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Ensembles of random density operators

Mixed quantum state = density operator which is

a) Hermitian, p = p,
b) positive, p > 0,
c) normalized, Trp = 1.

Let My denote the set of density operators of size .

Ensembles of random states in My

Let A be matrix from an arbitrary ensemble of random matrices.
Then
_ _AAT
P = TAAT

forms a random quantum state
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The ensemble analyzed

Wi s = <P1U1 + poUs +"‘+PkUk> Gy Gs

where U; are independent Haar random unitary matrices in U(N),
while G; are independent (rectangular) random Ginibre matrices and
p={p1,..., Pk} is a probability vector.

Define ensemble of normalized random density matrices of size N

Prs = Wk,kuT,s/Tr(Wk,SWkT,S)

* 1) What ensembles can be generated in this way?

* 2) What are their statistical properties ?

* 3) How these random states may emerge in quantum physics?
* 4) How to generate numerically random matrices from certain
ensembles, (e.g. Bures ensemble) ?
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Having at your disposal LEGO pieces of two kinds:
a) rectangular pieces (random Ginibre matrices)
b) round pieces (Haar random unitary matrices)

photo: Marysia Zyczkowska

What can you construct out of them ?
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How random mixed states
appear in quantum physics ?

Reduction of random pure states

1) Consider an ensemble of random pure states [¢)) of
a composite system distributed according to a given
measure /.

2) Perform partial trace over a chosen subsystem B to
get a random mixed state

p = TrglY) (¢

Depending on the structure of the composite system, the initial measure
1 in the space of the pure states and the choice of the subsystem B, over
which the averaging is performed

one obtaines  different ensembles of random mixed states.
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Pure states in a finite dimensional Hilbert space Hy

Space of normalized complex pure states for an arbitrary N:
52N—1_

Since (1)) =1 a normalized state belongs to the sphere
Two states equal up to a phase are identified, |¢)) ~ e/¥[t)), so the set of
states is equivalent to the complex projective space CPV~!

of 2N — 2 real dimensions.

N =2: For qubit = antum the word geometry
can be treated literally!

|¢h) = cos 2|1) + e/”sin 2|0)

CP! = Bloch sphere of N = 2 pure states
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Random Pure states in H)y

'Quantum chaotic’ dynamics (pseudo-random evolution)

described by a random unitary matrix U acting on a pure state produces
(almost surely) a 'generic pure state’ |¢)) = U|¢po).

e Formally one defines an (unique) Fubini-Study measure ;i on complex
projective spaces which is unitarily invariant: for any (measurable) set A
of states one requires u(A) = pu(U(A)).

e This measure covers the entire space CPV~! uniformly, and for N = 2
it is just equivalent to the uniform, Lebesgue measure on the sphere S2.

How to obtain numerically a random pure state |¢)) ?

a) Take a column (a row) of a random unitary U so that |[¢)) = U]i).
b) generate N independent complex random numbers z; according to
the normal distribution. Write |¢)) = ZlNzl ci|i) where the expansion

coefficients read ¢; = z;/\/>_; |zi|* .
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Composed systems & entangled states

bi-partite systems: ‘H = Ha ® Hp
@ separable pure states: |¢)) = |pa) ® |d5B)
@ entangled pure states: all states not of the above product form.

Two—qubit system: d =2 x2 =4

Maximally entangled Bell state |pT) := 2 <|00> 4 |11>>

S

Entanglement measures

For any pure state |¢)) € Ha ® Hp define its partial trace o = Trg|y)(¢].
Definition: Entanglement entropy of |¢) is equal to von Neumann
entropy of the partial trace

E(l¢)) == —Trolno

The more mixed partial trace, the more entangled initial pure state...

v
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Entanglement of two real qubits

Entanglement entropy at the tetrahedron of d = 4 real pure states
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More on this is can be foqnd in
I. Bengtsson and K. Zyczkowski, Geometry of Quantum States
(Cambridge, 2006, 2008)

Geometry of
Quantum States

An Introduction to
QUANTUM ENTANGLEMENT

Ingemar Bengtsson and
Karol Zyczkowski
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Generic pure states of a bi-partite system

"Two quNits’ = N x N quantum system

The space CPN*~1 of all states in H = Hy @ Hy has diot = N2 — 2
dimensions.
The subspace of separable (product) states CPV~1 x CPN~1 has only
dsep = 2(N — 2) dimensions.  For large N we observe that
dsep ~ 2N << diot ~ N2 so the separable states form a set of measure
zero in the space of all states.

Thus a "typical’ random state is entangled!

How much entangled?

Mean entropy of the reduced density matrix p

Let us call H = Ha ® Hp. Take any pure state |¢)) € H and define its
partial trace p := Trg|y)(¢| = Tra|y)(¢¥|.

