with intrasite hybridization. Figures a) and b) show selected characteristics
for WFM and SFM phases, respectively. The lower row plots c) and d) present
the same characteristics for AF and insulating AKI states. Note the reduction of
Fermi surface (FS) in transition from WFM to AF or to SFM phases with high mf

moment. The vertical dotted line marks the Fermi level position.

electrons, which in turn, is induced by the nonzero residual hybridization. It
should be emphasized that the Kondo-like compensation and the small value of
the moments in the limit close to their f -electron localization are the fundamental
characteristics of the magnetic Anderson-Kondo lattice.
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Figure 4.8: Density of states (DOS), quasiparticle band structure (lower inset)
and Fermi surface topology (upper inset) for selected phases calculated for the
interatomic hybridization. Figures a) and b) show selected characteristics for SFM
and WFM phases, respectively. The lower row plots c) and d) present the same
characteristics for AF and PKI phases. The vertical dotted line marks the Fermi
level position.
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Figure 4.9: Panel a): temperature dependence of the zero-field magnetic suscepti-
bility for the nonmagnetic (parent) Kondo insulator (PKI). The insets show PKI
evolution from the Fermi-liquid regime (FL), to the localized moment regime (LM).
The upper temperature scale is provided for bare c bandwidth W = 103K; b): ap-
plied field h ≡ gµBH/(2W ) dependence of magnetic moments and of the f -level
occupancy (inset).

4.3.3 Kondo insulator at nonzero temperature

In this Section we discuss properties of the reference Kondo-compensated (PKI)
state in the case of intraatomic hybridization. In Figure 4.9a we display the temper-
ature dependence of the spin susceptibility χm. The crucial point is that the spin
susceptibility χm(T = 0) ≡ 0, as one would expect for the totally compensated-
moment KI state with a small gap or pseudogap. However, in distinction to
the semiconductors, the system exhibits T 2 behavior at low temperature char-
actering the Fermi-liquid state. Also, the χm(T ) dependence has a maximum for
Tmax = 50 ÷ 250K (when W is in the range ∼ 0.1 − 0.5eV ) followed by the Curie-
Weiss behavior with a large (and of AF sign) paramagnetic Curie temperature in
the range Θ = 100−150K. These features, together with the universal scaling law
χmρ = const., with ρ being the system resistivity, proposed and tested earlier [58],
provide us with the confidence that our method of approach describes properly the
universal trend of the experimental data for KI systems [58, 59, 19].

Furthermore, we have shown Figure 4.9b the applied magnetic-field dependence
of the f , c, and the total magnetic moments at T = 0. The total moment remains
completely compensated in low fields and this is a true Kondo-lattice state, broken
at the metamagnetic point µBHm/W ≃ 0.02. The magnetization curve above
metamagnetic critical field Hm shows approximately linear behavior, mt ∼ H , as
marked. In the inset we show field dependence of the f -level occupancy (valency).
Note that even though the ground state is insulating, the valency deviation from
Ce3+ configuration is 1− nf = δ ∼ 0.2 i.e., is not integer (nf = 1 case corresponds
to the Ce3+ localized-moment state and is reached asymptotically as |V | → 0).

4.3.4 Superconducting states with hybrid pairing

In Figure 4.10 the evolution of the superconducting state from the reference Kondo
insulating state. The parental (PKI) state for superconductivity is insulating,
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Figure 4.10: The renormalized s-wave (left panel) and d-wave (right panel)
superconducting-gap ∆σ ≡ ∆σσ̄ ≡ 〈fiσciσ̄〉 profiles as a function of both the hy-
bridization amplitude |V | and the number of electrons, for the case with local (left
panel) and interatomic (right panel) hybridization. Note that in both cases the
SC evolves from the nonmagnetic Kondo insulator (PKI) state, i.e., the state with
totally compensated magnetic moments.

Figure 4.11: Illustration of different components of the superconducting gap in the
AF+SC phase, which comprises the spin-singlet ∆S

σ ≡ (∆A
σ + ∆B

σ )/2 and the spin
triplet ∆T

σ ≡ (∆A
σ − ∆B

σ )/2 components of the nearest-neighbor superconducting
gap magnitude.

independently of the form (local or intersite) hybridization taken. The Cooper
pairs here have a hybrid nature, i.e., they are created by pairs, each consisting
of the heavy f -electron and uncorrelated c-band electron. As was shown in the
preceding Subsection, the superconducting phases and antiferromagnetism with a
small magnetic moment can coexist (cf. Figures 4.4 a-c and 4.5 b).

It should be noted that in the lowest symmetry phase, which is AF+SC, four
different hybrid gaps emerge, as depicted in detail in Figure 4.11. This is caused by
the circumstance that the system is magnetically polarized and the pairing between
different antiferromagnetic sublatices even for the same spin components may not
(and do not) coincide.

In Figure 4.12 we present a systematic evolution of the d-wave superconduct-
ing states which results in the phase sequence SC→AF+SC→AF as a function of
intersite-hybridization amplitude. The increase of hybridization can be regarded
as a way to mimic the increase of external pressure, if the corresponding change in
ǫf is not substantial. The obtained profiles of the superconducting gaps exhibit the
same type of phase sequence as that observed experimentally in heavy-fermion Ce
compounds [35]. It should be noted that in this Thesis we focus mainly on the su-
perconducting phases associated with the hybrid 〈fiσcmσ̄〉 pairing. In all presented
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Figure 4.12: Evolution of the superconducting gaps of the system undergoing the
phase transition sequence: SC→ AF+SC→ AF as a function of hybridization am-
plitude for ne = 1.95 and for the extended s-wave form of hybridization. Figures
in right panels represent renormalized correlated values of gaps and the left panels
exhibit uncorrelated gaps magnitudes. In Figure c) and d) additionally to hybrid
superconducting gaps ∆σ ≡ ∆fcσ ≡ 〈fiσcσ̄〉 we also took into account f -f super-
conducting gap ∆ff ≡ 〈fi↑fj↓〉. Note that the incorporation of the f -f part of
the pairing does not alter the qualitative trend of the SC→ AF+SC→ AF phase
sequence.
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earlier figures and tables we have neglected the f -f pairing in the superconducting
phase, setting the gap ∆ff ≡ 〈fi↑fj↓〉 ≡ 0 by default. In order to take into account
this additional superconducting gap, which emerges solely from the term ∝ JH in
Equation (2.3) we must consider additional mean-field parameter ∆ff , as well as
associated with it constraint constant. As the pairing of f -f type comes from the
higher-order term of the canonical transformation, the f -f gap plays only a sec-
ondary role. Indeed, this is observed in our supplementary calculations presented
in Figure 4.12 cd, where we also explored the influence of the 〈fi↑fj↓〉 supercon-
ducting gap magnitude. As can be seen from the Figures 4.12 cd, its inclusion
does not change the sequence of phases, its presence shifts only slightly the phase
boundaries. Also, even though the uncorrelated f -f gap is comparable to the cor-
responding hybrid gaps (cf. Figure 4.12 cd ), its renormalization factor is much
higher. So that physically observable (correlated 〈∆ff 〉c) gap is almost an order of
magnitude smaller than those of hybrid type, 〈∆σ〉c. This is a clear consequence
of the specific structure of the superconducting order parameters, since the f -f
pairs are composed solely of the heavy f -electrons, so it is natural that the gap
representing their condensate will be renormalized to much greater extent.

In Figure 4.13 we also show calculated for the intersite hybridization quasipar-
ticle energies (bands) in pure superconducting state and in phase where antiffero-
magnetic moment coexist with superconductivity.
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Figure 4.13: Quasiparticle energies (bands) for superconducting phases obtained
for intersite hybridization: (a) SC phase, (b) AF+SC phase with a non-zero spin-
polarization

The introduction of more than one superconducting gap may suggest that there
exists more than one critical temperature, but this is not the case. Because all su-
perconducting gap components have the same critical behavior and all vanish at
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Figure 4.14: Temperature dependence of the correlated-gap components, as well
as of mAF and mFM (insets). The parameters: ne = 1.95, |V | = 0.28. The arrows
in the AF+SC phases label ∆S,T

σ components with σ =↑ or ↓.

a common critical temperature. The physical picture of multiple superconducting
gap parameters may be qualitatively described by the Landau theory with two
[130, 124] or more coupled order parameters, which shows that even if we start
from distinct critical temperatures for each of order parameter, the physically ob-
servable temperature is always only one. Though, the influence of the primary
critical temperature of uncoupled order parameter may be still seen in tempera-
ture characteristics as inflections or other anomalies [130].

It is important to note that the spin-triplet component appears only in the
coexistent AF+SC phase [131], as there are majority and minority spins then, e.g.
on sublattice A we have that 〈n̂f

i↑〉 > 〈n̂f
i↓〉 and similarly for the c electrons; hence

∆A
↑ 6= ∆B

↑ . In the lower panel of Figure 4.14 we show that all the gaps define
a single transition temperature for given phase. One should note the sequence
AF+SC→SC→AF→paramagnet. AF→paramagnet transition temperature is of
an order of magnitude higher than that for AF+SC→SC transition. The f -f
pairing coming from the fourth-order contribution of magnitude JH

〈ij〉 = 12V 4/(ǫf +

U)3 is also taken into account in this panel and, in distinction to high-Tc systems,
here the hybrid (f -c) pairing contribution is dominant. In all the phases we have
that nf ∼ 0.9 ÷ 0.8.

4.4 Concluding remarks

We have developed a microscopic model for the heavy fermion systems which allows
us to study not only normal and magnetic, but also superconducting properties of
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model f -electron systems. We have determined the coexistence regime for super-
conductivity with antiferromagnetism using our original SC-RMFT approach. The
presented detailed analysis proves that an explicit k-dependence of hybridization
can lead to quantitatively different results, compared to those obtained when the
k-independent intraatomic form is taken, but in spite of this, many features are
independent from the choice of the hybridization form. Among the key character-
istics in common should be mentioned: (i) the strong compensation of magnetic
moments in antiferromagnetic and superconducting phases; (ii) the emergence of
Kondo insulating state (for ne = 2) with completely compensated moments, which
plays the role of parental phase for superconductivity; (iii) the transition with di-
minishing hybridization from the state with large Fermi surface (WFM phase) to
the state with small Fermi surface (SFM). The later phase is characterized by high
value of moments and tendency towards the localization nf → 1;

To recapitulate, the exchange interaction, crucial for the appearance of both the
AF and the Kondo-compensated state, is regarded here as responsible to an equal
extent for the emergence of both the coexistent AF+SC and the pure SC phases.
The sequence of the phases AF→AF+SC→SC appears with the increasing V/ǫf
ratio, as observed in quasi-two-dimensional CeRhIn5 [57, 132, 133]. This situation
also squares well with the older results for UPt3 [134] and to some extent, for
URu2Si2 [135, 136]. Our real-space mechanism thus accommodates in a natural
manner the spin-singlet pairing correlations within the staggered-spin configuration
in AF phase (cf. Figure 4.5c). The interesting feature is also the presence of a
very weak staggered component of magnetic moment in the second AF+SC phase
(cf. Figure 4.4). The principal result is also the strong mutual f - and c-moment
compensation, either complete or partial, depending on the phase. Furthermore,
the phenomenon assisting the uniform moment is the appearance of the spin-triplet
gap component in the coexistent AF+SC phases, in addition to the spin-singlet
component.

Even though our effort is substantial, some of the aspects of the whole topic
have been omitted in the present work. First, a detailed analysis of the three-site
contributions should be included to make the approach complete. Second, the role
of the Falicov-Kimball term should be considered to see the role of the valence fluc-
tuations, as our analysis is carried out essentially in the heavy-Fermi-liquid regime,
i.e., when nf = 1 − δ, and δ ≪ 1. In Appendix A we show explicitly that the role
of the Falicov-Kimball term in this regime is not crucial. Inclusion of the Falicov-
Kimball term in an explicit manner would be helpful in addressing qualitatively
the question of two-dome structure for CeCu2Si2 doped with Ge [42]. Parenthet-
ically, presence of the Falicov-Kimball interaction also increases substantially the
Kondo coupling, as the denominator in the Kondo exchange JK = |Vim|2/(U + ǫf )
is renormalized, U + ǫf → U + ǫf − Ucf .
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Chapter 5

Summary and Conclusions

5.1 A brief summary

In this Thesis we have analyzed theoretically unconventional superconducting, nor-
mal, and magnetic properties of heavy fermion systems in the limit of strong in-
terelectronic correlations. We have also concentrated on magnetic phases and the
possible realization of the coexistent (anti)ferromagnetism and superconductivity
within the framework of Anderson-Kondo model.

The Anderson-Kondo model, is obtained via a truncated Schrieffer-Wolff (S-
W) transformation, which preserves the residual hybridization in addition to the
standard spin-spin antiferromagnetic Kondo and f -f interactions appearing after
performing the transformation on the periodic Anderson model. The main mo-
tivation for the implementation of this modified transformation was to have the
itineracy of f -electrons expressed explicitly. This is important because in the tradi-
tional Kondo-lattice model obtained after carrying out the full S-W transformation,
the resulting f -electrons are strictly localized. Moreover, Anderson-Kondo model
Hamiltonian represents from the physical point of view a more coherent picture, as
it preserves only the total number of electrons (n̂e = n̂c + n̂f ), while in the frame-
work of Kondo model f -electron (n̂f ) and c-electron (n̂c) numbers are conserved
separately. In Chapter 2 we presented a detailed discussion of the derivation of
our starting Anderson-Kondo lattice model. Next, we have used introduced by
our group the statistically consistent renormalized mean-field theory (SC-RMFT),
which incorporates local constraints into the Gutrzwiller approximation. In conclu-
sion, our method provides main ingredients crucial for the description of strongly
correlated f -systems, namely: (i) renormalization of single-particle parameters,
such as the superconducting gap, the hybridization, and the atomic-level position;
(ii) the correlation fields, which are incorporated as constraint constants; and (iii)
statistical consistency of obtained results, ensuring that the self-consistent and the
variational solutions coincide.

We have studied magnetic properties of heavy-fermion compounds such as
metamagnetism and applied magnetic-field dependence of the spin-split effective
masses. Nevertheless, the main part of this Thesis was dedicated to the discussion
of unconventional superconducting phases, and more importantly to the analysis
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of coexistence of antiferromagnetism (AF) and superconductivity (SC). We have
obtained for the first time a fairly complete phase diagram on the band filling -
hybridization plane. At the filling of f -electrons states close to unity, our results
correspond well with those obtained recently in the heavy fermion system CeRhIn5.
This region (i.e., nf → 1) is particularly relevant to the strong-correlation limit as
in that situation the magnetism and the pairing are closely connected by the com-
mon exchange interactions. Our analysis showed that for ne = 2 the real Kondo
insulating state with the totally compensated magnetic moments appears. The
Kondo insulating state represents a parent state for the emerging superconductiv-
ity, in direct analogy with the high temperature superconductors. These features
seem to be universal for both the anisotropic (intersite) and the local (intrasite)
forms of hybridization.

5.2 Outlook: future prospects

Few paths can be undertaken as a continuation of the work carried out in this
Thesis. Among them are:

• It would be interesting to study other lattice symmetry, more appropriate to
model the CeIn planes of the CeMIn5 materials (with M = Ir, Rh, or Co).
These materials crystallize in HoCoGa5-type tetragonal structure [137, 138],
where Ce and the in-plane In ions are located on two interpenetrating square
lattices. Thus, in the simplest case we can assume that hybridization with
the ligands has the form Vk = 2 cos(kx/2) cos(ky/2) or 2 sin(kx/2) sin(ky/2),
for extended s-wave and dxy wave symmetries, respectively [119].

• The phase diagram on the applied magnetic field - temperature (H-T ) plane
should be studied for more realistic hybridization form, incorporating crystal
field splitting or interpenetrating square lattices of Ce and In ions in CeIn
planes, as discussed above.

• It would be desirable to study the behavior of spin-dependent masses ob-
tained from the oscillation of magnetization in the de Haas-van Alphen effect
using the framework presented here (SC-RMFT).

• Although the results of this Thesis were obtained on the mean-field level,
they do provide reliable characteristics, which are observed experimentally.
Nevertheless, it would be interesting to extend the present approach so as
to incorporate the quantum Gaussian fluctuations around these mean-field
solutions. The outline of the possible starting point for this considerations is
presented in Appendix E.

• It would be important to investigate the three-site contributions to the peri-
odic Anderson-Kondo model and their effect on the results presented in this
Thesis.

Work along these lines is planned in our group within the project TEAM in
the near future.
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Appendix A

Anderson-Kondo model
derivation

A.1 Canonical perturbation expansion

In this Appendix we show how to derive Anderson-Kondo model using the canonical
perturbation expansion. We start with a definition of projector operator P̂j. This
operator represents the subspace with j−1 double occupancies and have following
properties: it does not influence the state with the same j and acting on the state
from other subspaces gives zero. Above can be cast in relation P̂jP̂k = δjkP̂j . Also,

the following relation is fulfilled
∑

j P̂j = 1. Therefore, we can present any lattice
Hamiltonian in the form

Ĥ =
∑

j

P̂jĤ
∑

i

P̂i = Ĥ0 + Ĥ1, (A.1)

with

Ĥ0 =
∑

j

P̂jĤP̂j ,

Ĥ1 =
∑

j 6=k

P̂jĤP̂k. (A.2)

By rewriting Ĥ in such way we have divided it into two parts: Ĥ0 representing
the process taking place in the same subspace and Ĥ1 is a part describing all
possible mixing processes that take place between subspaces with different j and
k.

Next, we introduce a canonical transformation of original Hamiltonian Ĥ into
effective Hamiltonian depending on the external parameter ǫ

H̃(ǫ) = e−iǫS(Ĥ0 + ǫĤ1)e
iǫS, (A.3)

where S is some hermitian operator not specified at this point. Note that, if
ǫ = 1 we recover the original form of starting Hamiltonian. Subsequently, we use
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the Baker-Campbell-Hausdorff formula and expand above expression in terms of
commutators

H̃(ǫ) = Ĥ − iǫ[S, Ĥ] − 1

2
ǫ2
[

S, [S, Ĥ]
]

+
1

6
iǫ3
[

S,
[

S, [S, Ĥ]
]]

+
1

24
ǫ4
[

S,
[

S,
[

S, [S, Ĥ]
]]]

+ O(ǫ5). (A.4)

To determine the hermitian transformation matrix S and simplify the Equation
(A.4) we impose condition that first order process in ǫ vanishes

Ĥ1 − i[Ĥ0, S] ≡ 0. (A.5)

Thus, we obtain the effective Hamiltonian in the form

H̃(ǫ) = Ĥ0 +
∑

n=2

(n− 1)(−i)n−1ǫn

n!
[[S, Ĥ1]]n−1, (A.6)

where notation [[S,A]]n denotes n nested anticommutators, i.e. for n = 2

[[S, Ĥ1]]2 ≡ [S, [S, Ĥ1]]. (A.7)

Explicitly, Equation (A.6) to the fourth order in ǫ reads

H̃(ǫ) = Ĥ0 −
1

2
iǫ2[S, Ĥ1] −

1

3
ǫ3
[

S, [S, Ĥ1]
]

+
1

8
iǫ4
[

S,
[

S, [S, Ĥ1]
]]

. (A.8)

To evaluate the hermitian matrix S we use the definitions of Ĥ0 and Ĥ1 from the
Equation (A.2) and substitute it into Equation (A.5), i.e.

P̂µĤ1P̂η(1 − δµη) + iP̂µĤ0P̂µP̂µSP̂η − iP̂µSP̂ηĤ0P̂η ≡ 0. (A.9)

The above Equation provides us with two solutions for the case with µ = η and
µ 6= η, namely

µ = η : iP̂µĤ0P̂µP̂µSP̂µ = iP̂µSP̂µP̂µĤ0P̂µ ⇒ P̂µSP̂µ = γP̂µ

µ 6= η : iP̂µĤ1P̂η = P̂µĤ0P̂µP̂µSP̂η − P̂µSP̂ηP̂ηĤ0P̂η (A.10)

The first solution gives a trivial solution, that is why we focus only on the sec-
ond case. As in low-temperature regime only excitations to the closest states are
favourable only processes P̂ηSP̂η±1 are important. Hence, the lowest order projec-
tion form of Equation (A.10) is given by expression

iP̂1Ĥ1P̂2 = P̂1Ĥ0P̂1P̂1SP̂2 − P̂1SP̂2P̂2Ĥ0P̂2. (A.11)

To obtain an explicit form of S we use an iteration technique. Namely, we assume
that for a sufficiently high value of n the following iteration procedure becomes self
consistent

P̂1S
(n)P̂2 = (−iP̂1Ĥ1P̂2 + P̂1Ĥ0P̂1P̂1S

(n−1)P̂2)(P̂2Ĥ0P̂2)
−1. (A.12)
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To see the general recursive solution of the above equation we assume first that
P̂1S

(0)P̂2 = 0 this gives us in straightforward manner that

P̂1S
(1)P̂2 = −iP̂1Ĥ1P̂2

P̂2Ĥ0P̂2

. (A.13)

The dominator in this equation denotes the energy of doubly occupied state and
has an expectation value Ū = U + 2ǫf , where ǫf is a bare energy of f -electron.
In present canonical perturbation expansion we treat Coulomb energy U as the
highest energy scale in the system. Hence, we treat P̂2Ĥ0P̂2 as a large number.
This enables us to present equation (A.13) in the form

P̂1S
(1)P̂2 = −iP̂1Ĥ1P̂2

Ū
. (A.14)

In the same manner we perform next two iterations which result in the following
expression

P̂1S
(3)P̂2 = −i

(

1 +
P̂1Ĥ0P̂1

Ū
+

(P̂1Ĥ0P̂1)
2

Ū2

)

P̂1Ĥ1P̂2

Ū
. (A.15)

In effect, we can notice that for the n-th order operator P̂1S
(n)P̂2 the expression

in the brackets becomes a geometrical progression which can be summed to give

P̂1S
∞P̂2 = −i

(

1

Ū − P̂1Ĥ0P̂1

)

P̂1Ĥ1P̂2. (A.16)

Since, P̂1Ĥ0P̂1 is energy of singly occupied state an its expectation value equals
ǫf + ǫk, where ǫk is an energy of band electron. Thus, one can write down the final
form of transformation matrix as

P̂1SP̂2 = −i
P̂1Ĥ1P̂2

Ũ
, (A.17)

where Ũ ≡ U + ǫf − ǫk. Inserting the obtained relation for transformation matrix
S into equation (A.8) we can write down the effective Hamiltonian projected onto
the lowest subspace up to the second-order terms in the following manner

P̂1ĤP̂1 = P̂1H̃(ǫ = 1)P̂1 = P̂1Ĥ0P̂1 −
P̂1Ĥ1P̂2Ĥ1P̂1

Ũ
. (A.18)

A.2 Anderson-Kondo model

As it was mentioned in Chapter 2 after division the hybridization into low-energy
and high-energy processes (2.2) Hamiltonian (2.1) can be decomposed into three
parts

Ĥ = Ĥ′ + Ĥ′′ + Ĥ′′′, (A.19)
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with

Ĥ′ =
∑

mnσ

tmnc
†
mσcnσ + ǫf

∑

iσ

n̂f
iσ(1 − n̂f

iσ̄) +
∑

imσ

(1 − n̂f
iσ̄)(Vimf

†
iσcmσ + V ∗

imc
†
mσfiσ),

(A.20)

Ĥ′′ = (2ǫf + U)
∑

i

n̂f
i↑n̂

f
i↓, (A.21)

and

Ĥ′′′ =
∑

imσ

n̂f
iσ̄(Vimf

†
iσcmσ + V ∗

imc
†
mσfiσ). (A.22)

The first part (Ĥ′) describes the processes taking place in singly occupied and
empty f -state subspace, part Ĥ′′ denotes dynamics in the subspace with double
occupied f -states, finally, the last part (Ĥ′′′) describes the transition processes
between energetically the lowest lying subspace (Ĥ′) and the one with double
occupancy (Ĥ′′′). Using introduced earlier projection operators P̂µ we can rewrite

Ĥ as follows

Ĥ =
∑

µ=1

P̂µ(Ĥ′ + Ĥ′′)P̂µ +
∑

µ=1

P̂µ+1Ĥ′′′P̂µ +
∑

l=2

P̂µ−1Ĥ′′′P̂µ ≡ Ĥ0 + Ĥ1, (A.23)

where

Ĥ0 =
∑

µ

P̂µ(Ĥ′ + Ĥ′′)P̂µ =
∑

µ=0

P̂µĤP̂µ (A.24)

and

Ĥ1 =
∑

µ=1

P̂µ+1Ĥ′′′P̂µ +
∑

µ=2

P̂µ−1Ĥ′′′P̂µ =
∑

µ6=η

P̂µĤP̂η. (A.25)

Using introduced here Ĥ0 and Ĥ1 we perform the canonical perturbation expansion.
So, that using equation (A.18) we can present the effective Hamiltonian projected
into the subspace with no double occupancies in the following manner

