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» The system, the problem

M NL+Ngr M Np+Ng
Hiot = > iHretbe+ Y XherXo+ > Y (%b,:TcVVsmxa + xLWﬁawk)
ko o=1 a=1 k=1 a=1
mm CQVity mems = ]Jeads T m COUPLING m—

G =dI/dV

IT0AIISAI JYSTY J

Left reservoir w

© S. Oberholzer, Universitit Bazel Landauer Conductance




Applied Mathematics

H . T Quantum Transport and Painlevé Transcendents
a3 I L

» The system, the problem

['7in ar'mao 1an
Holon Institute of Technology

» The system, the problem
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M
Hiot = z ’l,ﬁ;E'HM’l/JE + z XoEF Xa +
a=1

k=1

M Np+Ng

> 2 (”‘PkaaanrxLW?;aw)

k=1 «a=l1

m CQVity meme  =mm Jeads T

m—— COUPIING

Universal transport regime

[] Electron dwell time | 7p = A/(Wup)

much larger than the Ehrenfest time
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» Brief excursion into Painlevé property

E. Picard
(1889)

Rational function of its arguments —

All movable singularities are restricted to poles
(no movable branch points)

(a) linear 2nd order DEs N2 _ 4 o —
= (b) Weierstrass DE ) oo
(c) Riccati DE y' = a(z)y® + b(x)y + c(x)

P. Painlevé (1900,1902)
Painlevé equations P; - Py, B. Gambier (1905)
nonlinear special functions R. Fuchs (1910)
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» Brief excursion into Painlevé property

2 2 | 1 ,
GPIII (tor)” — vive (o1)” + o (4o — 1) (o — tomn) — e (r1 —12)° =0

P (ta%})g — |ov — toy + 20v) + (vo 4+ 11 + o + v3)oy | ’
\%

+4(vo +ov)(v1 +ov)(r2 + ov)(vs +oy) =0

Hamiltonian system

P.P 02)
Painlevé equations P; - Py, fggg%iié%qq}g
nonlinear special functions IpF%g}i&ﬂ?

P. Clarkson, Painleve equations - nonlinear special functions, J. Comp. Appl. Math. 153, 127 (2003)

Backlund transformations ]
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» Brief excursion into Painlevé property

Remark:

Painlevé property is the child of «pure reason» ...

Question:

Should Painlevé transcendents be relevant to the description
of the physical world?

Answer:

Yes (seven decades after Painlevé discovery) !!
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» Painlevé transcendents in statistical physics

* 2D Ising model | 2007 Wlener PI‘lZQ

Hi(ftm = —.J z (o I'he committee also recognizes the earlier work

.k of Craig Tracy with Wu, McCoy, and Barouch, in
. which Painlevé functions appeared for the first
(a) R.Peierls (1936), (b)|  ime in exactly solvable statistical mechanical

KT Y (Y. VO3 e (K models. In addition, the committee recognizes |s
the seminal contributions of Harold Widom to the
asymptotic analysis of Toeplitz determinants and

(oooo M) .| theirvariousoperator theoretic generalizations. )
R=(M24 NL |
'[ ¥ I -

) i
tanh(J/T.) = V2 — 1 111
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» Painlevé transcendents in statistical physics

R
* Impenetrable Bose gas g — o L & 2
- i = Rl
* / = N
~ 60nm ﬁ E
E 52 2+QE 6(zi — z5) s
1<
FIG. 1. The geometry and size of trapped 1D gases in a two-

dimensional optical lattice. The spacing between the 1D tubes
in the horizontal and vertical direction is 413 nm.

M. Jimbo, T. Miwa, Y. Méri, and M. Sato (1980)

M. Girardeau (1960)

e Uv(t))

= lim on(x)

— XD

0o ()

= exp (/
L=N 0

on(z) = N/ dzo -+ dzy W (1,29, -+, 2n) V(0, 29, -

A Lenard (1964)
N)
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» Painlevé transcendents in statistical physics

* Growth models in (1+1)D / oriented digital boiling

—oco otherwise

hepi(z) = max {he(ax — 1), he(2) + €at ) || ho(2) = { 0 ifz=0

J. Gravner, C. Tracy, and H. Widom (2001) £x.t ~ Ber(p)

600

hi(z) | | Universal regime of shape fluctuations

500 o i

FIT) SR
; 5

r—oo,t—oo,p<p.=1—x/t<l

200

hi(x) — 1t
Prob ( It(r)tlf;l < S) = I ([on]; s)

| 1
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» The system, the problem, and the main result