The von Neumann entropy S of the reduced mixed state p is a
measure of entanglement of the initially pure bi-partite state |1).
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Average entanglement entropy for a bipartite system

N x N system

(SWhe ~ WN— 2 +O(T)

v

N x K system: formula of Don Page (1993/1995)

valid for random states in Hy ® Hx with K > N

(S()) = W(NK +1) — W(K +1) — % ~ InN— %

N x K system: probability measure

Let A = {\1,... Ay} denote the spectrum of the reduced matrix
p = Trg|)(¢|. If ) is taken uniformly on Hy ® Hk then

Puk(A) = Crnie 6 (1 =20 0) T AF N T (N = A)?
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Composed bi—partite systems on H, ® Hp

Ensembles obtained by partial trace: a) induced measure

i) natural measure on the space of pure states obtained by acting on a
fixed state |0,0) with a global random unitary Uap of size NK

N K
:ZZGU|I ® )

=i =il

Ho Uas 7, P Trg

ii) partial trace over the K dimensional subsystem B gives

pa = Trgl)) (1| and leads to the induced measure Py k() in the space
of mixed states of size N. Integrating out all eigenvalues but A\; one
arrives (for large N) at the Marchenko—Pastur distribution P.(x = NA;)
with the parameter ¢ = K/ V.
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Spectral properties of random matrices

Non-hermitian matrix G of size NN of the Ginibre ensemble

Under normalization TrGGT = N
the spectrum of G fills uniformly
(for large N!) the unit disk

The so—called circular law of Girko !

0
Re &

Hermitian, positive matrix p = GG' of the Wishart ensemble

Let x = N\, where {\;} denotes the spectrum of p. As Trp =1 so
(x) = 1. Distribution of the spectrum P(x) is asymptotically given by the

Marchenko—Pastur law
7D (x) = Pyp(x) = %, /2 —1 for x€[0,4]

16 / 33
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Composed bi—partite systems ||

b) Arcsine ensemble
i) Consider a superposition of two maximally entangled states on
Hyn ® Hy

|6) = [g) + (Ua ® Ln)lb4g), where [¥f5) = (1/VN) Soiea iy i),

while Us € U(N) is a Haar random unitary matrix with phases «;.

Ha Hp Tr
> B
% et e Pa
-
1 (Wpp*> ii)
2le<- 5@
Ua
i
ii) The reduced state pg = Trfql@;‘ﬁ' = 2;}:;72::&).

A

has the spectrum \; = (14 cosa;)/N for i =1,..., N. Thus for large N
the spectral density has the form of the arcsine distribution,

Parc(x) = WX;\/W with support x € [0, 2], where x = N.
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c) Generalization for k states

i) Superposition of k maximally entangled states on Hy ® Hpy
k
|6) = 3271 (Ui ® In)[Yag),
where U; € U(N) are independent Haar random unitary matrices.

ii _ Trele)(¢l (Uit U U +4U))
ii) The reduced state py = @0) T (Uit U U+t U]
asymptotically characterized by the leads to a Kesten distribution

4k(k—1)x—k2x2
Pp(x) = L VAHUDkRE

)
o whidfxbglongs to free Meixner laws (Bozejko, Bryc 2006) )

m, | with support x € [0,4(k — 1)/k],

where x = NA.

Observe that for k — oo the
* ko distribution Py tends to
o] \ Marchenko-Pastur 7(1), as the
S —_— renormalized sum of many
"l = N independent random unitaries bahaves

; ; : — as a Ginibre matrix .
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d) Bures ensemble

i) Consider a superposition of two pure states: a random state |¢);) and
the same state transformed by a local unitary Vj,

|6) == (1@ 1+ Va®1)|1h1), where |1)1) = Uag|0,0)
while V4 € U(N) and Uag € U(N?) are Haar random unitary matrices.

HA Hp
e reduced state pg = (Vi) is distributed according
The reduced Tr[( ))ZET(HV*)J
to the Bures measure, Pg(\1,..A\y) = C8 ]_[,-)\,-_1/2 ]_[,1<JN ();;);{j)

(Osipov, Sommers, Zyczkowski, 2010) characterized by the
Bures distribution,

ot = s | (2405 1) 2 (- VL)

where a = 3v/3. Square matrix G of size N from the Ginibre ensemble is

obtained from the first column of Uag od size N? which acts on |0, 0).
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Composed mutipartite systems & projections

a) Four-partite system & 7(® distribution

Take a four-partite product state,
|tbo) = [0)a ® |0)g ® [0)¢c ® [0)p =: |0,0,0,0) € Hn®*.
i) Apply two random unitary matrices Uag and Ucp of size N2,