Ĥeff ≡ P̂1ĤP̂1 =
∑

mnσ

tmnc
†
mσcnσ + ǫf

∑

iσ

n̂f
iσ(1 − n̂f

iσ̄)

+
∑

imσ

(1 − n̂f
iσ̄)(Vimf

†
iσcmσ + V ∗

imc
†
mσfiσ)

− P̂1Ĥ1P̂2Ĥ1P̂1

Ũ
. (A.26)

The second-order part in equation (A.26) reflects the virtual processes with creation
of double occupancies in the intermediate state (for the details see Figures 2.1 and
2.3). Explicitly, the second-order term can be presented using the definition of Ĥ1
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as follows

P̂1Ĥ1P̂2Ĥ1P̂1 = P̂1

{

∑

inσ′

V ∗
inc

†
nσ′fiσ′ n̂f

iσ̄′

}

P̂2

{

∑

imσ

Vimn̂
f
iσ̄f

†
iσcmσ

}

P̂1

= P̂1

{

∑

inmσ

V ∗
inVimc

†
nσfiσn̂

f
iσ̄f

†
iσcmσ

}

P̂1

+ P̂1

{

∑

inmσ

V ∗
inVimc

†
nσ̄fiσ̄n̂

f
iσn̂

f
iσ̄f

†
iσcmσ

}

P̂1. (A.27)

This gives the final form of effective Anderson-Kondo Hamiltonia with projected
double occupancies

Ĥeff =
∑

mnσ

tmnc
†
mσcnσ + ǫf

∑

iσ

n̂f
iσ(1 − n̂f

iσ̄)

+
∑

imσ

(1 − n̂f
iσ̄)(Vimf

†
iσcmσ + V ∗

imc
†
mσfiσ)

− 1

Ũ

∑

imnσ

V ∗
imVin

[

n̂f
iσ̄(1 − n̂f

iσ)c†mσcnσ + c†mσ̄fiσ̄f
†
iσcnσ

]

. (A.28)

The last term can be decoupled into two site (with m = n) and three site (m 6= n)
processes. After a number of simple algebraic operation it is easy to see that these
expressions can be translated into the spin-language in the following way

n̂f
iσ̄(1 − n̂f

iσ)c†mσcnσ + c†mσ̄fiσ̄f
†
iσcnσ = ν̂iσ̄c

†
mσcnσ − Sσ

i c
†
mσ̄cnσ,

n̂f
iσ̄(1 − n̂f

iσ)c†mσcmσ + c†mσ̄fiσ̄f
†
iσcmσ = −2

(

Ŝi · ŝm − ν̂in̂
c
m

4

)

, (A.29)

where we have defined the following projected quantities for f electrons ν̂iσ ≡
n̂f
iσ(1 − n̂f

iσ̄), ν̂i ≡
∑

σ ν̂iσ, Ŝi ≡ (Ŝσ
i , Ŝ

z
i ) = [f †

iσfiσ̄, 1/2(ν̂i↑ − ν̂i↓)], and the corre-
sponding (non-projected) quantities for the conduction band electrons are n̂c

mσ =
c†mσcmσ, n̂c

m =
∑

σ n̂
c
mσ and ŝm ≡ (ŝσm, ŝ

z
i ) = [c†mσcmσ̄, 1/2(n̂c

m↑ − n̂c
m↓)]. After sub-

stituting equation (A.29) into (A.28) one can obtain the expression for the effective
Anderson-Kondo Hamiltonian presented in (2.3). Note that here only the second
order term was derived, for the detailed discussion of higher-order contributions
see Reference [64].
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Appendix B

Role of the Falicov-Kimball term

In the theoretical modeling of heavy fermions via the Anderson lattice, the local

Falicov-Kimball term
(

∑

i Ucf n̂
f
i n̂

c
i

)

is usually disregarded in (2.3). This term

should be taken into account when the strong valence fluctuations are important
[105]. To see its role clearly, we use the relation n̂e

i = n̂f
i + n̂c

i and transform this
term to the form

Ucf

∑

i

n̂f
i n̂

c
i = Ucf

∑

i

n̂f
i (n̂e

i − n̂f
i ) = Ucf

∑

i

n̂f
i n̂

e
i − Ucf

∑

i

(n̂f
i )2

= Ucf

∑

i

n̂f
i n̂

e
i − 2Ucf

∑

i

n̂f
i↑n̂

f
i↓ − Ucf

∑

iσ

n̂f
iσ. (B.1)

Now, the second and the third terms can be incorporated into U (U → U − 2Ufc)
and ǫf (ǫf → ǫf − Ucf ) in the Hamiltonian (2.3) in main text, while the first term
provides the dynamic valence fluctuations. However, if we assume that we consider
only the homogeneous state in sense that the total occupancy n̂e

i ≃ 〈ne
i 〉 ≡ ne ≃

2.0, then also the first term can be absorbed into ǫf (ǫf → ǫf + Ucf). The last
approximation is by no means always sufficient, but it shows under what conditions
the Falicov-Kimball term can be disregarded. Furthermore, note that we can write
down that Ucf

∑

i n̂
f
i n̂

c
i = const−Ucf

∑

i(1− n̂f
i )n̂c

i . The role of this term is indeed

small if 〈n̂f
i 〉 ≡ nf ≃ 1 − δ, with δ ≪ 1, i.e. in the heavy-Fermi limit, which is of

main interest to us here.
In conclusion it should be noted, that in the simplest approximation the Falicov-

Kimball term, first of all, just shifts the energies of f and c levels. Since such shifts
are already included in our SC-RMFT approximation via the Lagrange multiplier
terms, namely by ∼ λf and λ, which we calculate self-consistently. We can disre-
gard the influence of interband Columb repulsion, expressed by the Falicov-Kimball
term. This is particularly acceptable in the heavy-fermion-liquid regime 〈ν̂i〉 ≡ 1
(nf → 1), as than from the Falicov-Kimball term presented in the following form

Ucf

∑

i

ν̂in̂
c
i ≡ Ucf

∑

<im>

(ν̂i − 1)n̂c
i + Ucf

∑

i

n̂c
i , (B.2)

we can conclude that the first term is relatively small and hence can be decoupled
in the Hartee-Fock manner. Such reasoning justifies qualitatively the fact of ne-
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glecting the Falicov-Kimball term in our mean-field-like approach, at least in the
heavy-fermion limit.
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Appendix C

DOS and effective mass -
thermodynamic limit

C.1 Density of states

In this appendix we adapt in our MF scenario the analytic approach proposed in
Ref. [112] to calculate the density of states, in order to highlight the important
difference between results coming from the tight-binding and constant density of
states for conduction band electrons. Here we present the outline of this sim-
ple calculations, as well as present numerical results for the paramagnetic normal
phase.

Using quasiparticle energy spectrum (3.5) we can evaluate the density of states
by performing the sum

D(ω) =
1

Λ

∑

kσα

δ(w − Eα
kσ). (C.1)

This can be done numerically by representing delta function as the Gaussian
function with a small finite width (this approach was employed in the main text of
Thesis). On the other hand, we may also achieve an analytical result for DOS, as
follows. The matrix of the coefficients (3.4) from the equation (3.3) can be shifted
so that the obtained matrix has a triangular form

Kλ =

(

ǫckσ −τσ
−τσ ǫfσ

)

, (C.2)

Kλ + (λ + λf + λfmσ + µ) I =

(

ξk − b −τσ
−τσ 0

)

, (C.3)

where b = −λf − σ(λfm − λcm) and ξk = −2η(cos kx + cos ky). The eigenvalues of
the above matrix are as follows

enkσ =
1

2

(

ξk − b + n
√

(ξk − b)2 + 4τ 2σ

)

, (C.4)
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It easy to see that the sum

De(ω) =
1

Λ

∑

kσn

δ(ω − enkσ) (C.5)

corresponds to the true DOS (C.1) shifted by the value λ + λf + λfmσ + µ. To
simplify the summation (C.5) we use the properties of delta function, so that De(ω)
can be rewritten in the form

De(ω) =
1

Λ

∑

kσ

√

(ξk − b)2 + 4τσδ(ω2 − ω(ξk − b) − τσ). (C.6)

In the thermodynamic limit the energy spectrum is extremely dense, so that it
can be presented as smooth function and summation can be substituted by integral

with enkσ → ω. Subsequently, we can express following term as (ξk − b) → ω2−τ2σ
ω

this results in expression

De(ω) =
1

Λ

∑

kσ

(

1 +
τ 2σ
ω2

)

δ

(

ξk − b− ω

(

1 − τ 2σ
ω2

))

. (C.7)

For the noninteracting electrons density of states can be written as the product
of a line-shape function and a heaviside function, which ensures that the density
of states vanishes outside the band: D(ω) = g(ω)Θ(W 2 − 4ω2), where W is the
width of a band. In the similar way equation (C.7) can be presented:

De(ω) =
1

Λ

∑

σ

(

1 +
τ 2σ
ω2

)

g(f(ω))Θ
(

W 2 − 4f(ω)2
)

, (C.8)

where f(ω) = b+ω
(

1 − V 2

ω2

)

. The edges of DOS for interacting DOS are given

by the solution of equation f(ω) = 0 and are as follows

ω1σ = −
√

(b/2 + W/2)2 + τ 2σ −W/4 − b/2,

ω2σ = −
√

(b/2 −W/2)2 + τ 2σ + W/4 − b/2,

ω3σ =
√

(b/2 + W/2)2 + τ 2σ −W/4 − b/2,

ω4σ =
√

(b/2 −W/2)2 + τ 2σ + W/4 − b/2. (C.9)

The DOS is non-zero only in two regions (ω1σ, ω2σ) and (ω3σ, ω4σ). The resulting
expression for De(ω) is as follows:

De(ω) =
1

W

∑

σi

(

1 +
τ 2σ
ω2

)

Θ (ω − ωiσ) (−1)i+1. (C.10)

Furthermore, using the unitary transformation Ukσ, which diagonalizes matrix
representation (3.4) of Hamiltonian (3.3), we can evaluate in the interacting system
picture the contribution to DOS coming from conduction-electrons and f -electrons
in the following manner:
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Figure C.1: The DOS resulting from the tight-binding approximation and the sim-
plified form (C.10) coming from the constant density of states for band electrons.
Also, note the partial contributions to DOS from c- and f -electrons, respectively.

Dc(ω) =
1

Λ

∑

kασ

|U cα
kσ|2δ(ω −Eα

kσ),

Df(ω) =
1

Λ

∑

kασ

|Ufα
kσ |2δ(ω − Eα

kσ),

D(ω) = Dc(ω) + Df(ω), (C.11)

with

Ukσ =

(

U c+
kσ U c−

kσ

Uf+
kσ Uf−

kσ

)

=





−E+

kσ√
(E+

kσ
)2+τ2σ

−E−
kσ√

(E−
kσ

)2+τ2σ
τσ√

(E+

kσ
)2+τ2σ

τσ√
(E−

kσ
)2+τ2σ



 (C.12)

In Figure C.1 we present the DOS calculated using the analytic expression
(C.10) and using straightforward numerical summation (C.1). It should be noted
that in the case of constant density of states for conduction electrons the DOS
enhancement is about five times larger than in the case of tight binding density of
states.

C.2 Effective quasiparticle mass

To define effective mass of quasiparticles we consider them as wave packets of the
Bloch state, then the group velocity of this wave packet on the Fermi level is given
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by:

vFσ =
1

~
∇kE

α
kσ

∣

∣

∣

∣

kFσ

. (C.13)

In most cases near the center of the Brillouin zone, the parabolic dispersion
relation is satisfied and thus the velocity is

vFσ =
~kFσ

m∗
σ

. (C.14)

Utilizing above equations we obtain

~kFσ = m∗
σ

∂Eα
kσ

∂ǫckσ

1

~

∂ǫckσ
∂k

∣

∣

∣

∣

kFσ

, (C.15)

noting that
1

~

∂ǫckσ
∂k

∣

∣

∣

∣

kFσ

≡ v0
Fσ (C.16)

is the velocity of the bare electron on the Fermi surface one gets

m

m∗
σ

=

(

∂Eα
kσ

∂ǫckσ

)∣

∣

∣

∣

kFσ

. (C.17)
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Appendix D

The Fukushima local-constraint
scheme

In order to provide an insight into the procedure of calculating the expectation
values in the Fukushima local-constraint scheme [60], we present here the detailed
evaluation of the average representing antiferromagnetic Kondo coupling K̂ ≡ Ŝi ·
ŝm − ν̂in̂

c
m

4
from (2.3). After performing simple algebraic manipulations we can

present this term in the following form:

K̂ = −n̂f
iσ̄(1 − n̂f

iσ)c†mσcmσ − c†mσ̄fiσ̄f
†
iσcmσ. (D.1)

According to (2.23) we can present expectation value of the above operator as

〈K̂〉c = −〈P̂in̂
f
iσ̄(1 − n̂f

iσ)c†mσcmσP̂i〉0
〈P̂2

i 〉0

− 〈P̂ic
†
mσ̄fiσ̄f

†
iσcmσP̂i〉0

〈P̂2
i 〉0

, (D.2)

where projector P̂i takes the following form

P̂i = λ
n̂f

i↑
/2

i↑ λ
n̂f

i↓
/2

i↓ (1 − n̂f
i↓n̂

f
i↑)

≡ (1 − n̂f
i↑)(1 − n̂f

i↓) +
√

λi↓n̂
f
i↓(1 − n̂f

i↑)

+
√

λi↑n̂
f
i↑(1 − n̂f

i↓). (D.3)

The uncorrelated average of the norm and the fugacity factors, respectively, are
expressed by

〈P̂2
i 〉0 ≡

(1 − nif↑)(1 − nif↓)

1 − nif
, λiσ =

1 − 〈n̂f
iσ〉0

1 − 〈n̂f
i 〉0

=
1 − nifσ

1 − nif
. (D.4)

Using the Wick theorem we can easily calculate the following averages as

〈P̂in̂
f
iσ̄(1 − n̂f

iσ)c†mσcmσP̂i〉0 = 〈λiσ̄n̂
f
iσ̄(1 − n̂f

iσ)c†mσcmσ〉0
= λiσ̄ [nifσ̄(1 − nifσ)nmcσ + nifσ̄γ

∗
imσγimσ + (1 − nifσ)∆∗

imσ̄∆imσ̄] , (D.5)
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and the second term from Eq. (D.2)

〈P̂ic
†
mσ̄fiσ̄f

†
iσcmσP̂i〉0 = 〈

√

λiσλiσ̄c
†
mσ̄fiσ̄f

†
iσcmσ〉0

=
√

λiσλiσ̄ [γimσγ
∗
imσ̄ − ∆imσ̄∆∗

imσ] . (D.6)

Finally, after substitution the explicit expression for λiσ and summing up Eq. (D.5)
and (D.6) we obtain the expectation value for the 〈K̂〉c.
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Appendix E

Beyond the SC-RMFT: inclusion
of Gaussian fluctuations

The crucial formulae for evaluating observables is Eq. (2.23) for the physical prop-
erties in the ground state and Eq. (2.32) for the corresponding SC-RMFT equations
at temperature T > 0. The question is how to generalize this approach beyond
SC-RMFT. One of the generalizations is the so-called X-expansion starting from
the Gutzwiller approximation. The second is to incorporate quantum fluctua-
tions into the statistical-field-theory scheme and use an appropriate form of the
Stratonovitch-Hubbard transformation. Within the latter scheme our SC-RMFT is
regarded as an approximate saddle-point solution of the Anderson-Kondo Hamil-
tonian. The quantum Gaussian fluctuations can be tackled starting from that
point.

To elucidate the general idea of incorporating into the scheme the quantum
fluctuations, we start from the expression for the partition function in the fermion
coherent state representation [139, 140, 141]

Z =

∫

D
[

f̃iσ, f̃
†
iσ, cmσ, c

†
mσ

]

exp

{

−
∫ β

0

dτ

(

∑

iσ

f̃ †
iσ(τ)

(

∂

∂τ
− µ

)

f̃iσ(τ)

+
∑

mnσ

c†mσ(τ)

[(

∂

∂τ
− µ

)

δmn + tmn

]

cnσ(τ) +
∑

im

Vim

[

f̃ †
iσ(τ)cmσ(τ) + H.c.

]

+ ĤI(τ)

)}

, (E.1)

where τ is imaginary time and

ĤI(τ) = −
∑

〈im〉

JK b̂†im(τ)b̂im(τ) −
∑

〈ij〉

JHB̂†
ij(τ)B̂ij(τ), (E.2)

is the pairing part in the Matsubara representation. Note that for the sake of
clarity we include only the nearest neighbor 〈im〉 and 〈ij〉 terms.
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Next we use the Stratonovitch-Hubbard transformation in the following forms:

−JHB̂†
ij(τ)B̂ij(τ) =⇒

∑

〈ij〉

(

−B̂†
ij(τ)∆∗

ij(τ) − B̂ij(τ)∆ij(τ) +
|∆ij(τ)|2

JH

)

, (E.3)

−JK b̂†im(τ)b̂im(τ) =⇒
∑

〈im〉

(

−b̂†im(τ)∆∗
im(τ) − b̂im(τ)∆im(τ) +

|∆im(τ)|2
JK

)

, (E.4)

Obviously the above replacement involve the corresponding Gaussian integrations
over the complex fields {∆ij} and {∆im}. Here we do not write down explicitly
these integration; we only specify it symbolically via the functional integral of the
form

Z = D
[

f̃iσ, f̃
†
iσ, cmσ, c

†
mσ,∆ij,∆

∗
ij ,∆im,∆

∗
im

]

exp

{

−
∫ β

0

dτĤeff (τ)

}

, (E.5)

where

Ĥeff ≡
∑

iσ

f̃ †
iσ(τ)

(

∂

∂τ
− µ

)

f̃iσ(τ) +
∑

mn

c†mσ(τ)

[(

∂

∂τ
− µ

)

δmn + tmn

]

cnσ(τ)

+
∑

im

Vim

[

f̃ †
iσ(τ)cmσ(τ) + H.c.

]

− JK
∑

〈im〉

[

b̂†im(τ)∆∗
im(τ) + b̂im(τ)∆im(τ) − |∆im(τ)|2

JK

]

− JH
∑

〈im〉

[

B̂†
ij(τ)∆∗

ij(τ) + B̂ij(τ)∆ij(τ) − |∆ij(τ)|2
JH

]

. (E.6)

Note that in the above equation we have included only the pairing correlation
[53], as the inclusion of magnetic order would require a more involved form of
the Stratonovitch-Hubbard transformation (the generalization is straightforward
but cumbersome and not so important for our message here). Second, the lo-
cal gaps ∆im (f -c) and ∆ij (f -f) are undergoing the Gaussian fluctuations. Also,
the effective time-dependent Hamiltonian contains still projected fermion opera-
tors. Additionally, in this formulation, the fields ∆im(τ) and ∆ij(τ) represent Bose
fields. Effectively, we arrive at the fermion-boson model, where Bose fields undergo
Gaussian fluctuations. This important remark will be explored further elsewhere.

Now, the principal point is to start from the saddle-point approximation by
equating it with our SC-RMFT. This seems to be a plausible assumption, but then
we have to include also the contribution to the quantum fluctuations coming from
the constrains (see Eq. (2.31)). In the simplest situation, there is a contribution

due to spin fluctuation ∼ ∑

i δ
~λi · δŜi, where δ~λi = ~λi − λ̄i, and δŜi = Ŝi − 〈~Si〉.

Similarly for ∆im, etc. The inclusion of the quantum fluctuations represents a
serious calculation problem. We hope we can tackle these involved calculations in
the near future.
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From magnetic and Kondo-compensated states to unconventional superconductivity
in heavy fermions: a unified approach
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Inspired by the recent experimental evidence of antiferromagnetism and superconductivity coex-
istence in heavy fermion CeRhIn5, we propose a fully microscopic approach based on the idea of
real space pairing within the Anderson-Kondo lattice model. We present an overall phase diagram
incorporating the emergence of a quantum critical point, where Kondo insulating (KI), antiferro-
magnetic (AF) and superconducting (SC) phases meet. We also obtain the Kondo insulating state
with totally compensated magnetic moments as the parental state for the emerging SC phases. Fur-
thermore, the coexistent (AF+SC) phase may contain also a non-trivial spin-triplet gap component
within the essentially spin-singlet pairing mechanism.

PACS numbers: 71.27.+a, 74.70.Tx, , 74.20.-z

The origin of unconventional superconductivity (super-
fluidity) in strongly correlated electronic [1, 2] and op-
tical [3, 4] lattice systems is one of the most important
problems in condensed matter physics, as it concerns go-
ing beyond one of the most successful theories of XX-th
century physics - the Bardeen-Cooper-Schrieffer (BCS)
theory [5] of superconductivity. One of the novel pairing
mechanisms is based on the Dirac’s universal idea of ex-
change interaction [6]. This idea has a direct application
in the case of high temperature superconductivity, where
it takes the form of the t−J model with real space pairing
[7–9]. Here we extend these ideas to the heavy-fermion
systems [10] and show that it leads to a unique connection
between antiferromagnetism (AF) and superconductivity
(SC), in accordance with the recent experimental results
[11, 12]. Also, the evolution from the Kondo insulating
state (PKI) via pure d-wave SC to the coexistent AF+SC
phase, leads to highly non-trivial structure of the order
parameters.

In this Letter we present a fairly complete phase di-
agram and thus demonstrate in a straightforward man-
ner the applicability of the concept of real-space pairing
to this very important class of strongly correlated quan-
tum materials. We also show that the system properties
can evolve from either PKI or antiferromagnetic state to
the unconventional SC paired states. In this manner,
we extend the universal meaning of the concept of real-
space pairing in the strongly correlated systems [10, 13–
15]. Also, in the PKI state the magnetic moments of
f electrons and conduction (c) electrons totally compen-
sate each other. This last result provides a viable and
intuitively appealing definition of the Kondo insulators
and singles out their difference with either Mott insula-

tors or intrinsic semiconductors. Furthermore, the paired
coexistent antiferromagnetic-superconducting (AF+SC)
state contains also a spin-triplet component within the
essentially spin-singlet pairing mechanism [16, 17]. All of
these results, have been obtained for the first time and
within a single formal approach.

The results are discussed starting from introduced by
us Anderson-Kondo lattice Hamiltonian [10, 18], in which
both the Kondo interaction and the residual hybridiza-
tion processes appear together and are accounted for on
an equal footing. Subsequently, a modified Gutzwiller
approach is formulated [19] and combined with the sta-
tistically consistent renormalized mean-field theory (SC-
RMFT) [20, 21]. In effect we show that the hybrid (f -c)
type of real space pairing induced by the Kondo-type in-
teraction is crucial for description of heavy-fermion SC
properties even though the f -f interaction may play the
dominant role in magnetism of f -electron system in the
localization limit. We also discuss at the end the role of
f -f intersite interaction to demonstrate the stability of
our solution with respect to this higher-order interaction.

In the case of cerium compounds, one usually assumes
that: (i) only the Γ7 doublet (4f1) state of Ce+4−nf va-
lency, with the f -level occupancy nf → 1 in the low-
temperature dynamics; (ii) this state is strongly hy-
bridized with the conduction-band (c) states; and (iii) the
hybridization has either intraatomic or interatomic form.
We discuss here only the interatomic case, as it leads to
the stable pairing gap of d-wave character observed al-
most universally in strongly correlated systems [2]. For-
mally, in the limit of large intraatomic f -f Coulomb in-
teraction of magnitude U the effective Hamiltonian in the
real-space representation has the following form:
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with JKim ≡ 2|Vim|2/(U + εf ) and JHij ≡∑
mn |VimVjn|2/(U + εf )3. The consecutive terms

represent the following dynamical processes: the first
comprises a direct (c-c) hoping in the conduction band,
as well as the hoping via intermediate f -state. The
second and the third express, respectively, the bare
f -electron energy and the spin-flip term. The fourth
term contains the residual hybridization. The fifth and
the sixth term represent, respectively, the Kondo (f -c)
interaction and the Heisenberg (f -f) term (in both
cases full Dirac-exchange operators are taken). The
last one represents the Zeeman term for both f and c
electrons. Here we have projected out completely the
double occupancies of the f states, what is equivalent
to assuming that f electrons are strongly correlated. In
effect the f -electron number n̂fiσ is replaced by their

projected counterpart: ν̂iσ ≡ n̂fiσ(1 − n̂fiσ̄) ≡ f̃†iσ f̃iσ
and ν̂i ≡

∑
σ ν̂iσ. The f -spin operator is defined by

Ŝi ≡ (Ŝσi , Ŝ
z
i ) ≡ [f̃†iσ f̃iσ̄, 1/2(ν̂i↑ − ν̂i↓)]. The correspond-

ing (unprojected) quantities for c-states are n̂cmσ, n̂cm
and ŝm. To discuss the system properties a number
of quantities are first to be calculated self-consistently:
the f -level and c-band occupancies: nf,c ≡

∑
σ〈n̂

f,c
iσ 〉;

the f - and c-magnetic moments: mf,c ≡
∑
σ σ〈n̂

f,c
iσ 〉;

the hybridization correlation and the hybrid pairing
amplitudes: γσ ≡ 〈f†iσcmσ〉 and ∆σ ≡ 〈fiσcmσ̄〉, the

f -f and c-c hopping correlations χσ ≡ 〈f†iσfjσ〉 and
ξσ ≡ 〈c†nσcmσ〉, as well as the chemical potential µ.