<<{ ';-’;.(";”.)r>> " Landauer conduct

Universal transport regime —

v Electron dwell time | 7p = A/(Wup) |

much larger than the Ehrenfest time

| TE = A° ! Il!g{ i"'r_,n"rﬂ.r [

v’ RMT dynamics: [ {Hee} € GUEx s

+ Fifth Painlevé transcendent !! *

E— th cumulant of the
ance

BPC

G =dl/dV ‘

Left reservoir ]

Landauer conductance
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» Cumulants

o= Sep) =1 = 2inWi(ep — H +inWWHT'W | |-
a" l P. Brouwer
ol — ( : H e GUEn 0 (1995)
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» Cumulants of the Landauer conductance (derivation)

M NL+NRr M N1 +Np
Hior = Z Y Hiebe + Z XaEFXa + Z Z (%ﬁ;TcVVkaXa + XLW;a’ébk)
k,0=1 a=1 =1 a=1

S € CUE(NL -+ NR) @am | BPC
|

Scattering matrix approach

G/Go = tr (clsczs*)

Cl _ H.NL CQ _ OJVL
OJ'VR :[LJVR

IT0AIISAI JYSTY J

Left reservoir W

Landauer conductance
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» Cumulants of the Landauer conductance (derivation)

. Cumulant generating
Fn(z) = <€_ztr (5€18 Cg)> function
SEC[TE(JVL+1VR) n — miﬂ(NL, NR)
Itzykson-Zuber formula, but: BPC

high degeneracy of C-matrices

!/
S — "Ny x NL tNL X Np

/
"'NrxNr

IT0AIISAI JYSTY J

Left reservoir W

Truncate! Hua (1963)
Zyczkowski & Sommers (2000)

Landauer conductance
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» Cumulants of the Landauer conductance (derivation)

. Cumulant generating
Fn(z) = <€_ztr (SC1s7C2) > function
SEC[TE(JVL+1VR) n — miﬂ(NL, NR)
Itzykson-Zuber formula, but: l v = |NL — Ng|

high degeneracy of C-matrices

/ — T
S _ T_.NLXJVL tJVL X Nr Fn (Z) — <€ ztr (tt )>
/
"NpxNr l ENR XN

S e CUE(NL + NR)

fn(z)oc/ [ 475 77 exp(—2T5) - AL(T)
(0,1)m 57 e—— S— e

Truncate! Hua (1963)
Zyczkowski & Sommers (2000)
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M. Adler, T. Shiota, P. van Moerbeke, Phys. Lett. A 208 (1995) 67.
M. Adler, P. van Moerbeke, Ann. Math. 153 (2001) 149.

Correlations of RMT characteristic polynomials
and integrability: Hermitean matrices

» Cumulants of the

Vladimir Al. Osipov?, Eugene Kanzieper >

2 Fakultdt fiir Physik, Universitit Duisburg-Essen, D-47057 Duisburg, Germany
b Department of Applied Mathematics, HI.T. - Holon Institute of Technology, Holon 58102, Israel V
“Department of Physics of Complex Systems, Weizmann Institute of Science, Rehovot 76100, Israel ! R)

@ Annals of Physics 325 (2010) 2251-2306
______________________________________________________ 'I-"__r_c1'_|__‘.____NR|

® Gap formation probability in LUE

® Fruitful ideas of integrability How can it be
- evaluated
— nonperturbatively ?!
Fnl(z) ox [ 475 77 exp(—2T5) - AL(T)
(0,1)™ o —— ———
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v o —zT 1 -
jn(z) - / H dTJ Tj € *13 A’IQL(T) Y Tn(t; 2) = H dT TV — IV T )A ( ) ]
(0.1)m 3255 (0,1)" 323
1 !
L ) - ) (T = Ztka
e Kadomtsev-Petviashvili equation (the whole hierarchy) T

o 0* 0> 92 2
- 3 — —17 l - b l - t P — 0
(6)1*% T c")tlé)tg) 0g Tt 2) + (dz 0g Ty (: ))

— ® Virasoro constraints q=z 0

L t) — L, () — 2= ) — | Tt z) =0 * Relation
[‘qﬂ( } _q( j« 7‘%q+2 ety }dfq—kl V‘atq] (£:2)