W) = Uag ® Ucplho) = 1—y Sk =1 GiEia 114 ® Li)s ® |k)c @ |1)p

ii) Consider projector P := 14 ® \\I!EC><\IJ'§C\ ®1p
on the maximally entangled state, [W}-) = ﬁ Z:Yzl e ® |p)c

H, YAB 3, 1 YD Hr Hp He Hp Pa

D
0 © ® ® ® @
1 € ——=—>
i) [Upe"><Wpc'| i)

The spectrum of the iii) reduced state py = Tr@\)@f@ :ﬂGg’SEfTGT

consists of squared singular values of the product GE
of two independent Ginibre matrices, so the spectral density
is described by the Fuss-Catalan distribution 7(?)(x).

TrD

v
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b) 2s-partite system & 7(9) Fuss-Catalan distribution

Take a 2s-partite product state,
[o) =10)1 ®--- ®|0)2s € HN®2S.
i) Apply s random unitary matrices Uy 2, Us4,.. Uss_12s oOf size N2 each,
W}> U1,2 Q- U2S—1,2S’07 LD O> - Zil,..‘izs(Gl)ilin T (GS)I'25717I'25|’.17 ooog i2$>
ii) Project onto the product of (s — 1) maximally entangled states,
Ps =11 ® |W3r,3><w§r,3| Q- ® ’w;sf2,2sfl><w;_sf2,2sfl‘ ® 1as

Hl H2 H: H4 7_(25-1 H2s Hl H2 H% H4 H2s»1 st p1 Trzs
@ @ o -.-- @ e o ¢ @ --- © O
Fo= €« -> € =>
l) U1’2 U3’4 UZS—I,ZS “) PLS P4.5 P25-2,25-] lll)

The spectrum of the iii) reduced state
_ Tdd)(dl _ _ 616rGs(61Gr G
PA = Tl) T T [6iGrGy(GiGoGy)T]
consists of squared singular values of the product G; - - - G
of s independent Ginibre matrices, so the spectral density
is described by the Fuss-Catalan distribution 7(%)(x).
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Fuss-Catalan distribution 7(5)

defined for an integer number s is characterized by its moments

JxPrl)(x)dx = sp+1 (Sp:p> —: G

equal to the generallzed Fuss-Catalan numbers .

The density () is analitic on the support [0, (s + 1)5*1/s°],
while for x — 0 it behaves as 1/(mx%/(st1)).
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The same moments decribe (asymptotically) distribution of singular values
for s—th power of Ginibre G°, (Alexeev, Gotze, Tikhomirov 2010
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Fuss-Catalan distributions 7()

The moments of 7(%) are equal to Fuss-Catalan numbers.
Using inverse Mellin transform one can represent 7(%) by the Meijer
G—function, which in this case reduces to s hypergeometric functions

—
0
~

Exact explicit expressions for FC 7

s=1, 7M(x) = mf 1 0( 3 %x) = ¥1=X* "Marchenko—Pastur

T/ X

s=2,7d(x) = 23 2F1<—%7%; 2 %) -8mon(bit %)=
_ 323 f(27+3m)%
BT 3 (2r43v6T12x) 3
Arbitrary s, = 7(*)(x) is a superposition of
s hypergeometric functions,
7)(x) = Y0y B sFee1 (8. b0, b ax)
(Penson, Zyczkowskl, 2010)

VX Fuss—Catalan

7
6
I
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Multi—partite systems: graphs

Graph random states

Consider a graph I consisting of m edges By, ... By, and k vertices
Vi,... V. It represents a composite quantum system consisting of 2m
sub—systems described in the Hilbert space with 2m—fold tensor product
H=Hi® - Hom of dimension N7,

Each edge represents the maximally entangled state |®T) in both
subspaces, while each vertex represents a random unitary matrix U
(Haar measure =’generic’ Hamiltonian), coupling connected systems.

| \

A simple example: three vertices & two edges

%1 Va V3
69 |25) @ |®3,) @
Vi Va V3
o—o0—0 Hy Ha Hs Hay

We define a random state [¢)) = (U1 ® Ugz ® Uy) |®],) @ [®3,)
where \CD;fJ) denotes the maximally entangled state in subspaces k, j.

.
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Multi—partite graph systems: mixed states

Partial trace over certain subspaces

Consider an ensemble of random pure states |¢)) corresponding to a
given graph I'. Select a fixed subset T of subspaces and define a
(random) mixed state p(T) = Trr|y) (¢].

Tasks

e Determine the spectral properties of the ensemble of mixed states
p(T) associated with the graph I'.

e Find the mean entropy (S(p))y of the reduced state p averaged over
the ensemble of graph random pure states |¢)r 1.

