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Motivation

e Examples for non-Hermitian situations:
| Scattering on systems with absorption — Ginibre-Girko
I RMT with complex eigenvalues: true Coulomb gas In 2D — [Forrester '10]

Il Finance : Covariance matrix of lagged times series: C;;(C; j+1)"
Ci; = P;(t;) prize of stock ¢ at time

IV Quantum ChromoDynamics (QCD):

0 1P+ pQ)
iPT 4 QT 0

complex for p # 0

DDirac — (

virtue: RMT for QCD is a controlled approximation

e lll & IV deal with rectangular matrices

— non-Hermitian chiral/Wishart/Laguerre



Motivation Il - RMT vs QCD Brunel

WEST LONDON
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Why should we expect universality?

"Universality = non-Gaussian RMT gives same as Gaussian”

e universality true on R & weak non-Hermiticity is deformation

Sine-kemnel | KC. (z,u*) ~ [ dt e cos(t(z — u*)) | 22

Kgme(x’ y) _ fol dt COS(t(ZC - y)) _ sinagi;y) _ sin(x) cos(ya)c:zos(x) sin(y)
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Why should we expect universality?

"Universality = non-Gaussian RMT gives same as Gaussian”

e universality true on R & weak non-Hermiticity is deformation

o—0

Sine-kernel | K¢S, (z,u*) ~ fol dt e~ cos(t(z — u*)) | =

o rl __sin(x—y) __ sin(z) cos(y)—cos(x) sin(y)
(z,y) = Jy dtcos(t(z —y)) = == = =y

K

me

e RMT to generate triangulations of surfaces
- which polygons not important
- difference to Hermitian 1-RMT: 2 colors = checkered surfaces

e same result as Gaussian RMT from field theory

e.g. QCD- spectral density from chiral perturbation theory



Which Non-Hermitian RMT: A) elliptic Ginibre-Girko ensemb les  brunel

P(J) ~ exp [— L Tr(JJT+ Z(J* + JT 2))} Ginibre-Girko

1—7

o J;fj #+ J;; e R,C,HN x N matrix for 3 =1,2,4
e We consider complex eigenvalues of matrix J

e deformation parameter 7 € [0,1):
- limit 7 — 1 gives back GOE, GUE and GSE

- maximal non-Hermiticity 7 = 0 = original Ginibre ensemble
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Which Non-Hermitian RMT: A) elliptic Ginibre-Girko ensemb les  brunel

P(J) ~ exp [— L Tr(JJT+ Z(J* + JT 2))} Ginibre-Girko

1—7

o J;fj #+ J;; e R,C,HN x N matrix for 3 =1,2,4
e We consider complex eigenvalues of matrix J

e deformation parameter 7 € [0,1):
- limit 7 — 1 gives back GOE, GUE and GSE

- maximal non-Hermiticity 7 = 0 = original Ginibre ensemble

o equivalently J = H +iA\/(1—7)/(1+7):
P(H,A) ~ exp [— = TrH? — LTrAz} = two-matrix model (2MM)

1—7
o other weights : - non-invariant: J;; I.I.d. & moment conditions
- invariant: Gauss weight — exp[—NTrV (J; 7)],
e.g. V harmonic/Elbau-Felder (= J normal not needed!)
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B) non-Hermitian chiral/Wishart/Laguere ensembles

P(6,) ~ exp | — 2LTH(g6! + 4Ty + r(gw + wig)

[Osborn '04; GA '05; +Phillips, Sommers '09]
e non-Hermitian ¢;;,1;; € R,C;H N x (N + v) matrix for 3 =1,2,4
e consider squared complex eigenvalues of matrix product ¢

e deformation parameter 7 € [0,1):
- limit 7 — 1 gives back chGOE, chGUE and chGSE
- maximal non-Hermiticity = = 0: Wishart 2MM
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B) non-Hermitian chiral/Wishart/Laguere ensembles

P(6,) ~ exp | — 2LTH(g6! + 4Ty + r(gw + wig)

[Osborn '04; GA '05; +Phillips, Sommers '09]

e non-Hermitian ¢;;,1;; € R,C;H N x (N + v) matrix for 3 =1,2,4
e consider squared complex eigenvalues of matrix product ¢

e deformation parameter 7 € [0,1):
- limit 7 — 1 gives back chGOE, chGUE and chGSE
- maximal non-Hermiticity = = 0: Wishart 2MM

e equivalently ¢, v = iP +Q+/(1—7)/(1+ 7):

e other weights : add higher powers (¢)* + h.c.: "harmonic”

_ . 0 P+ pu(1)Q
o for QCD: P x det” ( P+ ()0 A )
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WEST LONDON

e 3 =2: A) Ginibre-Girko & B) chiral/W/L squared eigenvalue, v = O(1)
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Ensemble characteristics for A) & B)and 5 =1,2,4 Brunel

WEST LONDON

e 3 =2: A) Ginibre-Girko & B) chiral/W/L squared eigenvalue, v = O(1)

e chiral/W/L : + also repulsion/attraction from imaginary axes
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Results for general weights: structure UNIVERSITY

e Determinental and Pfaffian point processes: A) and B)
N
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e Determinental and Pfaffian point processes: A) and B)
N
Z =1Ly Jo @P2iPjpas

Ry(21, -+ 2) = zrnegy Lickr1 Jo @2 Pipas k-point correlations
B=2: Ri(z1,...,2) ~ [1F w(z:) detpxr[K S (2, 25)