X In(z) = nlr.(t, 2)

a 92 PR . =
Zﬂf Z B . kY =
’ dtqﬂ j o0ty

Virasoro algebra
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‘ ) o =21 A2
In(z)=[ H dI; 15 e AL(T) [ Solve the two togetherat ¢t = 0 !! I»
7=

e Kadomtsev-Petviashvili equation (the whole hierarchy) -

o 0* 0> 92 2
- 3 — —17 l - b l - t P — 0
(6)1*% T c")tlé)tg) 0g Tt 2) + (dz 0g Ty (: ))

® Virasoro constraints -

L t) — L, (t) — z- ) — | T (t:2) =0 * Relation
[ 1) o(? 7atq+2 ety }dfq—kl V‘atq] (£:2)

q P Ja(z) = nlmalt, z) -
[q:[]. q = 1]

/.f-‘-—-—""—\

Zﬂ:’ dtq+J Z Ot ; Ot

q—J
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» Cumulants of the Landauer conductance

® Final result

» Introduce

[ Solve the two togetherat ¢ = 0 !! ]

— cumulant generating function

~

C oy 0
ov(z) = NiNp + 25 log F,,(2)

» Observe the fifth Painleve transcendent

52
(z 5.2 oV

2 C) 2 d 2
(Zj) — lﬁv(z) + 2 (d (I\.r(:zj) + U\'TL + Nr — Z) — U\r(z}]
z o

O  Nfn O 9
—|—4 (az (I\_r(_z)) (f\-"L + az(f\;(z)) (i‘\-"R + asz\;(zj) =10

Z
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» Cumulants of the Landauer conductance

[ Solve the two togetherat ¢ = 0 !! ]

— cumulant generating function

—e Fifth Painleve transcendent

Taylor expansion <—I

. ; | ) 2)
0% o ) ) 0 |
(z 5,20V (_z)) — [Uv(z) + 2 (C?z oy (_z)) + (N, + Nr — 2) 5, ﬁ\r(z)]
a0\ % o
+4 ( (I\.r(_zj) (f\'rL + - (I\_r(zj) (ﬂﬁ:{ + - (I\_r(_z)) =10
1 0z 0z 0z ) — NLNRr
\_ a
=1 7 | Cav
4 (L)t 0 )
() = Nt V- - G/Go) ., £ —th cumulant of the
' ov(2) LAV T ; I'(/) <<( /Go) >> Landauer conductance
[

J

@ ——ml
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» Cumulants of the Landauer conductance: Recurrence relation

Ry = <<(G/GO)£>>

NiLNr

f’»‘1(9) = m

K1 (g)

k2(g) = (i T Nm)E 1

|

|

-

\_

i=1 ' :
[(NL + N)? = 2] (G + Dz (9) = ‘{Z“f + 1 ‘”E(i{)

=)

— (NL+ Nr)(2j — 1) jri(g) — 37— 1)(7 — 2) kj-1(9)

Y

Keg1(g)Kj-e(g)

~N

J

ov (Z) = Ny, Nr + Z
=1

@ ——m

’z)f

e

(—
I'(£)

{(G/Go)"))

—e Fifth Painleve transcendent

. ¢ —th cumulant of the
Landauer conductance

Taylor expansion <—I

~

J

@ ——ml
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» Cumulants of the Landauer conductance: 1/n expansion

f’f—_ R 8
o 1 L+ (=1)° (¢ =1)!
h-f(.f}) Ef\e: 1+ Eéez + N (4”)5
4 =1 _ )
[(NL + Nr)* =571 (G + Drjpa(9) = Z 30+ 1)(j - £) ({) Key1(9)kj—-e(g)
=0
— (NL+ Nr)(2j — 1) jr;(g) — 37— 1)(J — 2) Kkj-1(g)
\_ J

(" o , )
ov(2)= NLNRr Z 2 <<(fo; GO)‘G» - . £ —th cumulant of the

Landauer conductance

E:
Taylor expansion <—I

—e Fifth Painleve transcendent

- J

@ ——ml

@ ——m
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» The system, the problem, and the main result

ov(2)|= NLNrg +Z

£=1

< '/ (IH >> *4:_. f—th ;'um-uliml n.ul' the

T

L' Fifth Painlevé transcendent!! ~—————-

— Universal transport regime |—

v Electron dwell time | Tp = A/{(Wup)

much larger than the Ehrenfest time

l-h = A =1 |l‘.|g‘.' .l‘.;;r‘-I.F J

v’ RMT dynamics: [ {Hie} € GUErs« s

Landauer conductance

BPC

H 1+ eV

G = dI/dV ‘

Left reservoir ‘|

Landauer conductance

ITOAI2SAI JYSTY _J
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The system, the problem, and the main result-