To calculate the averages of operators (e.g. 〈f†iσcmσ〉)
we utilize the extended Gutzwiller scheme [19]. We also
include the magnitude of the intersite spin-singlet f -f
pairing ∆ff ≡ 〈fi↑fi↓〉 and discuss it separately be-
low. In addition to those, we have to introduce and
calculate the molecular fields appearing through statis-
tical consistency conditions so that the self-consistent
equations for the above quantities coincide with those
calculated variationally [18]. Our microscopic model
is characterized then by the total number of electrons
ne = 〈n̂fiσ〉 + 〈n̂ciσ〉; the magnitude V < 0 of the k-
dependent hybridization Vk = 8(|V |/W )ξk, bandwidth
W , and the bare conduction-band dispersion relation
ξk = −(W/4)(cos(kx) + cos(ky)), (i.e., for exemplary
two-dimensional lattice, applicable to systems such as
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FIG. 1: (color online). a): temperature dependence of
the zero-field magnetic susceptibility for the nonmagnetic
(parent) Kondo insulator (PKI). The insets show PKI evo-
lution from the Fermi-liquid regime (FL), to the localized
moment regime (LM). The upper temperature scale is pro-
vided for bare c bandwidth W = 103K; b): applied field
h ≡ gµBH/(2W ) dependence of magnetic moments and of
the f -level occupancy (inset).

CeMIn5, with M=Co, Rh, Ir); the position εf of the
bare f level; and the magnitude U of the f -f interac-
tion. The parameters εf , V , U , and ne are independent;
also, all the energies are taken in units of W , wherever
not specified explicitly.

We discuss first the reference Kondo-compensated
(PKI) state. In Fig. 1a we display the temperature



3

dependence of the spin susceptibility χm. The crucial
point is that the spin susceptibility χm(T = 0) ≡ 0, as
one would expect for the totally compensated-moment
KI state with a small gap or pseudogap. However, in
distinction to the semiconductors, the system exhibits
T 2 behavior at low temperature charactering the Fermi-
liquid state. Also, the χm(T ) exhibits a maximum for
Tmax = 50÷250K (when W is in the range ∼ 0.1−0.5eV )
followed by the Curie-Weiss behavior with a large (and of
AF sign) paramagnetic Curie temperature in the range
Θ = 100− 150K. These features, together with the uni-
versal scaling law χmρ = const., with ρ being the sys-
tem resistivity, proposed and tested earlier [22], provide
us with the confidence that our method of approach de-
scribes properly the universal trend of the experimental
data for KI systems [22]. Furthermore, we have shown
Fig. 1b the applied magnetic-field dependence of the f , c,
and the total magnetic moments at T = 0. The total mo-
ment remains completely compensated in low fields and
this is a true Kondo-lattice state, broken at the meta-
magnetic point µBHm/W ' 0.02. The magnetization
curve above metamagnetic critical field Hm shows ap-
proximately linear behavior, mt ∼ H, as marked. In the
inset we show field dependence of the f -level occupancy
(valency). Note that even though the ground state is in-
sulating, the valency deviation from Ce3+ configuration
is 1 − nf = δ ∼ 0.2 i.e., is not integer (nf = 1 case
corresponds to the Ce3+ localized-moment state and is
reached only as |V | → 0).

We turn now to the analysis of magnetic and super-
conducting phases appearing in the metallic state, i.e.,
with the partial filling of orbitals, ne < 2. In Fig. 2 we
draw an overall phase diagram on the plane occupancy
ne - hybridization magnitude |V |. This diagram con-
tains two coexisting AF+SC phases in the heavy-fermi-
liquid regime (ne → 2), as well as AF and SC phases.
In the small-hybridization limit we encounter two fer-
romagnetic phases (WFM and SFM). In insets of the
magnetic part we characterize the phases by the corre-
sponding shapes of the quasiparticle densities of states
and the position of the chemical potential. Also, in the
lowest right inset we show the evolution of the correlated
hybrid gap 〈∆〉c components 〈∆↑〉c ≡ ∆↑↓ ≡ 〈fi↑cm↓〉c
and 〈∆↓〉c ≡ ∆↓↑ ≡ 〈fi↓cm↑〉c. They are of equal am-
plitude and of opposite sign only when the supercon-
ducting state is of pure spin-singlet nature. The phase
diagram drawn here along the line ne ∼ 1.95 reflects
the sequence of phases observed recently in CeRhIn5

(AF→AF+SC→SC) with the increasing pressure [11]. In
general, as in the case of high temperature superconduc-
tors, pure SC state evolves with the diminishing electron
count from the insulating, here nonmagnetic PKI state.
Also, in distinction to the high-Tc systems, we have here
two AF kinetic-exchange interactions: the Kondo f -c and
f -f type, both arising from the virtual inter-band c� f
hopping. To characterize the phases marked in Fig. 2,

SFM

AF

SC

WFM

PKI

A
F
+
S
C

AF+SC

|    |/W

FIG. 2: (color online). Overall phase diagram on the plane

number of electrons ne ≡ 〈nfi 〉+ 〈n
c
i 〉 - interatomic hybridiza-

tion magnitude |V |, comprising strong ferromagnetic (SFM),
weak ferromagnetic (WFM), coexistent (AF+SC), antiferro-
magnetic (AF), superconducting (SC), and the parent Kondo
insulating (PKI) states. Inset: evolution of the SC state from
PKI; the spin components of 〈∆〉c the spin-singlet gap param-
eter: 〈∆↑〉c ≡ ∆↑↓ ≡ 〈fi↑cm↓〉c and 〈∆↓〉c ≡ ∆↓↑ ≡ 〈fi↓cm↑〉c
are shown. The solid dot marks the AF metal - Kondo in-
sulator (PKI) quantum critical point (QCP). The parameters
are U = 2, εf = −0.85. The representative density-of-states
curves define the normal-phase distinctions.
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FIG. 3: (color online). Magnetic moments as a function of
|V |. The left panel presents the uniform component mFM

of magnetization in the specified phases. The top right panel
shows the f -level occupancy nf as a function of the hybridiza-
tion and the bottom represents the staggered component of
magnetization, mAF . The magnitude of the uniform compo-
nents of magnetic moments was multiplied by the factor 10
in the AF+SC and SC phases.

we have drawn in Fig. 3 evolution of the calculated
uniform (mFM ) and the staggered (mAF ) components
of the magnetic moment, defined through the relation

nf(c)iσ ≡ 〈n̂
f(c)
iσ 〉0 ≡ 1

2 (nf(c) + σmFM
f(c) + σmAF

f(c)e
iQRi),

with Q = (π, π) being the AF-ordering wave vector and
Ri - the lattice-site position. Fig. 3 conveys our next
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b) c)

J
H

J
K

a)

FIG. 4: (color online). a) illustration of the two different AF
orders as a consequence of both the f -f (∝ JH) and Kondo-
type f -c (∝ JK) spin-spin interactions; b) orientation of the
f -moments (blue) and the c-moments (red) in FM and AF
phases, respectively; c) different components of the hybrid (f -
c) superconducting gap in the AF+SC phases, which compose
the spin-singlet ∆S

σ ≡ (∆A
σ +∆B

σ )/2 and the spin-triplet ∆T
σ ≡

(∆A
σ −∆B

σ )/2 components of the gap.
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FIG. 5: (color online). Temperature dependence of the
correlated-gap components, as well as of mAF and mFM (in-
sets). The parameters: ne = 1.95, |V | = 0.28. The arrows in
the AF+SC phases label ∆S,T

σ components with σ =↑ or ↓.

principal messages coming out from our fully microscopic
theory. First, the uniform moment component is practi-
cally compensated in the AF+SC phase (the exemplary
numerical values are listed in table 1 of Supplementary
Material). Second, there appears a very small staggered
moment in the second to-the-right AF+SC state. This
may explain, why it may be difficult to measure it in
the coexistent phase as discussed by Knebel et al. [11].
Third, most of the transition lines mark discontinuities
and thus, their first-order nature as a function of |V |
(emulating the changing pressure applied to the system).

Fourth, the coexistent AF+SC phases border with AF
and SC states and have a very small uniform magnetic
moment. In general, the diagonal (spin-spin) correlations
lead to the Kondo compensation and the off-diagonal
(pairing) correlation lead to the emergence of supercon-
ducting state. Finally, the valence of Ce+4−nf evolves
systematically from that for heavy-fermion nf = 1 − δ,
with δ � 1, to that characterizing the fluctuation-valence
regime (nf < 0.75), with the increasing hybridization.

Before characterizing the temperature evolution of the
gap components, we sketch in Fig. 4 both configura-
tions of the component moments in AF and FM phases,
as well as define different gap components (c), that we
have to introduce in order to describe the coexistent
AF+SC phases. Such multiplicity of the gaps is en-
riched when we include also the d-wave gap coming from
the f -f pairing. It is important to note that the spin-
triplet component appears only in the coexistent AF+SC
phase [17], as there are majority and minority spins

then, e.g. on sublattice A we have that 〈n̂fi↑〉 > 〈n̂
f
i↓〉

and similarly for the c electrons; hence ∆A
↑ 6= ∆B

↑ . In
Fig. 5 we show that all the gaps define still a sin-
gle transition temperature for given phase. One should
note the sequence AF+SC→SC→AF→paramagnet.
AF→paramagnet transition temperature is of an order of
magnitude higher than that for AF+SC→SC transition.
The f -f pairing coming from the fourth-order contribu-
tion of magnitude JH〈ij〉 = 12V 4/(εf + U)3 is also taken
into account in this panel and, in distinction to high-
Tc systems, here the hybrid (f -c) pairing contribution is
dominant. In all the phases we have that nf ∼ 0.9÷ 0.8.

To recapitulate, the strong correlations, crucial for the
appearance of both the AF and the Kondo-compensated
states, are responsible to an equal extent for the emer-
gence of both the coexistent AF+SC and the pure SC
phases. The sequence of the phases AF→AF+SC→SC
appears with the increasing V/εf ratio, as observed in
quasi-two-dimensional CeRhIn5 [11, 12, 23]. Our real-
space pairing thus accommodates in a natural manner
into the spin correlations in AF phase (cf. Fig. 4c). The
interesting feature is also the presence of a very weak
staggered component of magnetic moment in the second
AF+SC phase (cf. Fig. 3). The principal result is also
the strong mutual f - and c-moment compensation, either
complete or partial, depending on the phase. Further-
more, the phenomenon assisting the uniform moment is
the appearance of the spin-triplet gap component in the
coexistent AF+SC phases.
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Abstract
We apply the extended (statistically consistent, SCA) Gutzwiller-type approach to the periodic
Anderson model (PAM) in an applied magnetic field and in the strong-correlation limit. The
finite-U corrections are included systematically by transforming the PAM into the form with
the Kondo-type interaction and the residual hybridization, both appearing at the same time and
on equal footing. This effective Hamiltonian represents the essence of our Anderson–Kondo
lattice model. We show that in ferromagnetic phases the low-energy single-particle states are
strongly affected by the presence of the applied magnetic field. We also find that for large
values of hybridization strength the system enters the so-called locked heavy fermion state
introduced earlier. In this state the chemical potential lies in the majority-spin hybridization
gap and, as a consequence, the system evolution is insensitive to further increase of the applied
field. However, for a sufficiently strong magnetic field, the system transforms from the locked
state to the fully spin-polarized phase. This is accompanied by a metamagnetic transition, as
well as by a drastic reduction of the effective mass of the quasiparticles. In particular, we
observe no effective mass enhancement in the fully polarized state. The findings are in overall
agreement with experimental results for the Ce compounds in high magnetic fields. The mass
enhancement for the spin-minority electrons may also diminish with the increasing field,
unlike for the quasiparticle states in a single narrow band in the same limit of strong
correlations.

(Some figures may appear in colour only in the online journal)

1. Introduction

Heavy fermion (HF) metals are customarily regarded as
a quantum liquid composed of strongly correlated (quasi-
atomic) heavy f-electron quasiparticle states resulting from
hybridization of bare atomic f with conduction uncorrelated
(band) electrons. The f-electrons are associated with the
presence of rare-earth or actinide ions (ions with valency
very close to integer valency, e.g. Ce+3−δ , with δ � 1).
In other words, the on-site Coulomb repulsion is strong

and the f-electrons behave often in a solid as localized
(or almost localized) magnetic moments, even in the
presence of the interband hybridization. Moreover, these
heavy hybrid f-electrons are coupled to the conduction (d–s)
electrons via an antiferromagnetic Kondo interaction [1].
Also, many of the cerium or the uranium HF compounds order
antiferromagnetically. Nonetheless, there is also a constantly
growing group of heavy fermion compounds which show
a ferromagnetic ordering, e.g. URu2−xRexSi2 for 0.3 <
x < 1.0 [2], UIr2Zn20 [3], and CeSi1.81 [4]. Therefore, it
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is important to understand the complexity of their phase
diagram within a single theoretical framework such as the
Anderson [5] or Kondo-lattice model [6]. In this respect, we
use here a mixed Anderson–Kondo lattice picture derived
from the periodic Anderson model (PAM) in a systematic
manner in the strong-correlation limit. In this effective
model the hybridization and the Kondo-interaction effects are
accounted for on the same footing already on the mean-field
level. What is more important, the itinerancy of f-electrons
appears naturally and leads to the spin-dependent masses in
the spin-polarized state and the metamagnetism associated
with it.

One of the other characteristic properties of the heavy
fermion compounds is the metamagnetic behaviour or a
sudden magnetization increase or discontinuous jump at
a critical value of the applied magnetic field, observed
in HF compounds such as CeRu2Si2 [7], CeCoGe3 [8],
UPd2Al3, URu2Si2, and UPt3 [9]. This feature of HF electron
systems makes the applied field a useful tool for probing
the strong-correlation behaviour. Additionally, as we discuss
below, a sufficiently strong applied field may lead to a
destruction of the HF state of these strongly correlated
fermions and, as a consequence, force a destruction of
the heavy, predominantly f-electron, quantum liquid. This
type of transition, preceded by the metamagnetic transition
(MMT), was the subject of extensive studies during the past
decade [10, 11], but still, because of the rich variety and
complicated structure of the phase diagrams associated with
it, the universal nature of the MMT is difficult to single out
unequivocally. One of the puzzles is also the circumstance
that metamagnetic behaviour can take place starting from the
ferromagnetic state [11]. An additional and specific property
of these systems is the explicit spin-direction dependence of
the resulting quasiparticle masses [12] (for a recent review
see [13]).

In this paper we present a scenario in which the heavy
itinerant f-electron quasiparticles localize at the MMT, with
a concomitant suppression of the HF state at that critical
field. To account for this interplay between the localized-
and itinerant-type behaviour, we start from the PAM in an
external magnetic field included via the Zeeman term. We
also use the large, but finite U version of the PAM formulated
before [14, 15], in which both the residual hybridization
and the Kondo-type coupling are included at the same time
and derived from the PAM in a systematic manner. We
have used this model before [16, 17], which can be called
the Anderson–Kondo or t–J–V lattice model, to discuss
the so-called hybrid (Kondo-type) spin-singlet pairing in
heavy fermion systems. Additionally, we utilize the recently
developed so-called statistically consistent extension of the
Gutzwiller-type approach [18, 19]. This formulation allows
for a consistent mean-field discussion of correlated states,
here in the applied magnetic field. With this paper we are
starting a series with a detailed analysis of various magnetic,
as well as magnetic and superconducting states within the
Anderson–Kondo lattice model.

The paper is organized as follows. In section 2
we summarize our theoretical model and discuss the

so-called statistically consistent mean-field approach (SCA).
In section 3 we provide numerical results and analyse
the physical properties in the applied field. We summarize
the results and provide a brief outlook in section 4. The
appendices A–D provide some additional details of our
calculations.

2. Model and statistically consistent mean-field
theory

2.1. Anderson–Kondo (t–J–V) lattice Hamiltonian

In modelling the fluctuating-valence and heavy fermion
systems one usually starts from the PAM,3 which in the real
space (Wannier) representation reads

H =
∑
mnσ

tmnc†
mσ cnσ + εf

∑
iσ

N̂iσ + U
∑
iσ

N̂i↑N̂i↓

+

∑
imσ

(Vimf †
iσ cmσ + H.c.)− µ

(∑
iσ

N̂iσ +
∑
mσ

n̂mσ

)
−

1
2 gfµBH

∑
iσ

σ N̂iσ −
1
2 gcµBH

∑
mσ
σ n̂mσ , (1)

with N̂iσ ≡ f †
iσ fiσ being the number operator of originally

atomic (f) electrons and n̂mσ ≡ c†
mσ cmσ the number of

conduction (c) electrons, both at given lattice sites, i and
m, respectively. The consecutive terms are as follows: the
first represents the hopping (band) energy of c-electrons;
the second, bare f atomic level position (with respect to
the atomic level of c-electrons, εf ≡ εf − εc); the third,
the interatomic Coulomb interaction among the f-electrons
(the Hubbard term); the fourth, the f–c hybridization (with
the amplitude Vim, taken in the subsequent analysis in the
intraatomic form Vim = δimV); and the next term represents
the subtraction of the chemical potential part, as we will
work in the grand canonical scheme. The last two terms are
the Zeeman energies (in applied magnetic field H) of f- and
c-electrons, respectively.

In the context of a heavy fermion system this Hamiltonian
has usually been taken in the U = ∞ limit, as this parameter
represents the highest energy scale in the system. Typically
for Ce systems U = 5–6 eV, εf = −1 to−2 eV, V . −0.5 eV,
W = 2z|t| ∼ 1–2 eV [21]. While |V|/U � 1, U is definitely
finite and, therefore, the finite-U corrections should be taken
into account, as, e.g., the residual Kondo exchange interaction
of magnitude JK

= 2V2/(εf + U) ∼ 0.1 eV appears to be
of the order of |V| [15] and hence will influence the nature
of the magnetic ground state in a decisive manner. However,
to account for the Kondo interaction systematically, as well
as to allow for itinerancy of f-electrons at the same time, a
direct application of the Schrieffer–Wolff [22] transformation
or starting from the periodic Kondo model [6] (i.e., neglecting
explicitly the hybridization term apart from its presence in

3 In the standard version the interorbital Coulomb interaction (the
Falicov–Kimball term) ∼Ucf

∑
〈im〉N̂in̂m is missing and plays an important

role in the mixed-valence regime, cf e.g. [20]. The role of this additional term
is here only minor, as discussed in appendix B.
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Figure 1. Schematic representation of the first- (a) and second-order (b)–(d) hopping processes in the strong-correlation limit. The hopping
labels 2 and 2′ in (c) are alternative processes. The processes (b) and (c) lead to real-space pairing, whereas the three-step process (d) leads
to itinerancy of originally atomic f-electrons with effective hopping tij. All the processes contribute to the dynamics of heavy quasiparticles
with renormalized characteristics. The virtual process (b) leads to the Kondo interaction, whereas the process (c) introduces hybrid-pair
hopping. The effective f–f hopping (d) results from residual hybridization combined with the hopping in the c-bare band (for a detailed
discussion of this last figure see section 2.2).

the expression ∼JK) may not be realistic. At least, one has
to try to reach such a Kondo-lattice limit in a systematic
manner, by, e.g., including explicitly both the non-zero
renormalized hybridization (see below) and the non-vanishing
Kondo coupling in the large-U limit at the same time.

For this purpose, in direct analogy to the corresponding
projection set originally for the Hubbard model [23], we
divide the f–c hybridization into two parts according to the
prescription

f †
iσ cmσ ≡ (1− N̂iσ̄ + N̂iσ̄ )f

†
iσ cmσ

= (1− N̂iσ̄ )f
†
iσ cmσ + N̂iσ̄ f †

iσ cmσ . (2)

The first term represents the projected hybridization of the
states |fiσ 〉 under the proviso that the f-state |fiσ̄ 〉 is not
occupied, whereas the second represents the part of the
f–c quantum-mechanical mixing when the admixture of a
doubly occupied state with the opposite spins, |fiσ 〉 and
|fiσ̄ 〉, is admissible. The various hopping processes involving
the original (bare) atomic f-electrons and the resulting
occupation-resolved hybridization processes are depicted in
figure 1 (for their detailed meanings see below). Since
the heavy fermion physics is related to the limit |εf| &
V and |εf| � εf + U (with εf ≡ εf − µ), the first term
in (2) corresponds to the low-energy mixing processes
(representing the real f–c mixing process, cf figure 1(b)),
whereas the processes represented by the second term are
realized only via virtual processes (high-energy processes,
cf figures 1(c) and (d)) and are accounted for in the

second-order in V/(U + εf) (the first non-trivial order). The
latter processes are removed from the original Hamiltonian
(1) via a canonical transformation proposed earlier [24, 15].
The original Hamiltonian is then transformed to the effective
Hamiltonian of the form

H = P̂
{∑

mnσ

(
tmnc†

mσ cnσ −
∑

i

V∗imVin

U + εf
ν̂if σ̄ c†

mσ cnσ

)}
P̂

+ P̂
{∑

imnσ

V∗imVin

U + εf
Ŝσi c†

mσ̄ cnσ +
∑
iσ

εfν̂ifσ

}
P̂

+ P̂
{∑

imσ

(1− N̂iσ̄ )(Vimf †
iσ cmσ + H.c.)

}
P̂

+ P̂
{∑

imσ

2|Vim|
2

U + εf

(
Ŝi · ŝm −

ν̂if n̂m

4
+
ν̂if σ̄ n̂mσ

4

)}
P̂

+ P̂
{
−

1
2 gfµBH

∑
iσ

σ N̂iσ −
1
2 gcµBH

∑
mσ
σ n̂mσ

}
P̂

+ P̂
{∑

ij

Jij

(
Ŝi · Ŝj −

ν̂if ν̂jf

4

)}
P̂, (3)

where tmn ≡ tmn − µ, εf ≡ εf − µ. Also, in this effective
Hamiltonian we have projected out completely the double
occupancies of f states, as well as having defined the following
projected quantities for f-electrons: ν̂ifσ ≡ N̂iσ (1 − N̂iσ̄ ),
ν̂if ≡

∑
σ ν̂ifσ , Ŝi ≡ (Ŝσi , Ŝz

i ) = [f
†
iσ fiσ̄ , 1/2(ν̂if↑ − ν̂if↓)]; the

corresponding (non-projected) quantities for the conduction

3
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band electrons are n̂mσ = c†
mσ cmσ , n̂m =

∑
σ n̂mσ and ŝm ≡

(ŝσm, ŝz
i ) = [c

†
mσ cmσ̄ , 1/2(n̂m↑ − n̂m↓)]. Additionally, as we

assume that gc = gf = g = 2, the applied field is defined as
h ≡ 1

2 gµBH. Finally, we have added an effective fourth order
term∼ Jij ∼

∑
m(VimVjm)

4/(εf+U)3, the influence of which
is commented on in appendix A. The present expression (3)
corrects some typographical mistakes in the formula provided
earlier (cf appendix A of [16]).

In the main text we concentrate only on the second-order
effects. The Gutzwiller projector P̂ =

∏
i(1 − N̂i↑N̂i↓)

eliminates explicitly the double f-occupancies (it can be
dropped as the operators inside the bracket P̂(· · ·)P̂ are
already in the projected form). The first term in (3)
contains c–c hopping (see figure 1(a)) renormalized by the
virtual-hopping process, the second term is effective hopping
with spin-flip exchange between c- and f-electrons (see
figure 1(b)), the third and fourth terms are the f-level energy
and the projected hybridization, while the fifth term is the
effective f–c antiferromagnetic Kondo coupling. The minimal
model coming out of that procedure is to neglect an effective
f–f exchange and the renormalization of the c–c hopping, as
they can be treated as higher-order terms. As a result, we start
from a simplified effective Hamiltonian which we rewrite in
the following explicit form:

H = P̂
{∑

mnσ
tmnc†

mσ cnσ +
∑
imσ

2|Vim|
2

U + εf

ν̂if σ̄ n̂mσ

4

}
P̂

+ P̂
{∑

iσ

εfν̂ifσ +
∑
imσ

(1− N̂iσ̄ )(Vimf †
iσ cmσ + H.c.)

}
P̂

+ P̂
{∑

im

2|Vim|
2

U + εf

(
Ŝi · ŝm −

ν̂if n̂m

4

)}
P̂

+ P̂
{
−

1
2 gfµBH

∑
iσ

σ N̂iσ −
1
2 gcµBH

∑
mσ
σ n̂mσ

}
P̂. (4)

We see that we have simultaneously presented a residual
(projected) hybridization term and the Kondo kinetic
exchange interaction, with the exchange integral JK

≡

Jim = 2|Vim|
2/(U + εf), which differs from that obtained

with the help of the Schrieffer–Wolff transformation (as
it contains only the high-energy virtual-hopping processes,
cf figure 1(b)). Performing this transformation will allow
us to include both the Kondo-compensation effects and
the itineracy of f-electrons (when nf < 1, already in the
mean-field level of analysis). The appearance of a number
of magnetic phases arises from a competition/cooperation
of the projected hybridization and antiferromagnetic Kondo
interaction.