Examples of partial trace for the graph I

V3 V3 V3
Vi 8 Voo 8 Voo S Va
The partial

trace is taken over all the subspaces T represented by open symbols.

KZ (IF UJ/CFT PAN ) Random Quantum States September 9, 2010 26 / 33



Graphs and random multi—partite systems

Partial trace over certain subspaces

For ensembles of random states associated with certain graphs " and
selected subspaces T — cross (x) — over which the partial trace takes place

v, A el il

Hy Ha Hs Hy Hs He Hr Hs Vs 121 V3

one can compute moments of the traces g := (Trp9),
and then obtain bounds for the average entropy (S) = (—Trplnp)y.
Collins, Nechita, Zyczkowski, J. Phys. A, (2010)
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Spectral properties of random mixed states |

Example 1: 2 bonds, 4 subsystems and one bi-partite interaction Uy

a) 7(® - maximaly mixed state p = N]l with entropy S(p) =InN

TR

b) 71 random mixed state generated according to the induced measure
V3

Vi 8 Va
with entropy S(p) ~InN —1/2

Let [¢)) =>_;>_; Gjli) ®[j) be a random pure state.

Then G is a random matrix of Ginibre ensemble consisting of

independent complex Gaussian entries normalized as |G|?> = TrGGT = 1.
The distribution of eigenvalues of a non—hermitian matrix G is given

by the Girko circular law, while positive Wishart matrices

p = Trg|y) ()] = GG' are described by Marchenko-Pastur law 7(1).
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Spectral properties of random mixed states ||

Example 2: 4 bonds, 8 subsystems and four bi-partite interactions V;

2)

c) 7(2) random mixed state generated by the 4—cycle graph

After partial trace over crossed subsystems
the random mixed state has the structure

p=0aGG Gl G},

where G; and G, are independent Ginibre
matrices and o = 1/TrG, Gy G{r G2T.

Mixed states with spectrum given by the \
Fuss-Catalan distribution 7(?)(x)
characterized by mean entropy \
S(p)~InN—-5/6 J\
Pup(x) = 71 (x) and 7(?)(x). :
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Spectral properties of the ensembles analyzed

Spectral density P(x) of the rescaled eigenvalue x = N

matrix W P(x) x—0 support mean entropy
1 7(©) - {1} 0
1+U arcsine x~1/2 [0,2] | In2—1=~ —0.307
G M.-P. (1) | x~1/2 [0, 4] ~1/2=-05

(1+U)G | Bures x=2/3 | 0,3v3] | —In2~ —0.693
G1Gy F-C =(? x~2/3 [0,63] | —5/6~ —0.833

e Gs F-C?T(S) X—s'/.(.s—i-l) [O,bs] Es-l—l 1

Table: Ensembles of random mixed states obtained as normalized Wishart
matrices, p = WWT/TrWW?. Here b, = (s + 1)**1/s® and the mean entropy
S) = —fxln xP(x)dx.

v
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Generalized ensemble of random states

Let

Wes = (Ui+ Us+ -+ Ue) G G,

where U; are independent Haar random unitary matrices,
while G; are independent random Ginibre matrices.
Define generalized ensemble of normalized random density matrices

prs = Wis W/ Tr(Wi s W)

Special cases:

s=0, k=1 = maximally mixed state
s=0, k=2 = arcsine ensemble

s=0, k=k = k—-Kesten ensemble

s=1, k=1 = Hilbert-Schmidt ensemble
s=1 k=2 = Bures ensemble

s=s, k=1 = s — Fuss Catalan ensemble
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Concluding remarks

Random pure state can be obtained from any initial state |0) by a
generic unitary evolution operator U, (corresponding e.g. to a
quantized chaotic evolution), [¢) = U|0).

Random mixed state of size NV from the induced ensemble (which
leads to Marchenko-Pastur spectral density) is obtained by the
partial trace of a composite system in an initially random pure state.
'Biased’ ensembles of random pure states + partial trace lead to
other ensembles of random states, including (Arcsine, k—Kesten,
Bures, s—Fuss-Catalan).

With any graph one can associate an ensemble of random pure
states. Selecting a set A of subsystems we define an ensemble of
mixed states p by performing the partial trace over them. Graphs
leading (asymptotically) to Fuss—Catalan distributions 7(*)(x) are
identified for any s =0,1,2, ....

Explicit exact expresstions for the distribution Fuss—Catalan
distributions 7(*)(x) are derived.
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Working with pieces of the two kinds:

a) rectangular pieces (random Ginibre matrices)
b) round pieces (Haar random unitary matrices)
one can construct...

many various ensembles of mixed quantum states !
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