Why the result is interesting

» Brief excursion into the Painlevé property

» Appearance of Painlevé transcendents in statistical physics
Paul Painlevé

» Derivation (Landauer conductance)

» Cumulants of the Landauer conductance
» Distribution functions

Gaston Darboux
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» Distribution of the Landauer conductance (derivation)

! 1
Fo(2) =ct / HdT TV exp(—21;) - AL (T) = = det o [ / AT THFFve==T
(0,1)m™ A Cn 0

Laplace transform of conductance
probability density function

Hankel ; determinant

| n—+1cp1cn ol | |
var, (G) = 221t ,, Fo(z) = — det [(—0.) "+ Fy(2)]

T C ()

NZNZ
(N, + Ng)?[(Ny, + Nr)? — 1]

Gaston Darboux

Fu(2) Ti(2) = (T(2)” = var, (G) Fu1(2) Fupa(2) '

The Toda Lattice equation — recursive procedure « exact solution
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» Distribution of the Landauer conductance (derivation)

1
z

® Inverse Laplace transform yields the conductance p. d. f.

® Recurrence brings n (

var, ((;j _ T "‘ ]. ('1n—1;:-11+1 | g-n(z) _ :LI dCt [(_az)g-i-k 9;-1 (Z):|
T Ccr o -9 ‘n
"?\TE"?\TE{ ' (v + 1)! . i
(NL + Np)2[(NL, + Np)? — 1] hle) =" (1 —c ; m)
Gaston Darboux =Y
7 / 2 _ Fo(z) =1
Fn(2) T3 (2) — (F5,(2))" = var,(G) Fpn—1(2) Fnt1(2)

The Toda Lattice equation — recursive procedure « exact solution
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Why the result is interesting

» Brief excursion into the Painlevé property

» Appearance of Painlevé transcendents in statistical physics
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» Derivation (Landauer conductance)

» Cumulants of the Landauer conductance

| 4 __,..--"'""-__ ey

3 i Gaston Darboux
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11710 '2171130 |12D ® Gram-Charlier expansion
rel9) =5 16 8 (An)?

n . 1 . L+ (=1)¢ (¢ —1)!
. = 50p1 + 02+ —
® 1/n cumulant expansion |

» The end of uncontrolled combination

® Osipov-Kanzieper result [Phys. Rev. Lett. 101, 176804 (2008)]

( 1 _
—212%n?, < e Gaussian for|n| < - ~+ (bulk)
1 3 1 .
log fSK(_g) ~{ —2n? (\n\ — 1) ~1 log n, = Exponential for B <yl <1 -~ (tails)
5 : . n* _ 2 .
Power -law o |=(n° — 1) log(2|n —n«|) — 5 + 9 logn, for |n—n« < — ~= (edges)
u n

® Bohigas-Majumdar-Vivo result [Phys. Rev. Lett. 101, 216809 (2008)]

. _ 1 . .

) —2n%n? + c:-(-;'a-z). - * Gaussian for |n| < = ~= (bulk)

. /BMV - 9 : /
log [, " (g) ~ o2 _ 1 _ .
Power-lawe = | n? log(2|n —n.|) — -t o(n?). for 3 < | <1 ~= (tails)

T;:Q'(i—l, e = £1

T
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» The end of the large-n controversy

. . . ( 3 _
® Painlevé analysis —dp + i log(—p). p< —1
o = ov(t) —n? 2
Fnlz) =exp (/ dt ( .f ) log F,, (2 = 4np) = n* ¢ % — 2, Ip| <1
0 , |
& lo > +1
. g — — log p, D
® In the global regime 7 fixed: 2 ! !
T
e Ry |
= | o —2n2n? + o(n?), = * Gaussian for |n| < = ~ (bulk)
| log £ (g) ~ 2 2
|
|

Power-lawe = | n? log(2|n —n.|) — % +o(n?), for 5 < | <1 ~ (tails)

I No exponential tails !!
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» Brief excursion into the Painlevé property
» Appearance of Painlevé transcendents in statistical physics
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» Derivation (Landauer conductance)

» Cumulants of the Landauer conductance
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