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Chaotic cavities --> sample-to-sample 
fluctuations of observables

Goal: full probability distribution 

Technique: N-fold integral for large N 
---> canonical partition function of an 
auxiliary thermodynamical problem 
(Coulomb gas)

Phase transitions in the gas --> weak 
non-analytic points in the distribution



“A cavity of sub-micron dimensions, etched in a 
semiconductor is called a quantum 
dot”                     [C.W.J. Beenakker]

“…is essentially a mesoscopic electron billiard, 
consisting of a ballistic cavity connected by two 
small holes to two electron 
reservoirs.”             [R.A. Jalabert et al.]

Left lead

Right lead

‘N’ electronic channels in 
each of the two leads

Main feature: sample-to-sample fluctuations of 
experimental observables ---> Statistical Theory



Main observables

Conductance

Shot Noise

They fluctuate from sample-to-sample and will 
be regarded as random variables...



Scattering Matrix

 Scattering Matrix: 
connects the incoming 

and outgoing wave 
function coefficients
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Unitary or 
OrthogonalCharge 

Conservation



...is a random matrix drawn 
uniformly from the unitary 

(orthogonal) group 



Experimental observables are linear statistics on 
the random eigenvalues of the transmission matrix 

Hermitian 
transmission 

matrix

Conductance

Shot Noise

Landauer-Imry-Büttiker Theory
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Numerics

Support          

Mean

Variance 

[Hemmady et al. 2006]

Experiments



+ ‘S’ is drawn uniformly 
from the unitary 

(orthogonal) group

Joint Probability Density of Transmission Eigenvalues

*Muttalib, Pichard and Stone (1987)

*Mello, Pereira and Kumar (1988)

*Forrester (2006)

A physical realization of 
Jacobi ensemble of random 

matrices

N
N



Probability Density of Conductance

+

Goal: behaviour of this integral for large ‘N’



Main result

3rd derivative is discontinuous 
at critical points!

Rate 
Function



[Sommers et al. 
(2007); 

Khoruzhenko et 
al. (2009)]

[Osipov and Kanzieper (2008)]



Sketch of derivation (I)

Laplace Transform

= ‘N’

Partition Function



Sketch of derivation (II)

Mapping: Laplace 
transform of sought 

probability --> 
canonical partition 

function of an 
auxiliary problem



Sketch of derivation (III)

Saddle Point!

Dyson (1962); Dean & Majumdar (2006,2008) 



Sketch of derivation (IV)
Inverse 

Electrostatic 
Problem

Flowchart:

F. G. Tricomi, Integral Equations (1957)

p>4 -4<p<4 p<-4



Sketch of derivation (V)

From Laplace space to real space... ---> Gärtner-Ellis Theorem



Numerical Simulations
[C. Nadal]



Digression: largest Schmidt eigenvalue of 
entangled random pure states

Probability 
Density

Cumulative 
Distribution

Schmidt Eigenvalues of Entangled Random Pure States 



Summary

Random Scattering Matrix approach to quantum 
transport in chaotic cavities 

Full probability distribution of experimental 
observables (conductance, shot noise, moments) 
when number of electronic channels is large

Solution: canonical partition function of an 
auxiliary thermodynamical system (Coulomb gas)

Phase Transitions in the equilibrium gas density             
Weak non-analytic points in the distribution