2.2. A general comment: Anderson, Kondo or mixed
Anderson–Kondo lattice representation?

It may be useful at this point to characterize briefly
the subtle difference between the present formulation and
the original Anderson- or Kondo-lattice models. First, as
already said, our canonical transformation differs from the
standard Schrieffer–Wolff transformation. Namely, in the

Schrieffer–Wolff [22] (and related Coqblin–Schrieffer [25])
transformations the whole hybridization term is transformed
out and replaced by the effective Kondo interaction. Here,
only the second part of (2) represents virtual processes
(cf figure 1(b)), whereas the first term of (2) cannot be
transformed out, since V ∼ εf and, hence, the corresponding
processes lead to the itinerancy of f-electrons (cf figure 1(d)
for an illustration of an effective f–f hopping induced by the
residual hybridization). This means that here the f-electrons
are not usually strictly localized, as in most of the HF systems
they are not (i.e., the valency of Ce is Ce+3−δ , with δ � 1).
As a consequence, the number of f particles is not conserved,
only the total number N̂e =

∑
iσ N̂iσ+

∑
mσ n̂mσ of all particles

is a conserved quantity. The last statement amounts to saying
that the physics of Hamiltonians (3) and (4) is contained in
that coming from (1), but, in general, is not equivalent to that
of the true Kondo-lattice model, i.e., when the second term
in the second line of (4) ∼V is absent. This is similar to the
difference between the physics coming from the Anderson
impurity model as compared to that coming from the Kondo
model, the latter representing the asymptotic limit (V/εf � 1)
of the former [26].

In principle, one could say that all the relevant
physics is fully contained in the general form (1). Why
then introduce (3) or (4), which represents its particular
limiting forms? This is the first basic question. The answer
to this question is as follows. The form (1) represents
indeed a general hybridized two-orbital system with the
short-range (Hubbard) interaction (apart from the absence of
the Falicov–Kimball term ∼

∑
〈im〉UimN̂in̂m; the role of the

missing Falicov–Kimball term is discussed in appendix B).
Almost no exact solution is available in the lattice situation
of dimensionality D > 1 (see, however, [27]). Therefore, we
have to resort to approximations and it is usually profitable,
and even physically plausible, to take into account the
principal interorbital/intersite exchange interaction explicitly
first and carry out a simplified (e.g. mean-field-like) analysis
on such an effective Hamiltonian subsequently, with the
most relevant correlations included, even in the approximate
manner, already in the mean-field-type approximation. What
is equally important is that the form of the effective
Hamiltonian, by containing only the physical (low-energy)
interactions, helps in selecting relevant order parameters
and the mean-fields related to them in non-trivial cases, as
discussed in detail below in one such particular situation.
Parenthetically, the analysis is of the same type as that when
transforming the Hubbard model into an effective t–J model
and determining non-trivial many body ground states for the
latter. Such a Hamiltonian is applicable to the analysis of both
normal and superconducting states, in the latter situation with
real-space pairing included [17].

One has to note that for the standard Kondo-lattice
Hamiltonian, which has general form

HKL =
∑
mnσ

tmnc†
mσ cnσ +

∑
im

JK
imŜi · ŝm +

∑
ij

JH
ij Ŝi · Ŝj, (5)

the numbers of f- and c-particles are conserved separately,
i.e., both N̂f ≡

∑
iσ N̂iσ and N̂c ≡

∑
mσ n̂mσ commute

4
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with HKL separately. Therefore, in discussing the HF or
superconducting states involving f-electrons explicitly and
based on this type of Hamiltonian [28] one has to assume that
these two global conservation laws are only approximately
obeyed. It is better to use our effective Hamiltonian (3) or (4),
at the expense of the simplicity though.

A second basic question still remains and concerns the
reduction of the Hamiltonians (4) or (3) into (5) in a consistent
manner. This is usually done by removing the residual
hybridization term and completing the Schrieffer–Wolff
transformation in the lattice case [14]. However, in our
mean-field analysis the true Kondo-lattice limit expressed by
(5) is effectively achieved as a limit nf → 1. This limit is
indeed achieved when V/εf → 0, as we show explicitly in
section 2.3 in a concrete situation.

2.3. Effective mean-field Hamiltonian and statistically
consistent mean-field approximation

In order to construct a mean-field Hamiltonian we assume
that a proper ground variation state can be represented in
the form |9〉 = P̂|90〉, where |9〉 describes the correlated
state and |90〉 is an eigenstate of the effective single-particle
Hamiltonian. Then the expectation value of any operator can
be in principle calculated as

〈Ô〉 ≡
〈9|Ô|9〉
〈9|9〉

=
〈90|P̂ Ô P̂|90〉

〈90|P̂ 2|90〉
≡
〈P̂ Ô P̂〉0
〈P̂ 2〉0

. (6)

In most cases, the above calculations represent a non-trivial
task, mostly because the projection operator is non-local and
by applying the Wick theorem many terms appear in the
process of Hartree–Fock-type decoupling. To carry out these
evaluations an approximation is necessary at this point. Here
we use the scheme proposed recently by Fukushima [29] in
the local-constraint version, which assumes that the average
number of correlated f-electrons at each site and with an
arbitrary spin orientation is unchanged by the projection,
i.e., 〈N̂iσ 〉 = 〈N̂iσ 〉0 ≡ nifσ . In the subsequent analysis,
we use a more general Gutzwiller-type projector, P̂ =∏

iλ
N̂i↑/2
i↑ λ

N̂i↓/2
i↓ (1 − N̂i↓N̂i↑), which eliminates the double

occupancies of f-electrons in real space and conserves the
average number of f-electrons at each site before and after
projection; the latter is accomplished by fixing the fugacity
factors {λiσ }. In order to derive the explicit form of the
fugacity factors, one has to calculate the density of σ spin

f-electrons at site i, namely, 〈N̂iσ 〉 =
〈λiσ N̂iσ (1−N̂iσ̄ )

∏
l 6=i P̂ 2

l 〉0

〈
∏

l P̂ 2
l 〉0

.

This can be done by taking only the on-site contraction,
as the intersite ones are much smaller. Then, l 6= i terms
cancel out (in the numerator with those of the denominator).
Therefore, the condition to determine the fugacity factors
is given by 〈N̂iσ 〉 =

λiσ (1−〈Niσ̄ 〉0)〈Niσ 〉0
〈P 2

i 〉
, which results in the

explicit expression for the fugacity factors λiσ =
1−nifσ
1−nif

[29].
It should be noted that the uncorrelated c-electrons are

not affected by the projection procedure, as it projects out
only the double occupancies of f-electrons. Although the
original local-constraint scheme for calculating the correlated

averages was proposed for a single-band Hubbard model [29]
and was successfully applied in the t–J model [30], it can be
easily extended to the PAM in a straightforward manner (see
appendix C for details).

In effect, this kind of modified Gutzwiller approximation
yields the mean value of the Hamiltonian (4)

〈H〉
3
= 8tξ −

V2

U + εf

∑
σ=↑,↓

nf σ̄ncσ

+

∑
σ=↑,↓

V

√
1− nf

1− nfσ
(γσ + γ

∗
σ )

−
V2

U + εf

∑
σ=↑,↓

γσγ
∗

σ̄√
(1− nfσ )(1− nf σ̄ )

−
V2

U + εf

∑
σ=↑,↓

(
nf σ̄

1− nfσ
γ ∗σ γσ

)
+ εfnf − hmf − hmc, (7)

where3 is the number of lattice sites and we have additionally
assumed that all the mean-field (order)parameters appearing
in our model represent spatially homogeneous quantities, i.e.,

nif =
∑
σ=↑,↓

〈N̂iσ 〉 ≡ nf, nmc =
∑
σ=↑,↓

〈n̂mσ 〉 ≡ nc,

mif =
1
2

∑
σ=↑,↓

〈σ N̂iσ 〉 ≡ mf,

mmc =
1
2

∑
σ=↑,↓

〈σ n̂mσ 〉 ≡ mc,

γimσ = 〈f
†
iσ cmσ 〉0 ≡ γσ , ξmnσ = 〈c

†
mσ cnσ 〉0 ≡ ξ.

(8)

The consecutive expressions represent respectively the f- and
c-occupancies, f- and c-magnetic moments, bare hybridization
and hopping correlation functions. It should be also noted that
the hybridization term in (7) has the same renormalization
factor as can be obtained in the standard Gutzwiller
approximation [31, 32] in the U = ∞ limit.

In order to formulate a correct mean-field approximation,
we supply the mean-field Hamiltonian (7) with constraints
via the Lagrange-multiplier method. By doing so we
ensure the statistical consistency of the present variational
method [18, 30] of evaluating the averages. This consistency
is understood in the sense that the above quantities,
determined variationally, coincide with those calculated
via a fully self-consistent procedure. This is not assured
in the straightforward Gutzwiller scheme, as discussed in
detail elsewhere for the single-band model [18, 19]. Also,
this method provides results which are consistent with
those obtained in the saddle-point approximation within the
slave-boson approach [33]. As a result, the effective MF
Hamiltonian takes the form

HMF = −
∑
〈mn〉σ

(η(c†
mσ cnσ − ξ)+ H.c.)

− λcm

∑
mσ
(σc†

mσ cmσ − mc)

− µ
∑
iσ

(c†
iσ ciσ + f †

iσ fiσ )

5
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−

∑
iσ

(τσ (f
†
iσ ciσ − γσ )+ H.c.)

− λf

∑
iσ

(f †
iσ fiσ − nf)− λfm

∑
iσ

(σ f †
iσ fiσ − mf)

− λ
∑
iσ

(f †
iσ fiσ + c†

iσ ciσ − ne)+ 〈H〉, (9)

where 〈m, n〉means the summation over nearest neighbouring
pairs. Note that the field λfm may play the role of a molecular
field induced by electronic correlations, whereas λf and λ

represent shifts of the chemical potential (the role of λ proves
to be minor).

Now, equation (9) has a particularly simple k-space
representation,

HMF =
∑
kσ

(c†
kσ f †

kσ )

(
εc

kσ −τσ

−τσ εf
σ

)(
ckσ

fkσ

)
+ C, (10)

where ne = nf + nc is the total number of electrons per site
and the constant C includes all the wavevector independent
quantities: C ≡ 〈H〉+3(16ξη+λcmmc+2

∑
σ τσγσ +λfnf+

λfmmf + λn). For example, the band energy of c-electrons
in a two-dimensional case is represented explicitly by εc

kσ ≡

−4η(cos kx + cos ky) − µ − λ − λcmσ and the energy of the
localized f-electrons equals εf

σ ≡ −µ − λ − λf − λfmσ . It is
easy to see that the eigenvalues of the Hamiltonian (10) are
then

Eαkσ =
1
2

(
εc

kσ + ε
f
σ + α

√
(εc

kσ − ε
f
σ )

2 + 4τ 2
σ

)
, (11)

where α = ±1 labels the quasiparticle band (antibonding and
bonding components, respectively). The quasiparticles form
two bands with renormalized characteristics.

The mean-field values can be determined by minimizing
the free energy functional F ≡ F0−

1
3β

∑
kσα ln(1+e−βEαkσ ),

i.e., by solving the following system of equations representing
the necessary conditions for the minimum:

∂F
∂ne
= 0,

∂F
∂nf
= 0,

∂F
∂mc
= 0,

∂F
∂mf
= 0,

∂F
∂γσ
= 0,

∂F
∂ξ
= 0,

∂F
∂λi
= 0,

(12)

where equations with λi = {λ, λf, λfm, λcm, η, τσ } can be
easily solved analytically, so that we are left with six equations
which we solve numerically with the help of GSL (Gnu
Scientific Library), on the lattice of3 = 256×256 sites, using
the periodic boundary conditions, with the following values
of the parameters: εf = −0.75W, |t| = (1/8)W, U = 5W,
and for sufficiently low temperature kBT/W = 5 × 10−5,
where W is the bare conduction-electron bandwidth, that sets
our energy scale (W = 1). Exemplary values obtained for a
ferromagnetic state and h = 0 are displayed in table 1. Note
also that the first- and third-row quantities do not exhibit
systematic trends, as they are calculated for different phases
(cf figure 2). The numerical accuracy is at least on the last
digit of the quantities displayed in table 1. Also, the numerical

Figure 2. Phase diagram (top) on the ne–|V| plane displaying
various arrangements of quasiparticle spin subbands (bottom)
relative to the chemical potential. In phase II (weakly ferromagnetic
metallic—WFM) the lower majority-spin subband is fully occupied,
whereas the minority-spin subband remains partially filled. The
onset of region II is marked by the disappearance of the spin-up
Fermi surface sheet, as the chemical potential is placed in the
hybridization gap and the lower spin-up subband is completely
filled. For small values of the hybridization, the majority-spin
electrons fill the upper hybridized band, which results in a full
polarization of the system (phase III—strongly ferromagnetic
metallic SFM). The case (IV) represents the paramagnetic Kondo
insulator (PKI) and can be observed only for ne = 2.0. The phase
diagram is drawn for U = 5, εf = −0.75, and t = −1/8, all in units
of the conduction-electron bandwidth W. Bottom panel: the five
possible placements of the bands with respect to the chemical
potential. Phases I and V are paramagnetic and ferromagnetic
without Kondo screening (both magnetic moments coming from
f-electrons and band electrons have the same orientation). In both
phases II and III the antiferromagnetic Kondo interaction manifests
itself by opposite orientations of the magnetic moments of the
c-electrons and f-electrons. Phase IV represents the paramagnetic
Kondo insulator.

results are provided for the case of a two-dimensional (square)
lattice. Parenthetically, the detailed shape of the density of
states in the bare band is of secondary importance, as can be
seen explicitly by comparing the phase diagram displayed in
figure 2 with the proper portion of figure 3 in the first paper
of [33], that was calculated for a constant density of states.

6



J. Phys.: Condens. Matter 24 (2012) 205602 O Howczak and J Spałek

Table 1. Exemplary values of the chemical potential and the MF parameters for the SFM (first row) and WFM (bottom two rows) phases
for U = 5, ef = −0.75, |V| = 0.3. The physical free energy F = F + µne has values of −1.049 71 and −1.041 75 for ne = 1.9 and 1.75,
respectively. We see that in this limit the f-electron occupation is close to unity and their magnetic moment (mf) is decisively larger than that
of the compensating Kondo cloud (mc).

Quantity γ↑ γ↓ µ nf mc mf

ne = 1.5 0.3428 0.1314 −0.1443 0.8828 −0.0475 0.3880
ne = 1.75 0.4287 0.3182 −0.0781 0.8621 −0.0479 0.1768
ne = 1.9 0.4278 0.3798 −0.0291 0.8691 −0.0245 0.0784

Quantity τ↑ τ↓ λ λf λfm λcm

ne = 1.5 0.2578 0.1260 0.0093 0.1766 0.4896 −0.0154
ne = 1.75 0.1962 0.1512 0.0091 0.0451 0.1450 −0.0074
ne = 1.9 0.1765 0.1578 0.0092 −0.0188 0.0598 −0.0032

3. Results and discussion

3.1. Phase diagram and principal characteristics of selected
phases for H = 0

A variety of magnetic phases appears in this model depending
on the relative values of the microscopic parameters and the
type of stable long-range order obtained. We analyse in detail
only the phases specified in figure 2 (bottom part) as well as
provide the phase diagram on the ne–V plane (top part). It
can be seen from figure 2 that, depending on the total number
of electrons ne and the value of the hybridization parameter
|V|, we can achieve different states. In phase II, which
corresponds to the weakly ferromagnetic metal (WFM), the
(lower) majority-spin subband is fully occupied, whereas the
minority-spin subband remains partially filled. The onset of
region II is marked by the disappearance of the spin-up
(majority) Fermi surface sheet, since the chemical potential
is then placed in the hybridization gap and the lower spin-up
subband is completely filled. If the lowest majority-spin
subband in phase II is fully occupied (contains one electron
per site), then the minority-spin subband remains partially
filled and contains ne − 1 electrons per site, which results
in total magnetization m = (2 − ne)/2 and approaches zero
for ne → 2 (cf figures 3(a) and (c) and phase II in figure 2).
On the other hand, for a small value of the hybridization the
majority-spin electrons in phase III start filling the higher
spin-up hybridized subband, which results in an almost full
polarization of the system (see figures figure 3(a) and (c)). As
the magnetizations of the f- and c-electrons, mf and mc, have
opposite signs due to the antiferromagnetic Kondo coupling
between them, the maximum value of the total magnetization
never exceeds 0.5 µB i.e., it reaches the maximum value in the
localized f-electron limit.

In the case when ne < 1.0 both f- and c-electrons have
the same sign of magnetization, as a consequence of the fact
that the effective hybridization, represented by the mean-field
value of γ↓ = 〈f

†
i↓ci↓〉, is close to zero, as can be seen

in figure 4(b). In the case when ne > 1.0 and the bare
hybridization |V| < 0.3, the f-electrons start localizing, as
can be seen by a rapid increase of mf (see figure 3(a)) and
the suppression of the hybridization between localized and
itinerant electrons (in figure 4 see a decrease of both γ↓
and γ↑ in the region corresponding to phase III (SFM)). The

Kondo singlet correlations are destroyed to yield a strong
ferromagnetism. Thus, the large magnetic moment reflects the
tendency to destroy the partial Kondo compensation. Similar
conclusions can be drawn from the S = 1 underscreened
Anderson lattice model [34, 35]. Here, the same effect is
observed in the orbitally non-degenerate PAM. Also, as the
Falicov–Kimball term is absent in the analysis, a gradual
evolution from the heavy-quasiparticle state (nf = 1− δ, δ �
1) to the fluctuating-valence state (δ > 0.1) is taking place
with increasing |V|.

The present result for H = 0 can be compared with
those obtained before for a constant density of states and
within the saddle-point slave-boson approximation [33].
First, we do not consider antiferromagnetic phases, as
they will be included elsewhere, when discussing also
the superconductivity induced by the Kondo correlations
(inclusion of them would also mean that our present
discussion would not be transparent). The boundaries between
ferromagnetic phases, as well as between the FM and
PM phases are of similar shape to those obtained within
the saddle-point slave-boson approximation. This provides
us with confidence that the present method is feasible at
temperature T → 0. However, the present method does not
yield the spurious transition due to slave-boson condensation
at T > 0. The Kondo compensation of the f-magnetic
moments is of the same magnitude in both approaches.

3.2. Ferromagnetic phase: suppression of
heavy-quasiparticle masses

As stated above, the detailed phase diagram should also
encompass antiferromagnetic phases [33]. However, in this
paper we limit our discussion only to the range of parameters,
for which the ferromagnetic phases II and III are stable, as
we are interested in the specific phenomenon associated with
the suppression, rather than with the usual enhancement of
quasiparticle mass [33]. The phase transition from the state
with relatively small magnetic moments (phase II) to the
phase with almost fully polarized spin-up subband (III) can
be induced by reducing the hybridization strength |V|, as can
be seen in figure 5. We find, in agreement with DMFT [36,
37] and the slave-boson [33] calculations, that there is a
critical value of hybridization strength (cf figure 5) below
which the system is practically fully polarized (phase III). For
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Figure 3. The magnetic moments of f-electrons (a) and of conduction electrons (b) as functions of the bare hybridization magnitude |V|
and the total number of electrons per site, ne = nc + nf, and (c) the f-level electron occupancy. The other parameters are the same as those
listed previously. The Kondo compensation is strongest in the regime 1.5 < ne < 2.0. The heavy fermion limit (nf > 0.9) is characterized
roughly by ne > 1.0 and |V| < 0.4.

a large value of the hybridization, the strong ferromagnetic
phase is destroyed because of the partial screening of the
f-electron magnetic moments by the c-electrons, and partly
by the itinerancy of the f-electrons (self-screening due to their

fermion nature). While a strong hybridization strengthens the
Kondo interaction, it simultaneously weakens the magnitudes
of the magnetic moments by their enhanced itinerancy. When
the hybridization parameter |V| falls below the critical value
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Figure 4. The mean magnitudes of the hybridization correlation
functions, γ↑ = 〈f

†
i↑ci↑〉 (a) and γ↓ = 〈f

†
i↓ci↓〉 (b), both as functions

of the total number of electrons and the bare hybridization parameter
|V|. The other parameters are the same as those used previously.

Figure 5. The magnetizations of c- and f-electrons, mc and mf,
respectively, plotted as functions of the hybridization parameter for
selected electron occupancy numbers ne. The inset shows that the
corresponding dependence of the occupancy nf jumps with a
diminishing |V| indicates to a strong local moment behaviour for
|V| < 0.15.

the system transforms in a discontinuous manner from the
high-moment phase III to the weak ferromagnetic phase. In
the inset to figure 5 one can observe that the occupancy
nf simultaneously undergoes a sharp jump as a function
of |V|. The limit mf → 1/2 and nf → 1 (for |V| < 0.15)
can thus be called the localized moment limit, in which
indeed V/εf � 1.

Figure 6. Density-of-states DOS enhancement at the Fermi level as
a function of hybridization (a) and applied field (b), illustrating the
nature of the phase transition from phase II to III. The parameters
are the same as those used above. The arrows indicate the spin
orientations. Note that a large jump in magnetic moment (cf
figure 5) results in a sharp peak in the DOS, the latter signalling a
strong enhancement of the spin-minority subband mass.

The density-of-states (DOS) enhancement at the Fermi
level is a direct measure of the effective mass enhancement
of quasiparticles [38–40]. As can be seen from figure 6,
in the case of stable state II the density of states for the
spin-down subband increases with increasing hybridization
and the spin-up part is absent, because the chemical potential
is placed in the hybridization gap for the spin-up subbands.

Our model predicts that the metamagnetic behaviour
appears in the ferromagnetic phase in the crossover region
between the regimes II and III (see figure 7). Phase II,
mentioned in the abstract as a locked heavy fermion state
[10] and as weakly ferromagnetic (WFM) by Doradzinski and
Spałek [33], seems to be of great importance as a precursor
phase, present before the system undergoes a metamagnetic
transition [11]. The principal feature of the heavy fermion
state II (WFM phase) is its insensitivity to the strong
applied magnetic field [10]. The only quantity which changes
significantly is the position of the chemical potential. With
increasing value of the magnetic field, the chemical potential
shifts and eventually leaves the quasiparticle-gap regime (cf
figure 8), entering into the spin-up upper hybridized band and
switching the system to phase III. This phase transition causes
a sudden increase of the magnetization and a rearrangement
of the quasiparticle subbands associated with it, as can be
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Figure 7. The magnetizations of mc and mf, plotted as a function of
the applied magnetic field. The metamagnetic (discontinuous)
transition reflects the critical changeover when crossing the regime
WFM→ SFM. Inset: f-band occupancy change accompanying the
metamagnetic transition. Note that the Kondo compensation
survives the metamagnetic transition.

seen in the insets to figure 8. In the inset to figure 7 one
can see that a definite jump of nf is observed in the applied
magnetic field while the system evolves from the weakly
polarized (II) towards the strongly polarized phase (III).
The present result is consistent with existing literature [41,
42], where additionally the Coulomb interaction between the
localized and conduction electrons is taken into account. The
inclusion of the interorbital Coulomb interaction amplifies
the sharpness of the transition. One should underline that the
metamagnetic behaviour arises here from the itinerant nature
of the f-electrons, since no magnetic anisotropy is present.

3.3. Spin and field dependence of the effective quasiparticle
mass

The phenomenon of the field- or magnetic-moment-
dependence of the effective mass has been discussed for
several heavy fermion compounds [44–48]. To understand
better the behaviour of a strongly polarized HF system
in phase III we analyse also the field dependence of
the quasiparticle mass. As was established earlier [12],
the quasiparticle mass is usually large and spin-direction
dependent. Here, the concept of such a spin-split mass is
extended to the situation when we have a magnetically
polarized state already in zero applied field. We define the
spin-dependent effective mass as (for details see appendix D)

m

m∗σ
≡

1
m∗σ
=

1
3

∑
k

(
∂Eαkσ
∂εc

kσ

)
δ(Eαkσ ). (13)

As can be seen in figure 9, the minority quasiparticle mass
is suppressed with the increasing magnetic field. This can be
interpreted as a suppression of the HF state. The magnetic
field tends to make both the c- and f-electron spins parallel
and in this manner it suppresses the antiferromagnetic Kondo
coupling. The effective mass reduction at high fields is one
of the characteristic features of the HF state [49, 50, 45, 51].
In contrast to the paramagnetic ground state of the PAM [52],

Figure 8. Spin-resolved quasiparticle density of states (DOS) in the
WFM (a) and SFM (b) phases. The upper (lower) plots correspond
to the spin-up (-down) electrons respectively. Insets: the spin
subband structures for specific parameters. The arrows label the spin
orientations of the quasiparticles.

we observe a completely different behaviour of the effective
mass field dependence. Also, both effective spin-dependent
masses (σ = ±1) decrease in the strong applied-field limit
for ne > 1.6. The effective mass of the quasiparticles depends
additionally on the total number of electrons ne. In the case of
fixed hybridization strength, the value nf is almost insensitive
to changes in the total number of electrons, since in the region
with almost localized f-electrons (nf → 1) changes in nf are
minor. Thus the ne dependence of the effective quasiparticle
mass in this region is mainly due to the change in the ratio of
nf:nc.

The obtained behaviour can account for the observed
field dependence of the quasiparticle effective mass of
CexLa1−xB6 [47, 53] and other systems [44] in very strong
fields. In this respect, our analysis reproduces two important
experimental features: (i) the field suppression of effective
masses at high magnetic field, (ii) the non-monotonic x
dependence of m∗. One has to mention that CexLa1−xB6

shows Fermi-liquid behaviour (∼T2) in its low-temperature
resistivity [54] even though it exhibits a complicated phase
diagram on the magnetic field–temperature plane [54–56].
The effective mass suppression discussed here was observed
in very strong fields, when the complicated quadrupolar
phases discussed in [54] have already disappeared. This is the
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Figure 9. (a) The field dependence of the quasiparticle effective
masses for |V| = 0.3. The jumps occur at the transition to phase III.
(b) The quasiparticle effective masses (in units of bare mass) and
their dependence on the total number of electrons ne for applied
magnetic field h = 0.03 and |V| = 0.3. For ne → 2 the zero-field
masses are huge, as discussed in [43]. The diminution of both
masses with increasing field enters the asymptotic regime h→∞
above the metamagnetic transition.

reason why we can apply our relatively simple approach to
this complicated system in strong applied fields.

4. Summary and outlook

In this paper we have analysed the effects of spin-split and
applied-field dependent quasiparticle masses (or quasiparticle
densities of states) and their influence on selected magnetic
properties. The results differ remarkably from those obtained
for a single narrow band model. What is equally important is
that the heavy masses are strongly suppressed at the border
of the weakly to strongly ferromagnetic phase transition, as
observed in the CexLa1−xB6 system [47, 53].

On the formal side, we would like to note that we
included large (but finite) effects of the f–f intraatomic
interaction U within the Anderson lattice model, with
both the hybridization and the Kondo-interaction effects
incorporated in a systematic manner. As a result, the
effective Hamiltonian can be termed the Anderson–Kondo
lattice model. In this manner, the difference from the
Kondo-lattice model (5) is singled out explicitly. The
systematic aspect of our approach to solving the model relies
on utilizing the Gutzwiller–Fukushima type of approximation

Figure 10. Schematic representation of the various regimes as
defined by the effective model Hamiltonians. The nature of the
borders between the regions is not sharply defined. This
classification is particularly relevant for various versions of the
so-called renormalized mean-field analysis, when the validity of
limiting versions of the PAM may lead to a distinct physical
description.

and generalizing it to a two-orbital situation, in which the
constraints ensuring statistical consistency have also been
included. In this manner, we can claim that we have provided
a statistically consistent mean-field approach starting from the
Gutzwiller-type projection for the correlated f-electron states
in this two-orbital model. Appendices A–D provide some of
the technical details of our analysis.

Generally, it comes out from our results (as well as from
the earlier results [33, 43]) that for |V| < |Vmin| (∼0.25 for
εf = −0.75) the f-electrons are almost localized (nf → 1, cf
inset to figure 5; see also figure 3(c)). Well below the critical
value |Vmin|we can say that the Kondo-lattice Hamiltonian (5)
is applicable. In the heavy fermion regime, we have |Vmin| .
|V| < |εf| and the Anderson–Kondo lattice model in the form
(3) or (4) should be used, whereas for V/εf & 1 we enter a
fluctuating-valence regime, where the Falicov–Kimball term
may also be important for capturing the large change in nf :

nc [42]. The discussed subdivision into regimes is illustrated
schematically in figure 10. Obviously, in all this consideration
we assume that |V|/(U + εf)� 1.

Finally, our approach is an effective (almost localized)
Fermi (non-Landau) picture with renormalized characteris-
tics: non-linear effective fields (λf, λfm, λcm), spin-dependent
effective masses, and an adjustable chemical potential,
calculated separately for each phase. All the parameters are
determined in a consistent manner by determining first the
effective Gibbs energy functional, which plays the role of
the Landau functional with a number of the mean-fields
and order parameters. It would be natural to apply the
scheme to the analysis of the paired (superconducting) states.
This is planned as the next step. Also, the coexistence
of (antiferro)magnetism and superconductivity should be
analysed, since it is observed in quite few heavy fermion
compounds [57–59].
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Appendix A Role of the fourth-order term: f–f spin
interaction

The presence of residual hybridization in Hamiltonian (4)
leads to the itineracy of the f-electrons. Also, since the

Kondo exchange integral JK
=

2|V|2

εf+U ∼ 0.1 eV can become
comparable to the effective f-electron bandwidth Wf '

2z|t| × (V/εf) ∼ 0.15 eV (for the parameters specified at
the beginning), one cannot use the perturbation in order to
derive the f–f interaction of Ruderman–Kittel–Kasuya–Yosida
(RKKY) type ∼(JK)2/εf and V4/ε3

f . Instead, the fourth-order
term in the transformation discussed in section 2.1 provides
an effective short-range antiferromagnetic interaction between
the f-electrons. It should be noted that the estimated
nearest-neighbour coupling constant Jij ≡ J = 2V4

(εf+U)3
is

about a thousand times smaller than the magnitude JK of the
Kondo interaction. When this interaction is taken into account,
the corresponding expectation value in (4) should be supplied
so that

〈H〉∗ ≡ 〈H〉 +
〈∑

ij

Jij

(
Ŝi · Ŝj −

ν̂if ν̂jf

4

)〉
, (A.1)

and in terms of the mean-fields introduced in section 2.3 this
reads [29]

〈H〉∗

3
=
〈H〉
3
+ m2

f −
χ↑(1− 2mf)

2(nf − 2− 2mf)

((nf − 2)− 4m2
f )

2

−
χ↓(1+ 2mf)

2(nf − 2+ 2mf)

((nf − 2)− 4m2
f )

2

−
(4χ2
↓
− (2+ 2mf − nf)

2)(4χ2
↑
− (2mf + nf)

2)

64

+
4χ↓χ↑

4m2
f − (nf − 2)2

, (A.2)

where we have introduced a new mean-field reflecting the
effective hopping of f-electrons χσ = 〈f

†
iσ fjσ 〉0 enabled by

the f–f spin interaction term directly. Also the mean-field
Hamiltonian must be supplied with the additional constraint
for this hopping term, i.e.,

H∗MF = HMF −
∑
〈ij〉σ

κσ ((f
†
iσ fjσ − χσ )+ H.c.). (A.3)

Finally, the complete mean-field Hamiltonian has the form

H∗MF =
∑
kσ

(c†
kσ f †

kσ )

(
εc

kσ −τσ

−τσ εf
kσ

)(
ckσ

fkσ

)
+ C∗, (A.4)

where C∗ ≡ C + 〈H〉∗ − 〈H〉 + 8
∑
σ κσχσ and εf

kσ ≡

−4
∑
σ κσ (cos kx + cos ky) + ε

f
σ . After minimization of the

the free energy functional we can compare the results with
and without the fourth term included. In figure A.1 we present

Figure A.1. Magnetic moments of the c- and f-electrons, mc and
mf, respectively, plotted as a function of the hybridization parameter
for ne = 1.5 in two cases where either the spin f–f interactions are
taken into account, or they are neglected (as in the main text). The
inset displays the nf occupancies in both cases.

the magnetization curves as a function of the hybridization
parameter and for ne = 1.5. A detailed list of all the
mean-fields for the two selected values of |V| can be found
in table A.1. Because of the very small value of the coupling
constant Jij, the difference between the earlier results and the
present ones (when we take into account an antiferromagnetic
interaction of spin exchange type) is small and does not
influence the ferromagnetic properties of the system in a
significant manner. One should underline once more that
because of the itineracy of f-electrons the simple picture of
interacting f-spins via an RKKY-type interaction does not
apply.

Appendix B Role of the interorbital
(Falicov–Kimball) term

The Falicov–Kimball term taken in the intraatomic form

Ucf

∑
〈im〉

N̂in̂m = Ucf

∑
i

N̂in̂i (B.1)

enters in two ways in the starting effective Hamiltonian (3).
First, the denominator of the third term should be replaced by
U − Ucf + εf, so that the effective Kondo coupling constant
increases, since it has then the form Jim = 2|Vim|

2/(U +
Ucf + εf). Second, after the canonical transformation of (1)
leading to (3) there remains the projected part of the repulsive
Coulomb interaction term Ucf

∑
〈im〉ν̂if n̂m which, when treated

in the simplest Hartree–Fock manner, reduces to

Ucf

∑
〈im〉

ν̂if n̂m ≈ Ucf

∑
〈im〉

(nfn̂m + ncν̂if − ncnf). (B.2)

In this manner, this term first of all shifts the energies of
the f- and c-electron levels. Since such shifts are already
included in (9) via the terms ∼λf and λ, respectively, to be
calculated self-consistently anyway, we can disregard them.
This is particularly so in the heavy-fermion-liquid regime of

12



J. Phys.: Condens. Matter 24 (2012) 205602 O Howczak and J Spałek

Table A.1. Values of the MF parameters in the situation where the fourth-order term is taken into account (and without it) for U = 5,
ef = −0.75, ne = 1.5.

Without f–f int. f–f int. included

|V| = 0.25 |V| = 0.3 |V| = 0.25 |V| = 0.3

ξ 0.1546 0.1401 0.1531 0.1371
γ↑ 0.2539 0.3428 0.2573 0.3506
γ↓ 0.0678 0.1314 0.0764 0.1441
µ −0.1479 −0.1442 −0.1459 −0.1443
nf 0.9278 0.8828 0.9248 0.8789
mf 0.4482 0.3880 0.4423 0.3749
mc −0.0299 −0.0474 −0.0305 −0.0484
χ↑ — — −0.0024 −0.0280
χ↓ — — 0.0087 0.0214

interest, 〈ν̂if 〉 ≡ 1 (nf → 1), and then

Ucf

∑
〈im〉

ν̂if n̂m ≡ Ucf

∑
〈im〉

(ν̂if − 1)n̂m + Ucf

∑
〈im〉

n̂m. (B.3)

In effect, the first term is relatively small and, hence, can
be decoupled in the Hartree–Fock manner. Such reasoning
justifies qualitatively the neglect of the Falicov–Kimball term
in our mean-field-like approach, at least in the heavy fermion
limit.

Appendix C The Fukushima local-constraint scheme
for evaluating the expectation values

In order to provide an insight into the procedure of calculating
the expectation values in the Fukushima local-constraint
scheme, we present here detailed evaluations of the average
representing the antiferromagnetic Kondo coupling K̂ ≡ Ŝi ·

ŝm −
ν̂if n̂m

4 +
ν̂if σ̄ n̂mσ

4 from (4). After performing simple
algebraic manipulations we can present this term in the
following form:

K̂i = −N̂if σ̄ (1− N̂ifσ )c
†
mσ cmσ − c†

mσ̄ fiσ̄ f †
iσ cmσ . (C.1)

According to (6) we can present the expectation value of the
above operator as

〈K̂i〉 = −
〈P̂ N̂iσ̄ (1− N̂iσ )c†

mσ cmσ P̂〉0
〈P̂ 2〉0

−
〈P̂ c†

mσ̄ fiσ̄ f †
iσ cmσ P̂〉0

〈P̂ 2〉0
, (C.2)

where the projector P̂ can be presented in the following form:

P̂i = λ
N̂i↑/2
i↑ λ

N̂i↓/2
i↓ (1− N̂i↓N̂i↑)

≡ (1− N̂i↑)(1− N̂i↓)+
√
λi↓N̂i↓(1− N̂i↑)

+
√
λi↑N̂i↑(1− N̂i↓). (C.3)

The uncorrelated average of the norm is

〈P̂ 2
i 〉0 ≡

(1− nif↑)(1− nif↓)

1− nif
. (C.4)

Using the Wick theorem we can easily calculate the following
averages:

〈P̂iN̂if σ̄ (1− N̂iσ )c
†
mσ cmσ P̂i〉0

= 〈λiσ̄ N̂iσ̄ (1− N̂iσ )c
†
mσ cmσ 〉0

= λiσ̄ [nif σ̄ (1− nifσ )nicσ + nif σ̄γ
∗
imσγimσ ], (C.5)

〈P̂ic
†
mσ̄ fiσ̄ f †

iσ cmσ P̂i〉0 = 〈
√
λiσλiσ̄ c†

mσ̄ fiσ̄ f †
iσ cmσ 〉0

=

√
λiσλiσ̄γimσγ

∗

imσ̄ . (C.6)

Finally,

〈K̂i〉 = −nif σ̄nicσ −
nif σ̄

1− nifσ
γimσγ

∗
imσ

−
γimσγ

∗

imσ̄√
(1− nifσ )(1− nif σ̄ )

. (C.7)

Appendix D Spin-dependent effective masses:
general definition

If one considers an electron as a wavepacket of the Bloch
state, then the group velocity of this wavepacket on the Fermi
level is given by

vFσ =
1
h̄
∇kEαkσ

∣∣
kFσ
. (D.1)

On the other hand, quasiclassically, the effective mass can
be defined as

m∗σ =
h̄kFσ

vFσ
. (D.2)

Utilizing the above equations one obtains h̄kFσ =

m∗σ
∂Eαkσ
∂εc

kσ

1
h̄
∂εc

kσ
∂k |kFσ . Additionally, noting that 1

h̄
∂εc

kσ
∂k |kFσ ≡ v0

Fσ

is the velocity of the bare electron on the Fermi surface one
finally gets the formula utilized in the main text,

m

m∗σ
=

(
∂Eαkσ
∂εc

kσ

)∣∣∣∣
kFσ

, (D.3)

where m is the bare band mass in the conduction band. The
average effective mass over whole Brillouin zone on the Fermi
level is given by equation (13).
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Abstract. We investigate the mechanism underlying the suppression of heavy-fermion mass
enhancement in the presence of a magnetic field. In the framework of statistically consistent
Gutzwiller method (SGA) we study the periodic Anderson model in the strong correlation
limit. The finite-U corrections are included systematically allowing to describe the coexistence
of Kondo compensation effect and ferromagnetic ordering, as well as weak delocalization of the
f-electrons. In particular, we observe that the resulting mass enhancement factor of spin-up
electrons and that of spin-down are not equal in ferromagnetic phases and depend strongly
on the applied field and the f-level occupancy. We predict that mass enhancement for the
spin-up quasiparticles is larger then that of spin-down and both of them decrease in the
applied magnetic field. We argue that above features, as well as a nonmonotonic variation
of the quasiparticle effective masses observed in our model are in good agreement with earlier
experimental measurements for CexLa1−xB6.

1. Introduction

Heavy-fermion (HF) metals are customarily regarded as lattice of strongly correlated f-electrons
and coupled to them conduction (band) electrons via an antiferromagnetic Kondo exchange
interaction. The f-electrons are associated with the rare-earth or actinides ions. The f-f on-site
Coulomb repulsion is strong and the f-electrons behave often in a solid as localized (or almost
localized) magnetic moments, even in the presence of the interband hybridization.

One of characteristic properties of the HF compounds is the metamagnetic behavior, i.e. a
sudden magnetization increase at a critical value of the applied magnetic field, and observed
in HF compounds such as CeRu2Si2 [1], CeCoGe3 [2], UPd2Al3, URu2Si2, and UPt3 [3].
Moreover, de Haasvan Alphen (dHvA) oscillation measurements [4, 5, 6] show that the spin-
direction dependent effective masses and their field dependences are observed in a number of HF
compounds. These features of HF electron systems makes the applied magnetic field a useful
experimental probe of observing the strong correlation behavior. In particular, it is crucial to
understand the field dependence of the mass enhancement.

We present a scenario in which the heavy itinerant f-electron quasiparticles tend to localize
at metamagnetic transition (MMT), with a concomitant suppression of the HF state at that
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critical field. This can be visualized as a gradual decrease of effective mass with the increasing
applied field.

To account for the interplay between the localized- and the itinerant-type behavior of f-
electrons we start from the periodic Anderson model (PAM) in an external magnetic field
included via the Zeeman term. We also use the large, but finite U version of PAM formulated
before [7, 8], in which both residual hybridization and the Kondo-type coupling are accounted for
in a systematic manner. Additionally, we utilize the so-called statistically-consistent extension of
the Gutzwiller-type approach (SGA) [9, 10]. Such formulation allows for a consistent mean-field
discussion of correlated states.

2. Model and method

The starting point of our investigation is periodic Anderson model subjected to canonical
perturbation expansion [11, 8] in the strong-correlation and mixed-valence limits. We use
this transformation in order to include large (but finite) U effects within the Anderson lattice
model, with both the effective hybridization and the Kondo interaction effects incorporated in
a systematic manner. Explicitly, we start from effective two-orbital Hamiltonian of the form

H = P̂

{

∑

mnσ

tmnc
†
mσcnσ +

∑

imnσ

V ∗
imVin

4(U + ǫf )
ν̂ifσ̄c

†
mσcnσ +

∑

imσ

(1− N̂iσ̄)(Vimf †
iσcmσ + h.c.)

}

P̂

+ P̂

{

∑

imσ

2|Vim|2

U + ǫf

(

Ŝi · ŝm −
ν̂ifc

†
mσcmσ

4

)

+
∑

iσ

ǫf ν̂ifσ

}

P̂

− P̂

{

1

2
gfµBH

∑

iσ

σN̂iσ −
1

2
gcµBH

∑

mσ

σn̂mσ

}

P̂ , (1)

where energies of conduction and f-electrons are referenced against the chemical potential.
Also, in this Hamiltonian we have projected out completely (with the help of projector P̂)
the double occupancies of f states, as well as have defined the following projected quantities for

f electrons ν̂ifσ ≡ N̂iσ(1− N̂iσ̄), ν̂if ≡
∑

σ ν̂ifσ, Ŝi ≡ (Ŝσ
i , Ŝ

z
i ) = [f †

iσfiσ̄, 1/2(ν̂if↑− ν̂if↓)], and the

corresponding (non-projected) quantities for the conducting band electrons are n̂mσ = c†mσcmσ ,

n̂m =
∑

σ n̂mσ and ŝm ≡ (ŝσm, ŝzi ) = [c†mσcmσ̄ , 1/2(n̂m↑ − n̂m↓)]. Additionally, as we assume that
gc = gf = g = 2, the applied field is defined as h ≡ 1

2
gµBH.

We construct a mean-field Hamiltonian using the Gutzwiller type approach. Proper ground
variation state can be represented in the form |Ψ〉 = P̂|Ψ0〉, where |Ψ〉 indicates the correlated
state and |Ψ0〉 is an eigenstate of the effective single-particle Hamiltonian. Then the expectation

value of any operator can be in principle calculated as 〈Ô〉 ≡ 〈Ψ|Ô|Ψ〉
〈Ψ|Ψ〉 = 〈Ψ0|P̂ÔP̂|Ψ0〉

〈Ψ0|P̂2|Ψ0〉
≡ 〈P̂ÔP̂〉0

〈P̂2〉0
.

In the subsequent analysis, we use projector in more general form P̂ =
∏

i λ
N̂i↑/2
i↑ λ

N̂i↓/2
i↓ (1 −

N̂i↓N̂i↑), which eliminates the double occupancies of f-electrons in real space and conserves
average number of f-electrons at each site before and after projection; the latter is accomplished

by fixing the fugacity factors λiσ =
1−nifσ

1−nif
[12].

In effect, this kind of Gutzwiller approximation gives us possibility to calculate the mean
value 〈H〉 of the Hamiltonian. We have additionally assumed, that all the mean fields appearing

in our model represent spatially homogeneous quantities, namely, nif ≡
∑

σ=↑,↓〈N̂iσ〉 ≡ nf ,

nmc ≡
∑

σ=↑,↓〈n̂mσ〉 ≡ nc, mf ≡ 1

2

∑

σ=↑,↓〈σN̂iσ〉 ≡ mf , γimσ ≡ 〈f †
iσcmσ〉0 ≡ γσ, mmc ≡

1

2

∑

σ=↑,↓〈σn̂mσ〉 ≡ mc, ξmnσ ≡ 〈c†mσcnσ〉0 ≡ ξ.
In order to provide a statistically-consistent mean-field approximation we supply the

expectation value of Hamiltonian 〈H〉 with a number of constrains containing appropriate



(a) Phase diagram (b) Spin-resolved effective masses

Figure 1: (Color online) (a): Phase diagram on ne − h plane displaying transition from WFM
(weakly ferromagnetic) phase to SFM (strongly ferromagnetic) phase. The phase diagram is
drawn for U = 4.5, ǫf = −0.75, |V | = 0.3 and t = −1/8, all in units of the conduction electron
bandwidth W = 1. The insets visualize the density-of-states for both WFM and SFM phases.
(b): The spin-resolved quasiparticle effective masses on the ne−h plane. Also, h ≡ (1/2)gµBH.
Note the relatively low values of the effective mass enhancements, m∗

σ ≡ m∗
σ/m.

Lagrange multipliers regarded as effective mean fields induced by the correlations [9, 13]. Finally,
the effective MF Hamiltonian takes the form

HMF = −
∑

<mn>σ

(

η(c†mσcnσ − ξ) +H.c.
)

− λcm

∑

mσ

(

σc†mσcmσ −mc

)

− µ
∑

iσ

(

c†iσciσ + f †
iσfiσ

)

−
∑

iσ

(

τσ(f
†
iσciσ − γσ) +H.c.

)

− λf

∑

iσ

(

f †
iσfiσ − nf

)

− λfm

∑

iσ

(

σf †
iσfiσ −mf

)

− λ
∑

iσ

(

f †
iσfiσ + c†iσciσ − ne

)

+ 〈H〉, (2)

This Hamiltonian can be brought to a particularly simple 2× 2 matrix form in reciprocal space,
namely:

HMF =
∑

kσ

(

c†
kσ f †

kσ

)

(

ǫc
kσ −τσ

−τσ ǫfσ

)(

ckσ
fkσ

)

+C, (3)

where ne = nf +nc is the total number of electrons per site and the constant C includes all the
wavevector independent quantities: C ≡ 〈H〉+Λ(16ξη+λcmmc+2

∑

σ τσγσ+λfnf+λfmmf+λn).
For example, the band energy of c-electrons in a two-dimensional case is represented explicitly
by ǫc

kσ ≡ −4η (cos kx + cos ky)− µ− λ− λcmσ and the energy of the localized f-electrons equals

ǫfσ ≡ −µ − λ − λf − λfmσ. It is easy to see that the eigenvalues of the Hamiltonian (3) are

then Eα
kσ = 1

2

(

ǫckσ + ǫfσ + α
√

(ǫckσ − ǫfσ)2 + 4τ2σ

)

, where α = ±1 labels the quasiparticle band



(antibonding and bonding components, respectively). The quasiparticles form two bands with
renormalized characteristics.

The mean-field values can be determined in terms of minimizing the free-energy functional
F = F0 −

1

Λβ

∑

kσn ln
(

1 + e−βEn
kσ

)

+ µne with respect to all expectation values and all mean
fields.

3. Results

Here we focus on the spin-dependent effective-mass behavior in the applied field; a number
of strongly correlated effects such as metamagnetism, or tendency towards localization, are
discussed elsewhere [14]. The effective mass enhancement of quasiparticles is defined in a
standard manner

m∗
σ ≡

m∗
σ

m
=

(

∂Eα
kσ

∂ǫckσ

)−1
∣

∣

∣

∣

∣

µ

. (4)

Applied magnetic field affects strongly the low-energy physics of the system, as shown in Figure
1(a). Depending on the number of electrons ne = nf +nc and the magnetic field, the system can
be found in two different spin-polarized phases. In the weakly ferromagnetic (WFM) phase as
well as in strongly ferromagnetic (SFM) phase we observe a compensation of localized moments
by those coming from the conduction band. This is a clear evidence of the antiferromagnetic
Kondo interaction [14]. In the SFM phase, in which the system is close to f-electron localization,
both the effective spin-dependent masses (with σ = ±1) decrease in the stronger applied field
(cf. Figure 1(b)). The effective mass of quasiparticles depends also on the total number of
electrons ne. We believe that obtained behavior can account for the field dependence of the
quasiparticle effective mass of CexLa1−xB6 [6, 15] in strong fields. Our claims are based on the
fact that our approach reproduce: (i) the field suppression of effective masses in high field, (ii)
the non-monotonic x ≡ nf dependence of m∗ for the dominant spin component and its rather
small value for this heavy-fermion compound.
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de Haas-van Alphen magnetization oscillations in
the system of quasiparticles with spin dependent

masses
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Abstract. We consider magnetic properties of a two-dimensional Fermiliquid of quasiparticles
with spin dependent masses, that are located in a periodic crystal potential. To determine thermo-
dynamic properties of obtained Hofstadter-like model we use the quantum transfer-matrix method
developed by T. Xiang and collaborators. The de Haas-van Alphen oscillations of magnetization, as
well as magnetic susceptibility are calculated at finite temperature.

Keywords: dHvA effect, Hofstadter model, spin dependent masses, correlated electrons
PACS: 71.10.Fd, 71.70.Di, 71.18.+y

INTRODUCTION

It is well known [1] that the magnetization oscillates periodically as a function of the
inverse magnetic field with frequencies of the extremes of the cross-section area of
the Fermi surface. These oscillations, known as thede Haas-van Alphen(dHvA) effect
have been a very useful tool for studying the shape of the Fermi surface and evaluating
the effective mass for each cyclotron orbit, that are achieved by fitting the Lifshitz and
Kosevich (LK) [2] formula to the observed behavior.

Recently, it has been shown that in the heavy-fermion superconductor CeCoIn5 a per-
fect agreement of the magnetization oscillations with LK formula is obtained [3] only if
we introduce spin-dependent effective masses. The spin-dependent quasiparticle masses
are induced by electron correlations in both single narrow-band [4] and Anderson-lattice
systems [5].

In the present paper we discuss a model of a gas of quasiparticles with spin-dependent
mass (SDM) and placed in a periodical potential. The simplest way to take into account
both the applied field and the lattice potential is to use thePeierls approach, in which
we substitute the quasimomentumk by the operator

(

p− e
cA

)

, whereA is the vector
potential, in the dispersion relationε(k), which is then treated as an effective single-
band Hamiltonian. The corresponding Hamiltonian describes electrons or quasiparticles
in a square lattice, here with the nearest-neighbour hopping only, and in a perpendicular
uniform magnetic field. In solving the problem we adopt also the Landau gauge and in
effect, the wave equation reduces to a one dimensional difference equation, known as the
Harper equation. The spectrum of this Hamiltonian is the so calledHofstadter butterfly
[6]. If the ratio Φ of the magnetic flux per plaquette to the flux quantum is a rational
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number
(

Φ ≡ φ
φ0

= p
q

)

, then energy bands split into q subbands. For an irrational ratio,

the spectrum is known to become theCantor set.
We consider the gas of quasiparticles with effective masseswhich depend on average

magnetic polarization ( ¯m≡ n↑−n↓). The above assumption comes from the narrow-band
or the Kondo-lattice limits, with the Hubbard interactionU → ∞ [4, 5].

A detailed analysis of the magnetic oscillations in the applied field at finite tempera-
ture is a challenging problem, because of two reasons. First, one has to solve this model
for an arbitrary numberΦ of fluxes per plaquette. This is considered to be hard, since
the largest q that can be handled by the exact diagonalization is generally less than 1000.
The second complication arises from self-consistency of the problem. Namely, the field
dependence of magnetization, which we want to calculate, isalready built into the field
dependence of the effective masses. Here, instead of using adirect diagonalization of
the Hamiltonian, we employ the so-calledquantum transfer-matrix method[7] to obtain
thermodynamic properties of this effective Hofstadter-like model on square lattice.

THE MODEL

In analogy to Hofstadter’s approach, we couple the magneticfield to the system via the
Peierls substitution, by attaching an appropriate phase factor to the hopping integral that
depends on the field and the lattice position. Because of the spin dependency of the
masses, the hopping integral for sitesi and j will also depend on the spin orientation,

as follows,ti j = tσ exp
(

ie
h̄c

∫ r i
r j

A ·dl
)

. We also include the Zeeman term, of the form

εσ = −1
2σgµBHa = −1

2σgtσ Φ, whereσ = ±1 andtσ = tqσ [8]. In the Landau gauge
and by taking the plane-wave form of the solution alongx axis, we decouple the original
HamiltonianH into a sum of series of a one dimensional Hamiltonians{Hkx}, so that
H = ∑Hkx. Explicitly

Hkx = ∑
y

[−tσ(c†
(kx,y+1),σ c(kx,y),σ +h.c)−2tσ cos(2πΦy−kx)c

†
(kx,y),σ c(kx,y),σ (1)

+ (εσ −µ)c†
(kx,y),σ c(kx,y),σ ],

wherekx = 2πn/Nx (n = 0,1, ...Nx−1) is thex component of quasiparticle momentum
andNx is the lattice dimension along that direction.y is the lattice coordinate of quasi-
particles along the y axis andNy is the lattice size in the second dimension.

Thus, in the case of spin independent masses (SIM) the eigenvalues of Hamiltonian (1)
can be easily found by exact diagonalization, as displayed in FIG. 1. This procedure is
much harder to execute in the situation with the SDM. We take the mass spin dependence
in the narrow-band or the Kondo-lattice limits [4, 5] forU → ∞:, i.e.

mσ
m0

=
1−n/2
1−n

−σ
m̄

2(1−n)
≡ q−1

σ , (2)

whereσ = ±1 is the spin quantum number,m0 is the band mass, ¯m≡ n↑− n↓ is the
system magnetic polarization, andn is the band filling.

418

Downloaded 11 Feb 2011 to 149.156.74.211. Redistribution subject to AIP license or copyright; see http://proceedings.aip.org/about/rights_permissions



-12

-10

-8

-6

-4

-2

 0

 2

 4

 0  0.2  0.4  0.6  0.8  1

E
/t

Φ

σ = ↑
-4

-2

 0

 2

 4

 6

 8

 10

 12

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

E
/t

Φ

σ = ↓

FIGURE 1. Hofstadter diagrams (energy spectrum against number of themagnetic fluxes per plaquette)
for the case of spin independent masses (SIM). The systematic shif downward or upward is caused by the
Zeeman term.σ =↑,↓ represent the magnetic moment orientation.

Our starting point is to express the partition function of the system analytically in
terms of the transfer matrix, using the method of Ref.[7]. Asin the quantum transfer
matrix renormalization group method, we first separateH into two parts with each part a
sum of commuting terms and then apply the second-order approximation of the Trotter-
Suzuki formula

Zkx = Tr(e−βHkx) = Tr(V1V2)+O(ε2), (3)

whereβ = 1/kBT and T is the temperature.β is then divided intoM parts uniformly, so
thatε = β/M and M is the Trotter number. Also,

V1 = exp(− ∑
y=odd

εhy,y+1), V2 = exp(− ∑
y=even

εhy,y+1), (4)

and

hy,y+1 = −tσ (c†
(kx,y+1),σ c(kx,y),σ +h.c)−2tσ cos(2πΦy−kx)c

†
(kx,y),σ c(kx,y),σ (5)

+(εσ −µ)c†
(kx,y),σ c(kx,y),σ .

Following the same line of calculation as that in [7], we obtain that in the thermody-
namic limit the partition function can be expressed as a product of the following 2×2
matrices:

Zkx = lim
ε→0

Tr∏
ω

Ny/2

∏
y

b2y−1b2y

(

a2y−1 +v2y−1 b−1
2y−1

b2y−1 a2y−1−v2y−1

)(

a2y−v2y e−iωb2y

eiωb−1
2y a2y +v2y

)

,

(6)
where

ay = coshγy, by = exp(αy), vy =
αysinhγy

γy
, γy =

√

α2
y + ε2t2

σ , (7)

αy = −
ε [−2tσ cos(2πΦy−kx)+(εσ −µ)]

2
. (8)
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FIGURE 2. Magnetization versus inverse number of magnetic fluxes forkBT/t = 0.1 (a) and 1 (b).
The insets show the differential magnetic susceptibility. The calculations were performed for the lattice
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FIGURE 3. Quasiparticle masses versus inverse number of magnetic fluxes. The upper curve is drawn
for the mass in the spin-minority subband, whereas the lower shows that in the spin-majority subband.

ω = (2m+1)π/M, (m= 1, ...M) is the imaginary frequency in the Trotter (temperature)
direction.

In effect, the total partition functionZ can be represented as:

Z = ∏
kx

Zkx. (9)

From the partition function one can calculate the system free energyF = −β−1 lnZ

and the magnetization can be determined numerically as the first derivative of the free
energy with respect to the applied magnetic field. Because in our case the partition
function Z (m̄) depends on ¯m, the calculation is not straightforward and leads to the
self-consistent equation for ¯m. The oscillatory field dependence of the magnetization,
magnetic susceptibility, and the quasiparticles mass are all presented in FIG. 2 and
FIG. 3, respectively.
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CONCLUSIONS

In this paper we have calculated the oscillatory character of the spin-dependent effec-
tive masses and its influence on the de Haas-van Alphen spectrum. This work elabo-
rates in detail our earlier results [9] and provides resultsfor a two-dimensional heavy-
quasiparticle liquid. The effect such as the field dependence of the chemical potential or
the spin-orbit interaction have been disregarded. The inclusions of the last two factors
allow for the description of realistic system.
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A simple approach to magnetoelectric correlations 
in ferroelectric ferromagnets: the case of BiMn03 
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Abstract. We discuss a simple version of Landau theory with two single-component order parameters, P and M, corre
sponding to the ferroelectric and ferromagnetic phases coupled to each other via a —\Y\PM term. In the case of ferroelec-
tricity appearing at a temperature Tf much higher than that of a ferromagnetic transition, the latter is strongly renormalized 
(TM ^ TjiM ^ TM)- The thermodynamics of the model in spatially homogeneous phases is elaborated first. Our simple formu
lation is applied next to BiMn03 and provides a good semiquantitative description of the magnetic and dielectric properties 
except for the specific heat, which is not entirely explained in the regime T ~ TJ^M even when the Gaussian fluctuations of the 
order parameters are included. Possible improvements to our approach are briefly discussed. 

Keywords: magnetoelectric effects, phase transitions, multiferroics 
PACS: 75.80.+q, 77.80.-e, 75.30.Kz 

1. INTRODUCTION 

In this work we formulate a simple model of a ferroic system in which both ferroelectric and ferromagnetic types of 
order coexist at low temperature, and apply it to BiMnOs for which the ferroelectric order sets in below a temperature 
of 7/ = 760K and ferromagnetic order appears at temperature TRM = 105K. The reason for undertaking this task is two 
fold. First, we would like to formulate a simple theoretical and workable model for a concrete situation. This could 
facilitate our second aim namely, to understand e.g. the planned investigation of a quantum criticality if one type of 
order under the effect of e.g. pressure is strongly reduced or even disappears (TRM -^ 0). The detailed structure and 
the origin of ferroelectricity is beyond the scope of this paper, but there are some suggestions about the theoretical 
possibility of the ferromagnetism-ferroelectricity coexistence [1, 2]. 

The structure of the paper is as follows. In Sec. 2 we formulate a simple Landau model with two single components, 
spatially homogeneous P and M, representing the ferroelectric and ferromagnetic types of order, respectively, and 
coupled via -1 Y\ (PM)^ term. In Sec. 3 we make a detailed quantitative comparison with the available data for BiMnOs 
and reach a surprising conclusion that the simple mean-field approach reflects already the field and temperature 
dependences of the data, at least semiquantatively, except for the specific heat in the regime T > TRM. In Sec. 4 
we provide the analysis of specific heat data from [3, 4, 5] with inclusion of Gaussian fluctuations and the agreement 
is still poor (even worse for T « TRM). This means that some sort of a renormalized theory (perhaps of the mode-mode 
coupling type) is required to bring theory closer to experiment. Sec. 5 contains a brief summary and conclusions. 

One remark is in place here. The crucial role of producing ferroelectricity is not only the electronic configuration 
of Mn (Mn^+ has 3d^ spherically symmetric configuration with the Hund's rule high-spin S = 5/2 configuration, 
whereas Mn^+ has 3d^ and introduces anisotropic ^ « 2 configuration), but also that of Bi: Bi^+ appearing together 
with Mn^+ configuration is vastly different from Bi^+ associated with Mn^+. It seems that the latter configuration (or 
even Bi^+ and Mn'*+) can produce anomalous ferroelectric properties (see also [6, 7, 8]). The anisotropic nature of 
Mn^+ configuration is regarded as a source of one-component nature of the mean-field order parameter. 

2. LANDAU APPROACH AND MEAN-FIELD APPROXIMATION 

The way of describing the coupling between magnetism and dielectricity in muhiferroics was proposed by Smolenskii 
[9], who explained the origin of the anomaly in the dielectric constant in a ferroelectromagnet within the framework 
of Landau theory of second-order phase transitions. In the simplest case, the Landau free energy for a system with two 
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coupled order parameters, P and M can be written as: 

. s aoiT-TM) 7 b J, ao(T-Tf) n Q A Y, .7 
F{P,M,T)=Fo{T)+ "̂  ^ '''M^ + -M^+ "̂  ^ ^'p^ + f^P^ + j{PMf-PEa-MHa, (1) 

where Ea and Ha are the applied electric and magnetic fields, respectively. As one can see, the system is characterized 
by two bare transition temperatures, 2/ and TM representing ferroelectric and ferromagnetic transitions, respectively. 
The form of the magnetoelectic coupling term 0= y{PM)^ can be explained by using general symmetry arguments. 
Namely, the onset of ferroelectric order requires the breaking of spatial inversion symmetry, whereas the appearance 
of a spontaneous magnetization is connected with the breakdown of time reversal symmetry. The coupling term in 
(1) obeys those two conditions and allows for ferroic order with simultaneous nonzero P and M. No secondary order 
parameter such as lattice distortion is included at this point. In further calculations we use a dimensionless form of 

the free energy expansion (2) which is obtained from (1) by dividing both sides of (1) by the constant value - ^ . In 
effect, we obtain: 

\ ^ 2 \TM) \Tf ) ^ 4 \TM) 2'"'TM 
A^4(^-0^ ' + ̂ ^ + i^(^) (^-0^^ + 7/(^1 ^ + ir™^«^-P.-M/., (2) 

where: AF = ^ [F{P,M,T) -Fo{T)], h = -^^H^ ^ SuH^, l = ± , e = ^ JW^a, M=^ m^ = J ^ , 

T 

Within this formulation •^, I , and jm are the material parameters. In this case, the bare magnetic transition 
temperature TM is assumed to be always nonzero, whereas the ferroelectric temperature is 2/ > 0. 

Taking derivatives of (2) with respect to M and P, respectively, we obtain the following system of nonlinear 
equations: 

( r / 7 M - l ) M + M 3 + 7 „ - ^ M p 2 - / i = 0, (3) 

^ \ {T/Tf-\)P + l ( ^ \ p^^jJ±M^P-e = 0. (4) 

In the limit of zero electric field, we obtain the following relation between P and M from (4): 

Substituting this expression to (3) we have the equation for magnetization in the usual form: 

A{T)M+BM^ -h = 0, (6) 

with 
A=A{T) = ^{i-r„)+r„^-i, (7) 

and 
y2 

B=\-^. (8) 

One sees that the effective magnetic transition temperature TRM is renormalized by the magnetoelectrical coupling. 
Explicitly, since the renormalized transition temperature is determined from the condition ^ ( J S M ) = 0, this yields: 

1 - y ^ 
TRM = ^ • TM. (9) 

1 - Tm 
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This is one of the interesting results. Namely, the renormalization is strong because of the negative value of the 
coupling constant /„. Furthermore, the renormalization of 2/ does not appear if Tf > Tu- In the case oiTj = TM the 
coupling would not change the critical temperatures and no renormalization would occur 

The explicit stable solutions of equation (6) for M in the case e = 0 are: 

M-

mi± 

' ^SJAA^B"^ +11 B^ />2 - 9B2 /,") 

(9B^h+Vi^AA^B^+27B*hA 
i 2 

2T3TB 

\/3y^4A^B^ +21B"- />2 - 9^2 /, j 

]~~2 
23 33B 

for h>Q 

forh <0 

(10) 

We apply the spatially inhomogeneous solution obtained above to the discussion of the selected magnetic and 
dielectric properties of BiMnOs. 

3. APPLICATION TO BiMnOs 

3.1. Magnetic properties 

To visualize the effect of the magnetoelectric coupling on the magnetic properties of BiMnOs, we fitted the 
temperature and applied magnetic field dependences of the magnetization, based on the data of Kimura [3] and Chiba 
[10]. In Fig. 1 we display the fitted M{Ha; T) curves near the critical temperature {TRM « \i)i)K). In the inset we plot 
the values of ̂ ( r ) obtained from the fitting: it is indeed a linear function of T, as obtained in (7). By taking the value 
Tf = 760K [3, 10] we have obtained the renormalized value of TRM « 100.5K, the bare Curie temperature TM = 1.1%K, 
the magnetoelectric coupling constant /„ « -0.15, and / « 0.024. One sees that the renormalization factor TRM/TM is 
very strong with the increase caused by the negative sign of the coupling constant 7. We consider the coupling in case 
of BiMnOs to be large because |7m| « %// and as it can be seen from Eqs. (19-20) it directly effects the rapid increase 
of electric polarization and magnetization in the ordered state and is the greatest possible value for the coupling. 

In Fig. 2 we fitted the temperature dependence of magnetization [10] in two ways: first (dotted line), by taking the 
averaged values from Table. 1 and second, by a direct fitting i.e. changing slightly the averaged values (dashed line). 
Those slight changes are justified, as they are within statistical error One should mention that data used in Fig. 1 were 
taken for a sample different from that of Fig. 2. 

From these two figures one sees, that the overall behavior of the magnetization near TRM is well reproduced by the 
mean field approach, particularly for T -^ TRM and above. Note that the magnetic moment of Mn ion is rather small, so 
there must be a strong effect of the crystal field on the value of the effective spins. In effect, this rules out Mn^+ as the 
configuration in that compound. The applicability of the mean-field approach may result from a nonzero ferroelectric 
polarization (TRM "C Tf) and the suppression of the magnetic fluctuations near TRM, as we shall discuss in detail below. 
Next, we parametrize the dielectric and magnetoelectric susceptibility components in the same manner. 

TABLE 1. Fitting parameters obtained from the results of Fig. 1. 

T [K] A B mo M-B^Mnsite] s^ [i T 

130 
110 
100 
90 

15.079(8) 
4.12(63) 
0.00061 
-5.1(848) 

0.0623(4) 
0.06(233) 
0.06(047) 
0.06(234) 

0.1601(8) 
0.16(019) 
0.16(513) 
0.16(018) 

26.509(2) 
26.5(092) 
26.5(346) 
26.5(093) 

3.2. Susceptibility tensor 

Kimura et al. reported [3] that with increasing temperature the magnitude of the isothermal magnetocapacitance 
increases and exhibits a maximum around TRM. Whereas upon further increase (above TRM) the magnetocapacitance 
subsequently decreases. The authors claim that this phenomenon arises from the magnetization rotation in magnetic 
domains. Such a behavior can also be obtained from the simple Landau approach introduced here without involving any 
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FIGURE 1. (Color online). Isothermal magnetization as function of a magnetic field at various temperatures for BiMn03 [3, 
reprinted figure with permission from T. Kimura, S. Kawamoto, I. Yamada, M. Azuma, M. Takano, Y. Tokura, Phys. Rev. B, 67, 
180401 (2003). Copyright (2003) by the American Physical Society] (solid line) and that from Eq. (6) (dashed lines). Inset: A{T) 
values for the temperatures marked. The fitting parameters are listed in Table. 1. 
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FIGURE 2. (Color online).Temperature variation of magnetization of BiMn03 measured at IT [10] (solid line) and the fitted 
solution of (6). Dotted line: The averaged (cf Table.1) fitting parameters with A{T) = —50.593 + 0.503r, B = 0.062, MQ = 
0.161 /i^/Mn site, and s/, = 26.5 T^^. A better fit (dashed line) can be obtained by a slightly different set of parameters: 
A{T) = -49.926 + 0.507r, B = 0.059, mo = 0.208 ^u /̂Mn site and s/, = 24.6 T^^ (the alterations are within the statistical error of 
fitted values obtained from Fig. 1 fitting). 

domain formation. On application of external fields the system response in the ferromagnetoelectnc state (T < TRM) 
is described by the tensor: 

Xe Xem 

with the components 
dM 

X = 

dP 

lime Jim 

dM 
-, , — Xm) -, — Xe^ -\ — Xme) 

dn de de 

dP 

dh — Xem-

(11) 

(12) 

By assuming e 7̂  0, we obtain the following equations for M and P: 

djAF) 

dM 
Cri = {T/TM-\)M+M' 

Tf ~ ~, 
•h = 0, (13) 
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After differentiating (13) and (14) with respect to both e and h, we obtain a system of linear equations for the 
susceptibility components in the form: 

ti%m \ ^%em t , 

l̂ (*->)-"©^ 
Therefore the solution of (15) takes the form 

Xm= .f^ .^, (16) 

B 

AB-&' ^ . = 7f. r^^ (17) 

and 
C 

Xme^Xem^--^ J s ' ( ) 

In the zero field case and for temperature T < TRM, the corresponding expressions for magnetization and polarization 
are: 

T Tf 

•7m V - ^ TM \ Tf 
M = ± J . J l - — - y „ - i - ( l - - ) , (19) 

For TRM <T <Tf, i.e. in the ferroelectric state, we obviously have: 

(21) 

(22) 

In Fig. 3 we plot the temperature dependence of the polarization in the vicinity of TRM, i.e. at temperatures 
T < Tf. One sees that even though the ferroelectric ordering temperature is well above TRM, the weaker-scale of 
magnetic interaction significantly enhances the polarization. This enhancement originates from the "atractive" mutual 
coupling term -\Y\{PM)^ and is also present on application of a magnetic field. This is a second (in addition to 
the renormahzation of 7M) important cross-effect correlating magnetic and electric properties in these systems. One 
should also note that the electric polarization increases with increasing magnetic field, as one may expect from the 
negative sign of the magnetoelectric coupling. Unfortunately, no experimental results are available to confront these 
our findings with those for BiMnOs. 

We now turn to the analysis of the susceptibility-tensor components. Substituting the values obtained above for 
the magnetization and polarization into (17), we obtain an explicit expression for the zero field electric susceptibility, 
namely 

J k l for T < TRM, 
UO) = l 'Hm-T).UT-Tu)) - ' — - - (23) 

TM' 
2lTf(Tf-T) for T > TRM. 
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FIGURE 3. Polarization as a function of temperature for selected values of applied magnetic field. The parameters are the 
same as those used previously. Note the enhancement of the electric polarization below TRM resulting from negative ("attractive") 
magnetoelectric coupling. 

On calculating jfe(/«), using the general solutions of (10), we plot: 

Ae(/4)/e(0) = [e(/4)-e(0)]/e(0) 

AK[Xe[Ha)-Xem 

\+AnXe{0) 

AXeW 

AnOQbTf -Uo) 

(24) 

(25) 

(26) 

UJ 

OF 

-0.2 

^ -0.4-^[ 

-0.6 

— r - — ^ / 1 

-•= / / 
-r- WK / / 
-̂ 40A' ^^^ J \ 

- D ^ ^ ^ ^ / 

- • 70A' / 

^ > 9 0 A ^ , ^ ^ 

-o-
80 - 4 0 ( 

\ \ ^^-llOA' 

I \ ^ \ ^ 130A 

\ X ^ ^ ^ D -

\_^ -0-95 A • " 
^ ^ \ ^ C > 1 0 0 A ' 

0--
) 40 80 

Magnetic Field (kOe) 

FIGURE 4. (Color online). Field-induced change in the dielectric constant as a function of applied magnetic field for selected 
temperatures. We assume that {PalTM)/i47taohTf) = 0.0008. 

as shown in Fig. 4. The curves obtained well reflect the corresponding experimental data [3]. Though one should 
note, that the actual change of the dielectric constant is not as rapid as in our mean field approach. Also, the rapid 
trend upward the curves appears here above 100^, whereas the respective changes of the data appear only above 
110^ [3]. This difference is a clear sign of the nonzero value of the magnetization due to short-range correlation. This 
type of crossover behavior above TRM will appear in the specific heat data, as discussed in the next Section. In Fig. 5 
and 6 we plot the calculated temperature dependences of the dielectric and magnetic susceptibilities, respectively. The 
magnetoelectric coupling causes the enhancement of dielectric polarization around TRM and a concomitant suppression 
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of the dielectric constant (cf Fig. 5). One can see that at zero applied magnetic field Xe decreases stepwise at TRM for 
Ha = 0, whereas it is gradually suppressed with increasing field. Xe{T) exhibits the trend observed experimentally with 
increasing/4, but the calculated changes are too large. However, the corresponding temperature range is reproduced to 
much better accuracy than that of [ 11 ], where the calculated temperature TRM is far too low. The magnetic-susceptibility 
data follow roughly the Curie-Weiss law with the paramagnetic Curie temperature QM ~ 120^. Only the dashed curve 
in Fig. 6 reproduces correctly the approximate Curie-Weiss law at high temperature. This unusual behavior from a 
magnetic point of view can be understood easily from Eq. (16), where the nonlinearity in magnetization (the term 
<x hf) can be dominated by the magnetoelectric coupling, as TfjTu ^ 1-
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FIGURE 5. Zero-field dielectric susceptibility as a function of temperature for the specific values of the applied magnetic field. 

50r 

^100 
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FIGURE 6. (Color online). Zero-field magnetic susceptibility as a function of temperature. (Solid line) The inverse molar mag
netic susceptibility of BiMnOs measured in IT [10] has been rescaled by its value at T = lOlJTin order to obtain the dimensionless 
quantity. Dashed and dotted lines represent the respective calculated temperature variations of the magnetic susceptibility (16); we 
used the same parameter values as in Fig. 2. 

3.3. Specific heat 

In the framework of Landau theory we may also calculate the specific heat as the second derivative of the physical 
free energy. 

ACr, (27) 
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Carrying out a similar analysis as in the foregoing Section, we can write down the following expressions for the 
specific heat valid in the respective temperature regions: 

ni-iYm+r) «i 
AC^ = 

2' b ^ 

,2 
for T < TRM, 

for T > TRM. 

(28) 

Where AQ = ^/{TM^hnio), b = \/{shm\). The magnetoelectric part ACp of the specific heat calculated in this 
manner is shown in Fig. 7. The mean field values are close to the experimental data below the transition temperature 
TRM- Essential differences appear above the transition and may be attributed to either three-dimensional (angular) 
fluctuations of magnetization above TRM or short-range effects, as discussed in the next Section. Nevertheless, in spite 
of the discrepancy in ACp the Landau approach predicts the basic characteristics curve of this magnetoelectric system, 
surprisingly well at low temperatures T < TRM. 
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FIGURE 7. (Color online). Temperature dependence of the specific heat for BiMn03: mean-field specific heat values - dashed 
line, experimental data [4] - solid line. The magnetic part of the specific heat data are obtained by subtracting the total specific heat 
of BiSc03 from that of BiMn03 [5, 4], since the former is nonmagnetic. 

In Fig. 8 we display the specific heat curve with inclusion of the fluctuations (for details see [12]). One sees that the 
agreement, particularly in the region T > TRM, is not improved. In other words, the fluctuations near the critical point 
TRM are suppressed and show up to much higher degree only for T > TRM. Perhaps full three-dimensional nature of 
magnetic order parameter (M ^ M ) shows up then. This feature requires a change in the starting Landau functional 
(2) and will not be carried out in detail here [12]. 

4. CONCLUSIONS 

In this paper we examined a direct Landau approach for a system with two single-component order parameters repre
senting ferroelectricity and ferromagnetism, respectively. The obtained results are consistent with the available experi
mental data. Magnetoelectric coupling introduces a strong renormalization of the ferromagnetic transition temperature 
(enhancing it by a factor of 50) and causes the magnetic phase transition to occur at TRM = 100.SiT. A number of cou
pling effects such as the enhancement of electric polarization, the anomaly in the dielectric susceptibility, and a fairly 
large negative magnetocapacitance, occur concomitantly in the vicinity of TRM. One can also introduce Arrott planes 
as a simple extension to Arrott plots [12]. We have also estimated the contribution of the Gaussian fluctuations to the 
specific heat and have noted that short-range-order effects and/or rotational degrees of the magnetic order parameter 
have not been accounted for properly. We believe that the three-dimensional nature of the magnetization fluctuation 
must be considered above TRM before any realistic conclusions regarding specific heat are made in the temperature 
regime T > TRM. In connection with this one can see that magnetoelectric coupling should be then generalized to the 
form — |7|(PM)^ « —\Y\{PAP)^, where AP is the z-component of magnetization, taken with respect to the fixed P di
rection (z axis). This is one of the subjects currently investigated and will be reported elsewhere [12]. It would also be 
important to understand the microscopic reasons of such a strong enhancement of the magnetic exchange interactions 
caused by a lattice distortion which leads to the appearance of the ferroelectric dipole moments. 
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FIGURE 8. (Color online). Temperature dependence of the specific heat for BiMnOa. Dotted line: the mean-field part of the 
specific heat; thick solid line: experimental data [4] was taken as Cp IsiMnOi ^Cp \BiScOj, • Thin solid line: specific heat after taking into 
account the Gaussian thermal fluctuations of single-component magnetization and calculated for the correlation length E, = 27. \nm 
and n=\. 
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Abstract. Here we present a simple model formulated in the spirit of Landau theory in order to qualita-
tively describe magnetoelectric multiferroics. The system consists of two coupled single-component order
parameters P and M which represent ferroelectric and ferromagnetic phases, respectively. We show that the
magnetoelectric coupling strongly renormalizes the original magnetic transition temperature, TM → TRM

(with TRM � TM ), as well as generates an additional anomaly in ferroelectric subsystem at TRM . Under
the influence of both magnetic and electric fields the concept of Arrot plot is reproduced by the Arrot
planes. We compare obtained results with available experimental data for the BiMnO3 which undergoes
ferroelectric transition below 700 K (Tf ) and ferromagnetic transition at 100 K (TRM ). The results are in
good overall agreement with experimental data for the ferroelectromagnetic BiMnO3. We also estimate the
contribution of Gaussian fluctuations of both order parameters, that lead to corrections to the mean-field
specific heat. Those corrections are still insufficient even though other quantities agree quite well with
experiment. We calculate the temperature dependence of the coherence length for both types of order as
well.

1 Introduction

Multiferroics are materials, in which at least two types
of order coexist. For example, (anti)ferroelectricity and
(anti)ferromagnetism can appear simultaneously [1–3].
Multiferroicity of frustrated magnets, in which magnetism
and ferroelectricity coexist with gigantic magnetoelectric
coupling, has attracted an interest due to challenges to
many-body theory, as well as by discoveries of new phe-
nomena with a promise for potential applications as trans-
ducers, actuators, and sensors [4–6]. Quite a few of these
multiferroics are manganites, in which the magnitude of
the spin of the Mn+3 ion is large and hence may be treated
semiclassically.

The perovskites like AMnO3 has been widely studied
in this context due to the coexistence of ferroelectric and
magnetic order in some of them [7–9]. In BiMnO3 the na-
ture of the Bi3+ ion is central to determine the structural,
ferroelectric, and magnetic properties of this system [10].
With the help of first principle calculations, Hill et al. [11]
provided the reasons why we observe so few ferroelectric
magnets and predicted the existence of ferroelectricity in
BiMnO3. In ferroelectrics such as SrTiO3 it is usually
driven by a hybridization of empty 3d0 transition metal
orbitals with occupied 2p orbitals of the octahedrally coor-
dinated oxygen ions. The appearance of magnetic moment

a e-mail: olga.howczak@uj.edu.pl
b e-mail: ufspalek@if.uj.edu.pl

in turn, requires partial occupancy of the 3d orbitals. So,
in materials such as BiMnO3, the coexistence of Mn3+

ions (3d4 configuration) with 6s2 lone electron pairs due
to the Bi3+ ions can lead to the coexistence of magnetic
order with electric polarization at low temperature [12].

BiMnO3 has been the subject of considerable inter-
est, mainly due to its structural simplicity. From magnetic
point of view, Mn3+ ion in this case has magnetic mo-
ment of 3.6μB, a value close to atomic ground-state value
4μB, induced by the intraatomic Hund’s rule coupling. In
the octahedral environment the electronic configuration is
t32ge

1
g. From electrical point of view BiMnO3 is an insula-

tor [13].
A detailed structural study of BiMnO3 suggests [14,15]

that the material has a highly distorted perovskite struc-
ture (centrosymmetric space group C2/c), which is incom-
patible with the existence of ferroelectricity. In spite of
this, there is an experimental evidence of ferroelectric or-
der in a BiMnO3 polycrystalline samples [14,16,17]. The
discussion concerning the origin of the ferroelectricity in
this compound is still controversial.

We present here a simple phenomenological approach
useful in describing systems like BiMnO3 with two coupled
order parameters, as well as compare the results with ex-
periment. This is to show to what extent a simple Landau-
type approach can account for the experimental results in
a quantitative manner. Our task is related to an even more
basic question as to what extent ferroelectric order (ap-
pearing first at much higher temperature Tf) suppresses

http://dx.doi.org/10.1140/epjb/e2010-10583-0
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the magnetic fluctuations near the corresponding transi-
tion temperature TM � Tf . In such situation the mean-
field description of the magnetic phase should be at least
semiquantitatively correct, as we demonstrate below.

The structure of the paper is as follows. In Sections 2
and 3 we formulate the Landau-theory with two single-
component, spatially homogeneous order parameters P
and M (representing the ferroelectric and the ferromag-
netic types of order, respectively) coupled via a phe-
nomenological term of the type −|γ|(PM)2. This coupling
leads to a renormalized magnetic transition temperature.
In Section 3 we also compare the results obtained with
the data available for BiMnO3, as well as introduce a
new concept of Arrot planes, which can be used in sys-
tems with two coupled order parameters in an ordered
state. In Section 4 we include Gaussian fluctuations for the
coupled-order system, and subsequently compare the re-
sults with experimental data concerning the temperature
dependence of the specific heat near the low-temperature
magnetic transition temperature TRM . We summarize our
results and provide an outlook in Section 5.

2 Mean field approximation: Landau approach

The way to describe the coupling between magnetism
and dielectricity in multiferroics was proposed by
Smolenskii [18], who explained the origin of the anomaly
in the dielectric constant in a ferroelectromagnet within
the framework of Landau theory of second-order phase
transitions. In the simplest case, the Landau free energy
for a system with two coupled order parameters, P and
M can be written as:

F (P,M, T ) = F0(T,Ea, Ha) +
a0(T − TM )

2
M2

+
b

4
M4 +

α0(T − Tf)
2

P 2 +
β

4
P 4

+
γ

2
(PM)2 − PEa −MHa, (1)

where Ea and Ha are the applied electric and magnetic
fields, respectively. The parameters a0, α0, b, β, and γ < 0
are arbitrary at this point. The reference free energy F0 is
ignored in the detailed calculations. Recently it was shown
that this kind of model can describe the phase transitions
on a scale-free network as well [19]. As one can see, the
system is characterized by two bare transition temper-
atures, Tf and TM representing ferroelectric and ferro-
magnetic transitions, respectively. The form of the mag-
netoelectic coupling term ∝ γ(PM)2 can be explained by
using general symmetry arguments. Namely, the onset of
ferroelectric order requires the breaking of spatial inver-
sion symmetry, whereas the appearance of a spontaneous
magnetization is connected with the breakdown of time
reversal symmetry. The coupling term in equation (1) ful-
fils those two conditions as it allows for ferroic order with
simultaneous nonzero P and M , as shown below.

To reduce the number of parameters to minimum we
introduce a dimensionless form of the free energy expan-
sion (1) which is obtained by dividing both sides of (1) by

the constant value a2
0T 2

M

b . In effect, we obtain:

ΔF =
1
2

(
T

TM
− 1
)
M̃2 +

1
4
M̃4

+
1
2
l

(
Tf

TM

)2(
T

Tf
− 1
)
P̃ 2 +

1
4
l

(
Tf

TM

)2

P̃ 4

+
1
2
γm

Tf

TM
P̃ 2M̃2 − P̃ e− M̃h, (2)

where: ΔF ≡ b
a2
0T 2

M
[F (P,M, T ) − F0(T )], h ≡

b
1
2

(a0TM )
3
2
Ha ≡ shHa, l ≡ α2

0b

a2
0β

, e = b
a2
0T 2

M

√
α0Tf

β Ea, M̃ ≡
M
m0

, m0 =
√

a0TM

b , P̃ ≡ P
p0

, p0 =
√

α0Tf

β , and γm ≡ γα0
βa0

.

Within this formulation Tf

TM
, l , and γm are the ma-

terial parameters and the bare magnetic transition tem-
perature TM is assumed as always nonzero, whereas the
ferroelectric temperature is Tf ≥ 0.

Taking derivatives of (2) with respect to M̃ and P̃ ,
respectively, we obtain the following system of algebraic
equations:

(T/TM − 1)M̃ + M̃3 + γm
Tf

TM
M̃P̃ 2 − h = 0, (3)

l

(
Tf

TM

)2

(T/Tf−1)P̃+l
(
Tf

TM

)2

P̃ 3+γm
Tf

TM
M̃2P̃−e=0.

(4)

In the limit of zero electric field, we obtain the following
relation between P̃ and M̃ from (3) and (4):

P̃ = ±
√

1 − T

Tf
− γm

l

TM

Tf
M̃2. (5)

Substituting this expression to (3) we have the equation
for magnetization in the usual form:

A(T )M̃ +BM̃3 − h = 0, (6)

with

A ≡ A(T ) =
T

TM
(1 − γm) + γm

Tf

TM
− 1, (7)

and

B = 1 − γ2
m

l
. (8)

One sees that the effective magnetic transition tempera-
ture is renormalized (T → TRM ) by the magnetoelectri-
cal coupling. Explicitly, since the renormalized transition
temperature is determined from the condition A(TRM ) =
0, this yields:

TRM =
1 − γm

Tf

TM

1 − γm
TM . (9)

This is the first of the interesting results. Namely, the
renormalization is strong because of negative value of cou-
pling constant γm. Furthermore, the renormalization of Tf
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does not appear if Tf > TM . In the very interesting case
of Tf = TM the coupling would not change the critical
temperatures and no renormalization would occur on the
simple mean-field level.

The explicit stable solutions of equation (6) for M̃ in
the case e = 0 for h > 0 is:

M̃ = −
(

2
3

) 1
3 A(

9B2h+
√

3
√

4A3B3 + 27B4h2
) 1

3

+

(
9B2h+

√
3
√

4A3B3 + 27B4h2
) 1

3

2
1
3 3

2
3B

(10)

and in case of h < 0 takes the form:

M̃ =

(
2
3

) 1
3 A(√

3
√

4A3B3 + 27B4h2 − 9B2h
) 1

3

−
(√

3
√

4A3B3 + 27B4h2 − 9B2h
) 1

3

2
1
3 3

2
3B

. (11)

We apply first the spatially homogeneous solution ob-
tained above to the discussion of selected magnetic and
dielectric properties of BiMnO3.

3 Application to BiMnO3

3.1 Magnetic properties

To visualize the influence of the magnetoelectric coupling
on the magnetic properties of BiMnO3, we fitted the tem-
perature and applied magnetic field dependences of the
magnetization, based on the data of Kimura [17] and
Chiba [20]. In Figure 1 we display the fitted magnetization
curves M(Ha;T ) near the critical temperature. In the in-
set we plot the values of A(T ) obtained from the fitting:
it is indeed a linear function of T , as obtained in (7). By
taking the value Tf = 760 K [17,20] we have obtained
the renormalized value of TRM ≈ 100.5 K, the bare Curie
temperature TM = 2.28 K, the magnetoelectric coupling
constant γm ≈ −0.15, and l ≈ 0.024. One sees that the
renormalization TRM/TM is very large with the increase
induced by the negative sign of the coupling constant γ.
We consider the coupling in the case of BiMnO3 to be large
because |γm| ≈ √

l, and as it can be seen from (20, 21) it
effects directly the rapid increase of electric polarization
and magnetization in ordered state. Also, is the greatest
possible value for the coupling to have B ≥ 0 (cf. (8)).

In Figure 2 we fitted the temperature dependence of
magnetization [20] in two ways: first (dotted line), by tak-
ing the averaged values of parameters from Table 1 and
second, by a direct fitting i.e. changing slightly the aver-
aged values (dashed line). Those slight changes are justi-
fied, as they are within statistical error. One should men-
tion that data used in Figure 1 was taken for a different
sample to that of Figure 2.

From these two figures one sees, that the overall be-
haviour of the magnetization near TRM is well reproduced

Fig. 1. (Color online) Isothermal magnetization as function of
a magnetic field at various temperatures for BiMnO3 [17] (solid
line) and that from (6) (dashed lines). Inset: A(T ) values for
the temperatures marked. The fitting parameters are listed in
Table 1.

Fig. 2. (Color online) Temperature variation of magnetization
of BiMnO3 measured in applied field of 1 T [20] (solid line)
and the fitted solution of (6). Dotted line: the averaged (cf.
Tab. 1) fitting parameters with A(T ) = −50.593 + 0.503T ,
B = 0.062, m0 = 0.161 μB/Mn site, and sh = 26.5T−1. A
better fit (dashed line) in the T → TRM regime is obtained by
a slightly different set of parameters: A(T ) = −49.926+0.507T ,
B = 0.059, m0 = 0.208 μB/Mn site and sh = 24.6T−1.

Table 1. Values of the fitting parameters obtained from the
results shown in Figure 1.

T [K] A B m0 [μB/Mn site ] sh [1/T ]

130 15.079(8) 0.0623(4) 0.1601(8) 26.509(2)
110 4.12(63) 0.06(233) 0.16(019) 26.5(092)
100 0.00061 0.06(047) 0.16(513) 26.5(346)
90 –5.1(848) 0.06(234) 0.16(018) 26.5(093)

by the mean field approach, particularly for T → TRM and
above. Hence, we parametrize the dielectric and magne-
toelectric susceptibility components in the same manner
next.

3.2 Susceptibility tensor

Kimura et al. reported [17] that with increasing tempera-
ture the magnitude of the isothermal magnetocapacitance
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increases and exhibits a maximum around TRM . Whereas
upon further increase (above TRM ) the magnetocapaci-
tance subsequently decreases. The authors claim that this
phenomenon arises from the magnetization rotation in
magnetic domains. Such behaviour can also be obtained
from our simple Landau approach introduced here without
involving any domain formation. Namely, on application
of external fields the system response in the ferromagneto-
ferroelectric state (T < TRM) is described by the tensor:

χ̂ =
(
χ̃e χ̃em

χ̃me χ̃m

)
, (12)

with:

∂M̃

∂h
= χ̃m,

∂P̃

∂e
= χ̃e,

∂M̃

∂e
= χ̃me,

∂P̃

∂h
= χ̃em. (13)

Assuming e 	= 0, we obtain the following system of equa-
tions for M̃ and P̃ :

∂(ΔF )
∂M̃

= (T/TM − 1)M̃ + M̃3

+ γm
Tf

TM
M̃P̃ 2 − h = 0, (14)

∂(ΔF )
∂P̃

= l

(
Tf

TM

)2 (
T

Tf
− 1
)
P̃ + l

(
Tf

TM

)2

P̃ 3

+ γm
Tf

TM
M̃2P̃ − e = 0. (15)

After differentiating (14) and (15) consecutively with re-
spect to both e and h, we obtain a system of linear equa-
tions for the susceptibility components in the form:

B̃χ̃m + C̃χ̃em = 1,

B̃χ̃me + C̃χ̃e = 0,

Ãχ̃e + C̃χ̃me = 1,

Ãχ̃em + C̃χ̃m = 0, (16)

with: Ã ≡
(

Tf

TM

)2 (
T
Tf

− 1
)

+ 3l
(

Tf

TM

)2

P̃ 2 + γm
Tf

TM
M̃2,

B̃ ≡ T
TM

−1+3M̃2+γm
Tf

TM
P̃ 2, C̃ ≡ 2γm

Tf

TM
P̃ M̃ . Therefore

the solution of (16) takes the form:

χ̃m =
Ã

ÃB̃ − C̃2
, (17)

χ̃e =
B̃

ÃB̃ − C̃2
, (18)

and

χ̃me = χ̃em =
C̃

C̃2 − ÃB̃
. (19)

In the zero field case and for temperature T < TRM , the
corresponding expressions for magnetization and polariza-
tion are:

M̃ = ±
√

l

l− γ2
m

√
1 − T

TM
− γm

Tf

TM

(
1 − T

Tf

)
, (20)

P̃ = ±
√

l

l− γ2
m

√
1 − T

Tf
− γm

l

TM

Tf

(
1 − T

TM

)
. (21)

Fig. 3. Electric polarization as a function of temperature for
selected values of applied magnetic field. The parameters are
the same as those used previously. Note that P̃ takes its al-
most constant value (for T � Tf ) when the ferroelectric order
disappears at TRM .

For TRM < T < Tf , i.e. in the ferroelectric state, we
obviously have:

P̃ = ±
√

1 − T

Tf
, (22)

M̃ = 0. (23)

In Figure 3 we plot the temperature dependence of the
polarization in the vicinity of TRM , i.e. at temperatures
T � Tf . One sees that even though the ferroelectric or-
dering temperature is well above TRM , the weaker-scale
magnetic interaction significantly enhances the polariza-
tion. This enhancement is also present on application of a
magnetic field. This is a second (in addition to the renor-
malization of TM ) important cross-effect correlating mag-
netic and electric properties in these systems. One should
also note that the electric polarization increases with in-
creasing magnetic field, as one may expect from the neg-
ative sign of the magnetoelectric coupling. Unfortunately,
no experimental results are available to us to confront this
last finding with those for BiMnO3.

We now turn to the analysis of the susceptibility-tensor
components. Substituting the values obtained above for
the magnetization and polarization into (18), we obtain an
explicit expression for the zero field electric susceptibility,
namely

χ̃e(0) =

{
1
2

TM
2

Tf (l(Tf−T )+γm(T−TM )) for T < TRM

TM
2

2lTf (Tf−T ) for T > TRM .
(24)

After calculating χ̃e(h), using the general solutions of (12),
we plot:

Δε(Ha)/ε(0) ≡ [ε(Ha) − ε(0)]/ε(0) (25)

=
4π(χe(Ha) − χe(0))

1 + 4πχe(0)
(26)

=
Δχ̃e(h)

βa2
0TM

4πα0bTf
+ χ̃e(0)

, (27)



O. Howczak and J. Spa�lek: Ferroelectric-ferromagnetic correlations in BiMnO3 perovskite 5

Fig. 4. (Color online) Field-induced change in the dielectric
constant as a function of an applied magnetic field for selected
temperatures. We assume that (βa2

0TM )/(4πα0bTf ) = 0.0008.

Fig. 5. Field induced change in relative dielectric constant as a
function of the square of the magnetization at T = 100 K. We
assume that (βa2

0TM )/(4πα0bTf ) = 0.0008. Inset: dependence
of the inverse dielectric susceptibility vs. M2. The data can
be parametrized by the straight line: χ̃e(0)/χ̃e(h) = 1.233 +
1.071M2 .

shown in Figure 4. The curves obtained reflect the corre-
sponding experimental data well [17]. Though, one should
note that the measured change of the dielectric constant is
not as rapid as in our mean field approach. Also the rapid
trend upward of the curves appears here above 100 K,
whereas the respective changes of the data appears only
above 110 K [17]. This difference is a clear sign of the
nonzero value of the magnetization due to short-range cor-
relation not accounted for in here. This type of crossover
behaviour above TRM will appear also in the specific heat
data, as discussed in the next section.

Experimentally, the susceptibility is a linear function
of the squared magnetization for BiMnO3 [17]. In some
papers [17,21] this is rationalized on the basis of Landau-
theory. Strictly speaking, this it is not the case. In fact,
in this phenomenological approach the inverse suscepti-
bility is a linear function of the squared magnetization
and it comes about from the renormalization of dielectric
constant by the coupling. Explicitly, this effect may be
written in the following form [22]: ΔF ≈ (α0(T −Tf )/2 +
γ/2 M2)P 2 + . . . = χ−1

e P 2 + . . . In Figure 5 we plot the
predicted Landau theory value of Δε/ε(0) as a function of
the squared magnetization. The dependence is nonlinear.

Fig. 6. Dielectric susceptibility as a function of temperature
for the specific values of applied magnetic field. Note a discon-
tinuity at the magnetic transition point, which is smeared out
under the presence of applied magnetic field.

In the inset of Figure 5 we show the inverse dielectric sus-
ceptibility as a function of the squared magnetization and
shown its linearity within the framework of Landau the-
ory. Note that the negative sign of Δε change is caused by
the fact that the electric polarization increases with the
increasing magnetic field and thus decreases the system
electric polarizability.

In the case of χme = 0, we can calculate the inverse sus-
ceptibilities from the Landau functional as second deriva-
tive with respect to the order parameters, i.e. χ−1

ε = ∂F 2

∂P 2 ,
χ−1

m = ∂F 2

∂M2 . Hence, we obtain respectively:

χ̃−1
ε = l

Tf

TM

(
T

TM
− Tf

TM

)
+γm

Tf

TM
M̃2 + 3l

(
Tf

TM

)2

P̃ 2,

(28)
and

χ̃−1
m =

T

TM
− 1 + M̃2 + γm

Tf

TM
P̃ 2, (29)

in which P̃ and M̃ may be evaluated from (5) and (12),
respectively. In Figures 6 and 7 we plot the calculated
temperature dependences of the susceptibilities mentioned
above. The magnetoelectric coupling causes the enhance-
ment of polarization around TRM and a suppression of the
dielectric constant (cf. Fig. 6). One can see that at zero ap-
plied magnetic field χ̃e decreases stepwise at TRM , whereas
it is gradually suppressed with the increasing field. χe(T )
exhibits a trend observed experimentally with the increas-
ing Ha, but the calculated changes are too large. How-
ever, the corresponding temperature range is reproduced
to much better accuracy than that of [21], where the
calculated temperature TRM is far too low. The magnetic-
susceptibility data follow roughly the Curie-Weiss law
with the paramagnetic Curie temperature ΘM ≈ 120 K.
Only the dashed curve in Figure 7 reproduces correctly
the approximate Curie-Weiss law at high temperature.
This unusual behaviour from a magnetic point of view
can be understood easily from (29), where the nonlinear-
ity in magnetization (the term ∝ M̃2) can be dominated
by the magnetoelectric coupling, as Tf/TM 
 1.
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Fig. 7. (Color online) Magnetic susceptibility as a function
of temperature. Solid line: the inverse molar magnetic suscep-
tibility of BiMnO3 measured in the field 1 T [20] has been
rescaled by its value taken at T = 101 K in order to obtain the
dimensionless quantity. Dashed and dotted lines represent the
respective calculated temperature variations of the magnetic
susceptibility (29); we used the same two sets of parameter
values as those used in Figure 2.

Fig. 8. (Color online) Arrot planes for the magnetization as
a function of applied field e and h, calculated for BiMnO3

for the selected temperatures, as marked the dark plane corre-
spond to that at the phase transition temperature. The param-
eters are the same as in the earlier figures. The corresponding
Arrot plots for the ferroelectric order are of usual form since
TRM � Tf .

3.3 Arrot planes

In systems with a single order parameter a convenient
way to represent its behaviour near the phase transition
temperature is to draw the so-called Arrot plots. For ex-
ample, for a ferromagnet, the Arrot plot is a series of
curves M2 vs. Ha/M . The same approach can be used
in our case with two single-component order parameters.
The only difference is that now instead of having a se-
ries of curves, we can have sets of whole planes for each
of the order parameters. Namely, we have the depen-
dencies M2

(
Ha

M , Ea

P

)
and P 2

(
Ha

M
Ea

P

)
. The plane which

crosses point (0, 0) corresponds to the phase transition
temperature in zero field. A representative set of the Arrot
planes is drawn in Figure 8 for the magnetization. One
can see that the transition temperature can be deter-
mined from the dependence M̃2 vs e/P̃ , not only from M̃2

vs. h/M̃ !

Fig. 9. (Color online) Temperature dependence of the specific
heat for BiMnO3: mean-field specific heat values – dashed line,
experimental data [14] – solid line. The magnetic part of the
specific heat data are obtained by subtracting the total specific
heat of BiScO3 from that of BiMnO3 [14,23], since the former
is not magnetic.

From (3) and (4) after dividing both equations by
the order parameter and solving the resulting system we
obtain:

P̃ 2 =
T 2

M

T 2
f (l − γ2

m)

(
xe − γm

Tf

TM

(
1 − T

TM
+ xh

))

+
l

(l − γ2
m)

(
1 − T

Tf

)
, (30)

M̃2 = xh − γm

l − γ2
m

TM

Tf

(
xe − l

T 2
f

T 2
M

(
T

Tf
− 1
))

+
γ2

m

l − γ2
m

(
1 − T

TM
+ xh

)
+ 1 − T

TM
, (31)

where xe = e
P̃

and xh = h
M̃

.
From (30) one can also see that for T > TRM we still

have a nonzero value of P̃ (cf. (21)). Therefore, the Arrot
planes P 2(Ha/M,Ea/P ) are not important, since Tf >
TRM .

3.4 Specific heat

In the framework of Ginzburg-Landau theory we may also
calculate the specific heat as the second derivative of the
free energy,

ΔCp = −T
(
∂2F

∂T 2

)
p

. (32)

By carrying out a similar analysis as in the previous sec-
tion, we can write down the following expression for the
specific heat:

ΔCp =

⎧⎨
⎩

l(l−2γm+1)
2(l−γ2

m) · a2
0
b T for T < TRM ,

l
2

a2
0
b T for T > TRM .

(33)

Where a0 = 1/(TMshm0), b = 1/(shm
3
0). The mag-

netoelectric part ΔCp of the specific heat calculated in
this manner is shown in Figure 9. The mean field values
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are close to the experimental data below the transition
temperature TRM . Essential differences appear above the
transition and may be attributed to either short-range or
fluctuation effects, as discussed in the next Section. Nev-
ertheless, in spite of the discrepancy in ΔCp the Landau
approach predicts the basic characteristics curve of this
magnetoelectric system, surprisingly well at low tempera-
tures T < TRM .

4 Gaussian fluctuations of the order
parameters

The fluctuations of the magnetization seem to have a small
effect on the magnetization curve close to TRM . This is
may be thought of as due to the circumstance that even
when T → TRM , we have P 	= 0 and thus the electric po-
larization exerts an effective field on magnetization (via
magnetoelectric coupling) and thus suppresses the fluctu-
ations. However, there is still discrepancy for the specific
heat ΔCp(T ) shown in Figure 9. ΔCp(T ) is taken as the
difference between the total specific heat of BiMnO3 and
that BiScO3 [14]. In this manner, ΔCp(T ) represents only
the magnetic part of the specific heat. Therefore, we dis-
cuss the role of spatial Gaussian fluctuations of M(r) and
P (r) on the thermodynamic properties below.

4.1 Landau functional in spatially inhomogeneous case

In previous sections, we made a very crucial assump-
tion namely, that the order parameters are spatially ho-
mogeneous. The following calculations are carried out
in order to improve the temperature dependence of
the specific heat part ΔCp(T ) obtained above by tak-
ing into account the spatial fluctuations of the or-
der parameters. For that purpose, we introduce the
effective free energy F as a functional of spatially
inhomogeneous order parameters [24]:

F = F0 +
∫
φ (M(r), P (r), T )d3r, (34)

where φ (M,P, T ) is the free energy functional which in-
corporates thermal fluctuation in equilibrium, i.e.

φ (M(r), P (r), T ) =
a0(T − TM )

2
M(r)2

+
b

4
M(r)4 +

c

2
|∇M(r)|2

+
α0(T − Tf )

2
P (r)2 +

β

4
P (r)4

+
δ

2
|∇P (r)|2 +

γ

2
(P (r)M(r))2.

(35)

In the present situation, we use again dimensionless units
and then the functional F{M,P, T } takes the form:

F = F0 +
Ωa2

0T
2
M

b

∫
Ω

φ̃
(
M̃(r), P̃ (r), T

)
d3r, (36)

where:

φ̃
(
M̃(r), P̃ (r), T

)
=
a1

2
P̃ 2 +

a2

4
P̃ 4 +

a3

2
|∇P̃ |2

+
b1
2
M̃2 +

1
4
M̃4 +

1
2
|∇M̃ |2

+
cm
2

(P̃ M̃)2. (37)

We use the following rescaling: r ≡ r
ξ , ξ ≡

√
c

a0TM
, a1 ≡

l (Tf/TM)2 (T/Tf − 1), a2 ≡ l (Tf/TM)2, a3 ≡ nTf/TM ,
n ≡ δα0b

ca0β , b1 ≡ T
TM

− 1, cm ≡ γm
Tf

TM
, as well as do the

spatial integration over the volume Ω = ξ3. In doing so,
we assume that the volume dependence is determined by
ξ3, which will be regarded as a fitting parameter.

4.2 Effect of Gaussian fluctuations

The starting point for the following calculations is to con-
sider small fluctuations around the mean field values of
the order parameters:

M̃(r) = M0 + δm(r), (38)

P̃ (r) = P0 + δp(r). (39)

After substituting (38) and (39) into (35) we expand the
expression for the free energy density. For simplicity, we
retain only the second order terms:

φ̃
(
M̃(r), P̃ (r), T

)
≈ a1

2
P 2

0 +
a2

4
P 4

0 +
b1
2
M2

0

+
1
4
M4

0 +
cm
2
P 2

0M
2
0

+ δp
(
a1P0 + a2P

3
0 + cmP

2
0M0

)
+ δm

(
b1M0 +M3

0 + cmP0M
2
0

)

+ (δp)2
(
a1

2
+

3
2
a2P

2
0 +

1
2
cmM

2
0

)

+ (δm)2
(
b1
2

+
3
2
M2

0 +
1
2
cmP

2
0

)

+
cm
2
P0M0δmδp

+
1
2
|∇δm|2 +

a3

2
|∇δp|2. (40)

The constant expression:

φ0 =
a1

2
P 2

0 +
a2

4
P 4

0 +
b1
2
M2

0 +
1
4
M4

0 +
cm
2
P 2

0M
2
0 , (41)

gives the mean filed value of the free energy density. Linear
terms in {δm, δp} vanish, because the mean field solution
{M0, P0} minimizes the free energy F . In effect, we ob-
tain the contribution to the free energy coming from the
fluctuations of the order parameters in the form:

δF = Cm

∫
(Am(δp)2 +Bm(δm)2 +

1
2
|∇δm|2

+
a3

2
|∇δp|2 + γmeδmδp)d3r, (42)
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Fig. 10. (Color online) Temperature dependence of the spe-
cific heat for BiMnO3. Dotted line: the mean-field part of the
specific heat; thick solid line: experimental data [14] was taken
as Cp|BiMnO3 − Cp|BiScO3 . Thin solid line: specific heat after
taking into account the Gaussian thermal fluctuations calcu-
lated for ξ = 2.71 × 10−8 [m] and n = 1.

where: Am = a1
2 + 3

2a2P
2
0 + 1

2cmM
2
0 , Bm = b1

2 + 3
2M

2
0 +

1
2cmP

2
0 , γme = cm

2 P0M0, and Cm = Ωa2
0T 2

M

b .
With the help of the expression for the δF obtained

above we calculate in Appendix A the explicit form of
the partition function Z, which takes into account spatial
fluctuations of the two interacting order parameters.

4.3 Specific heat

To calculate explicitly the contribution of the fluctuations
to the specific heat we use the partition function (A.16).
For the free energy part due to fluctuations see equa-
tion (43)

δF = −kBT

2

∫ kmax

0

d3k
(2π)3

× ln

{
π2

4

(
kBT

Cm

)2 1
|(Am+ 1

2a3k2)(Bm+ 1
2k

2)+ 1
4γ

2
me|

}
.

(43)

After differentiating twice (43) (cf. (32)), we obtain the
part δCp for the specific heat including Gaussian fluctua-
tions. Finally, the total specific heat becomes

ΔCp = −T ∂
2φ0

∂T 2

a2
0Ω

b
+ δCp, (44)

where we have added δCp to the mean-field part. Fol-
lowing our previous notation we set the integration limit
as kmax = ξ π

a , where we take the lattice parameter
a = 9.5415 Å [14]. In Figure 10 we compare the theoretical
results for the specific heat with the temperature depen-
dence of ΔCp = Cp|BiMnO3 − Cp|BiScO3. We see that the
fluctuations overestimate the experimental behaviour for
T < TRM and underestimate the data for T > TRM . We
attribute this (cf. Sect. 3.2) to the role of short-range or-
der which gradually disappears as T increases above TRM .

This is also the reason why the mean-field results match
the experiment well for T < TRM .

4.4 Correlation lengths in multiferroics

In an analogous manner one can calculate the evolution of
the correlation length through the magnetic phase transi-
tion.

The correlation function of an order parameter ψ(r)
in two distant points is defined as:

g(r, r′) =
〈
(ψ(r) − ψ̄)(ψ(r′) − ψ̄)

〉
= 〈δψ(r)δψ(r′)〉 .

(45)
After a Fourier transform we can write g(r, r′) as:

〈δψ(r1)δψ(r2)〉 =
∑
k1,k2

〈
ψ∗

k1
ψk2e

i(k2−k1)·r1eik2·(r2−r1)
〉

(46)
and finally:

〈δψ(r1)δψ(r2)〉 =
∑

k

〈δψ−kδψk〉 eik·r, (47)

where r = r2 − r1.
To evaluate the coherence length for both the mag-

netic and the electric order parameters we need to calcu-
late 〈δm-kδmk〉 and 〈δp-kδpk〉. Using (A.7) and (A.8) we
obtain the following expressions:

〈δm-kδmk〉 =
〈
δm2

1k + δm2
2k

〉
, (48)

〈δp-kδpk〉 =
〈
δp2

1k + δp2
2k

〉
, (49)

1
2
〈δp-kδmk + δpkδm-k〉 = 〈δp1km1k + δp2km2k〉 . (50)

The average values 〈δm-kδmk〉 and 〈δp-kδpk〉 can be cal-
culated using the matrix Ak defined in Appendix A:

〈δm-kδmk〉 =
∫ Dηke−β

∑
k ηT

k AkηT
k (δm2

1k + δm2
2k)∫ Dηke−β

∑
k ηT

k AkηT
k

,

(51)

〈δp-kδpk〉 =
∫ Dηke−β

∑
k ηT

k AkηT
k (δp2

1k + δp2
2k)∫ Dηke−β

∑
k ηT

k
AkηT

k

. (52)

If Ak is symmetric for real Gaussian integrals as in (51)
and (52) we have:

∫
dηke

1
2 ηT

k Akηkηiηj = (2π)
N
2 (detA)−

1
2A−1

ij , (53)

where Aij – is an element of the Ak matrix in the ith -
row and jth-column, ηi for i = 1, 2, 3, 4 is an element of
the vector ηk.

We obtain following expressions:

〈δp-kδpk〉 = A−1
11 +A−1

22 =
kBT

2Cm(Am + 1
2a3k2)

, (54)

〈δm-kδmk〉 = A−1
33 +A−1

44 =
kBT

2Cm(Bm + 1
2k

2)
, (55)
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and for the cross-correlations we have:

〈δp1km1k + δp2km2k〉 = A−1
31 +A−1

42 =
kBT

Cmγme
. (56)

Finally, the correlation functions for the magnetic and
electric subsystems take the form:

gp(r1, r2) = 〈δp(r1)δp(r2)〉

=
∫

d3k
(2π)3

〈δp-kδpk〉 eik·(r2−r1)

=
∫

d3k
(2π)3

· kBT

2Cm(Am + 1
2a3k2)

eik·(r2−r1),

(57)

gm(r1, r2) = 〈δm(r1)δm(r2)〉

=
∫

d3k
(2π)3

〈δm-kδmk〉 eik·(r2−r1)

=
∫

d3k
(2π)3

· kBT

2Cm(Bm + 1
2k

2)
eik·(r2−r1).

(58)

Using: ∫
d3k

(2π)3
1

k2 + a2
eik·r =

e−ar

4πr
, (59)

we obtain the correlation function in the Ornstein-Zernike
form:

gp(r1, r2) =
kBT

Cma3

e
−
√

2Am
a3

|r2−r1|

4π|r2 − r1| ≡ kBT

Cma3

e−
|r2−r1|

ξm

4π|r2 − r1| ,
(60)

gm(r1, r2) =
kBT

Cm

e−
√

2Bm|r2−r1|

4π|r2 − r1| ≡ kBT

Cm

e
− |r2−r1|

ξp

4π|r2 − r1| ,
(61)

with the correlation lengths:

ξp =
√

a3

2Am
, ξm =

√
1

2Bm
. (62)

From (60) and (61) we see that when the coherence length
is close to zero the correlation function becomes equal to
zero as well. On the other hand when the coherence length
is large the correlation function decreases as ∝ 1

|r2−r1| ,
The correlation radii in this region are significantly greater
than the lattice constant.

We can see that close to ferroelectromagnetic phase
transition temperature both coherence lengths behave in
a similar way. Hence, we assume that below TRM , where
both magnetic and electric ordering is observed, the coher-
ence length coalesces as T decreases (T → 0) (cf. Fig. 11).
It can also be seen (from Fig. 11) that the order parameter
corresponding to the lower critical temperature experience
smaller fluctuations near the phase transition.

Fig. 11. (Color online) Temperature dependence of the coher-
ence lengths for magnetic (solid line) and electric (dotted line)
subsystems calculated for BiMnO3. The parameters we use are
the same as in the earlier figures.

We calculate the cross correlations of the order param-
eters, which take the form:

gpm(r1, r2) = 〈δm(r1)δp(r2)〉

=
∑
k

〈δm1kδp1k + δm2kδp2k〉 eik·r

=
1

2π2
· kBT

Cmγmer

∫ kmax

0

k sin(kr)dk. (63)

We see that the correlation length ξp near and above the
magnetic phase transition is enhanced, whereas the cross
correlations exhibit an oscillatory behavior and evolve
continuously through TRM .

5 Conclusions

In this paper we have examined Landau approach for
a system with two single-component order parameters
representing ferroelectricity and ferromagnetism, respec-
tively. The obtained results are consistent with experi-
ment. Magnetoelectric coupling introduces a strong renor-
malization of the ferromagnetic transition temperature
(enhancing it by a factor of 50) causing the magnetic phase
transition to be observed at TRM = 100.5 K. A number of
coupling effects such as the enhancement of electric polar-
ization, the anomaly in the dielectric susceptibility, and a
fairly large negative magnetocapacitance, occur concomi-
tantly in the vicinity of TRM . We introduced an extension
of the Arrot-plot concept which we call in the text Arrot
planes. We consider this concept to be potential useful
in evaluation of the phase transition temperature while
using only the field dependence of unbounded with it or-
der parameter (for example, electric-field dependence of
magnetization or vice versa). We have also estimated the
contribution of the Gaussian fluctuations to the specific
heat and have noted that short-range-order effects are not
accounted properly. It would be important to understand
the microscopic reasons of such a strong enhancement of
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the magnetic exchange interactions caused by a mono-
clinic lattice distortion which leads to the appearance of
the ferroelectric dipole moments.

A short account of the mean-field part in the context
of statistical physics has been discussed elsewhere [25].

Note added . After this work had been completed, we
became aware of the works questioning the nature of ferro-
electric order of BiMnO3 towards onset of anti-polar state
[26,27]. Also, the ferromagnetic state is unstable against
antiferromagnetism at relatively high pressure of about
1 GPa [28]. At the same time, the coexistence of ferro-
electricity and ferromagnetism is reclaimed based on the
argument that electric polarization can be controlled by
applied magnetic field and other detailed calculations [29].
In connection with this we would like stress that good
overall agreement with experiment of our temperature de-
pendences of both magnetization, and the inverse mag-
netic susceptibility, speak in favour of such a coexistence
postulated in our paper. Additionally, the applied mag-
netic field dependence of the relative dielectric constant
compares quite well with that observed experimentally,
as shown in Figure 4. Therefore, we believe that the pre-
sented results stand on their own irrespectively of the con-
troversy about the detailed nature of the ferroelectric or
canted ferroelectric ordering, since the ordering tempera-
ture Tf 
 TM .

We would like to cordially thank Leszek J. Spalek from the
Cavendish Laboratory, Cambridge, for suggesting the problem
and numerous discussions, as well as for his critical reading of
the manuscript. The work was supported by the Grants Nos.
NN 202 128 736 and NN 202 489 839 from Ministry of Science
and Higher Education.

Appendix A: Partition function with inclusion
of Gaussian fluctuations

If we assume that the fluctuations do not change rapidly
in space then we can estimate their local value in terms of
their Fourier components:

δp(r) =
∑
k

δpke
ik·r, (A.1)

δm(r) =
∑
k

δmke
ik·r, (A.2)

where k = ξk. We also assume that eik·r satisfies periodic
boundary conditions.

After substituting (A.1) and (A.2) into (42):

δF = Cmγme

∑
k

∑
q

δmkδpq

∫
d3rei(k+q)·r

+ Cm

∑
k

∑
q

[
Bm − 1

2
k · q

]
δmkδmq

∫
d3rei(k+q)·r

+ Cm

∑
k

∑
q

[
Am − 1

2
a3k · q

]
δpkδpq

∫
d3rei(k+q)·r.

(A.3)

Taking into consideration that
∫
d3rei(k+q)·r = δk,-q and

after rewriting the last term as:

∑
k

∑
q

δmkδpqδk,-q =
1
2

[∑
k

δmkδp-k +
∑
q

δm-qδpq

]

(A.4)
we obtain the following expression for the free energy:

δF = Cm

∑
k

(
Am +

1
2
a3k2

)
δpkδp-k

+ Cm

∑
k

(
Bm +

1
2
k2

)
δmkδm-k

+
1
2
Cmγme

∑
k

[δmkδp-k + δm-kδpk] . (A.5)

In order to evaluate the value of the fluctuations we have
to take an average of all the possible configurations. One
can define the statistical sum for a system with two order
parameters as an integral over all existing profiles for each
of the order parameters:

Z =
∏
k

∫
D (δmk)D (δpk) e−

δF (δm,δp)
kB T . (A.6)

Because δmk and δpk are complex numbers we can repre-
sent them in the following way:

δmk = δm1k + iδm2k, (A.7)

δpk = δp1k + iδp2k. (A.8)

As may be seen δmk and δm-k are not independent. In
order to avoid double counting for δmk and δm-k we have
to take only wave vectors k with kz > 0 (the same ap-
plies for δp). Thus, the partition function representing the
Gaussian fluctuations takes the form:

Z =
∏

k,kz>0

∫ ∞

−∞
D (δm1k)

∫ ∞

−∞
D (δm2k)

×
∫ ∞

−∞
D (δp1k)

∫ ∞

−∞
D (δp2k) e−

δF (δm,δp)
kBT , (A.9)

where the corresponding free energy functional is

δF = 2Cm

∑
k,kz>0

(
Am +

1
2
a3k2

)
(δp2

1k + δp2
2k)

+ 2Cm

∑
k,kz>0

(
Bm +

1
2
k2

)
(δm2

1k + δm2
2k)

+ 2Cmγme

∑
k,kz>0

(δm1kδp1k + δm2kδp2k). (A.10)

For further calculations we use matrix notation:

ηk =

⎛
⎜⎝
δp1k

δp2k

δm1k

δm2k

⎞
⎟⎠ , (A.11)
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Ak =

⎛
⎜⎜⎝

4Cm(Am + 1
2
a3k

2) 0 2Cmγme 0
0 4Cm(Am + 1

2
a3k

2) 0 2Cmγme

2Cmγme 0 4Cm(Bm + 1
2
k2) 0

0 2Cmγme 0 4Cm(Bm + 1
2
k2)

⎞
⎟⎟⎠ . (A.12)

and the matrix Ak is presented in equation (A.12),

see equation (A.12) above.

In these terms the statistical sum Z can be written as:

Z =
∫

Dηke−β
∑

k ηT
k AkηT

k ≡
∏
k

Zk. (A.13)

Because the matrix Ak is symmetric and the vector ηk

is real, we can use the expression for the last Gaussian
integral:

Zk = (2π)
D
2 (detAk)−

1
2 , (A.14)

where D is the dimension of the vector ηk which in our
case is equal to 4. The final expression for Zk after diag-
onalization of (A.12) can be written as:

Zk =
π2

4

(
kBT

Cm

)2 1
|(Am + 1

2a3k
2)(Bm + 1

2k
2) − 1

4γ
2
me|

.

(A.15)
The corresponding total statistical sum is:

Z =
∏

k,kz>0

Zk. (A.16)

This expression is used in Section 4.3 to calculate the spe-
cific heat.

Appendix B: Angular degrees of freedom
in order parameter fluctuations

In our calculations we see a big discrepancy in specific
heat near the phase transition TM . Here we present a brief
discussion of possible way to improve accordance to the
experimental data by considering a little bit more realistic
model.

We assume that our order parameters are three dimen-
sional. Due to the fact that our main interest lies in region
near ferromagnetic phase transition and because Tf 
 TM

we can consider a following simplification: P (r) = P (r)ez.
The main idea of proposed improvement is to take into ac-
count the angular fluctuation of M near the phase tran-
sition. If we apply the orientation of the order parameters
as presented at Figure B.1 we obtain following Landau
free energy potential

ΔF =
a

2
M2

z cos2Θ +
b

4
M4

z cos4Θ +
α

2
P 2

+
β

4
P 4 + γ(PMz)2 cos2Θ. (B.1)

Fig. B.1. (Color online) Model picture of the order parameters
arrangement.

In the spirit of mode-mode coupling approach we can
present the following two terms from (B.1) as:

(Mz cos(Θ))2 ≈ 〈M2
z

〉
cos2Θ +

〈
cos2Θ

〉
M2

z

− 〈M2
z

〉 〈
cos2Θ

〉
(B.2)

and

(Mz cos(Θ))4 ≈ 〈M2
z

〉 〈
cos2Θ

〉
(M2

z +
〈
M2

z

〉
cos2Θ

− 〈cos2Θ
〉 〈
M2

z

〉
). (B.3)

After substitution (B.2) and (B.3) in (B.1) the free energy
potential will have the form:

ΔF = P 2

{
α

2
+
β

4
〈
P 2
〉

+
γ

2
〈
M2

z

〉 〈
cos2Θ

〉}

+ cos2Θ
{
a

2
〈
M2

z

〉
+
b

4
〈
M2

z

〉2 〈
cos2Θ

〉
+
γ

2
P 2
〈
M2

z

〉}

+M2
z

{
a

2
〈
cos2Θ

〉
+
b

4
〈
M2

z

〉 〈
cos2Θ

〉
+
γ

2
P 2
〈
cos2Θ

〉}

− 〈M2
z

〉 〈
cos2Θ

〉{a
2
P 2 +

b

4
〈
M2

z

〉 〈
cos2Θ

〉}
. (B.4)

Thus, the partition function can be introduced in the form:

Z =
∫

D(Mz)D(cos2Θ)D(P )e−
ΔF{Mz(r),cos2 Θ(r),P (r)}

kB T .

(B.5)
As can be seen from above equation (B.5) we can evaluate
mean values of the order parameters as a solution of this
self consistent problem. This enables us to calculate all
the remaining thermodynamic quantities of the model in
the same manner as was presented in Section 4.
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