8 =4 ~ TTF w(zi) Pagxar[k) (2, 7))
(1) (1)
! ~ Plokxak o Jwky

—fwk](\}) w—fwfwk](\})

where to distinguish real and complex conjugate z;

Brunel

e Same structure as Gauss [Ginibre’65; Mehta’91; Sommers'07; Forrester & Nagao’07;

Borodin & Sinclair'07]

e 7 many more unsolved non-Hermitian classes: + 27 [Bernard &
LeClair02, Magnea’07] + above 6 + 10 Hermitian [zirnbauer96,+ Altland’97]
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Results for general weights:

e kernels & (skew) orthogonal polynomials:
characteristic polynomials (e.g. from Susy)

K (2,u%) = (det(z — J) det(u* — J1)) = V7L P (2) Py(u*)

EGY (2, 0) = (2 — u)(det(z — J) det(w’ — J) = Ty (qan(2) g1 (u”) — (=)
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Results for general weights:

e kernels & (skew) orthogonal polynomials:
characteristic polynomials (e.g. from Susy)

K](\?)(z, w*) = (det(z — J) det(u* — JT)) = Z]kv_l Py(2) Pe(u™)
B (2,0) = (= — w*){det(z — J) det(u® — J1) = X (aak(2)aze 1 (u”) — (=)
) = (det(z — J))

gon(z) = (det(z — J)) , qopr1(z) = (det(z — J)Tr(z + J))

e likke on R [Heine; P. Zinn-Justin’98; Eynard’01; Gosh & Pandey’02]

but different scalar product [Vernizzi, GA’03; Kanzieper'02; GA'05,+ Kieburg,
Phillips’10]

e similar expressions hold for the Cauchy transforms of (S)OP
e 7 = ( trivial: rotational invariant weight w = w(|z|): monic (S)OP

e How to do asymptotic for generic SOP and their norms?



Results for Gauss (matrix) weight: (skew) orthogonal polyn ~ omials Brunel

WEST LONDON

e all OP and SOP know explicitly in terms of Hermite H; and
Laguerre polynomials L; on C for all 3 = 1, 2, 4 [DiFrancesco, Gaudin,
ltzykson, Lesage’94; Kanzieper'02; Forrester, Nagao’'07; Osborn’04; GA'03+'05, + Kieburg,
Phillips’10]
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Results for Gauss (matrix) weight: (skew) orthogonal polyn omials

e all OP and SOP know explicitly in terms of Hermite H; and
Laguerre polynomials L; on C for all 3 = 1, 2, 4 [DiFrancesco, Gaudin,
ltzykson, Lesage’94; Kanzieper'02; Forrester, Nagao’'07; Osborn’04; GA'03+'05, + Kieburg,
Phillips’10]

e scalar products are wrt the following non-Gauss weights

A) =2 | exp —%(]2]2+T(22+Z* 2)/2)
B =4 (z—2")x ditto
B =1 | real eigenvalues : Gauss
complex conjugate pairs : Gauss x Erfc(|z — z*|)

B) 3 =2 | mod. Bessel: |z|VK,(a|z]?)x Gauss
B=4| (2% —2z**)x ditto (v — 2v)
B=1]real (v—v/2)
complex: Gauss x Erfc x [ 4 ea(22+22*)t—1/4tK% (a]z|?t)

e proof (5 = 2) Hermite & Laguerre on C: generating functional(!) or ¢
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Example densities for B) (= 1: 2 real asymetric matrices UNIVERSITY

WEST LONDON

e Density of complex, real and imaginary Dirac eigenvalues

[Phillips, Sommers, GA, J. Phys. A43 (2010) 085211 [arXiv:0911.1276], see also J. Phys. A42 (2009)
012001 [arXiv:0810.1458]

Ry (z) =
sr e J oo da'sgn(@ — af)wa |2 T2 Ky (ny [w])2K 4 (ny |2'))

o Z;V:_(f <Zf)2j % {Lﬁl <ﬁ) L <ﬁ) — (2 m)}

with mapping RS, ..(7) = 2|z| RY (2?) 13719




Results for Gauss (matrix) weight: kernel relations Brunel

e the 5 = 1,4 anti-symmetric kernels can be expressed through the
symmetric 5 = 2 kernels [Phillips, Sommers, GA '10]

A)pg=1 k](\})(m,y) = _Gy — 0y — 2(y — x)}KZ(\?) (x,y) | finite-N

B) B =1|k\(z,y) = :yf?y — 0y — (y — x)]Kﬁ)(x,y)
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Results for Gauss (matrix) weight: kernel relations Brunel

e the 8 = 1,4 anti-symmetric kernels can be expressed through the
symmetric 5 = 2 kernels [Phillips, Sommers, GA '10]

A)pg=1 k](\})(x,y) = _Gy — 0y — 2(y — x)}K](\?) (x,y) | finite-N

B) B =1|k\(z,y) = :yf?y — 0y — (y — x)]K](VQ)(fc,y)

e Simlarforg=4atr=0and N =

e both true for general weight functions?

—— universality for 3 =2 implies 6 =1,47



Large- N limits Brunel

1) strong non-Hermiticity : 7 € [0, 1) fixed: not considered here
a) bulk limit /N (z — z) = ¢ fixed
b) outer edge (1 + z)e*?

c) complex eigenvalues close to the real line
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Large- N limits

1) strong non-Hermiticity : 7 € [0, 1) fixed: not considered here
a) bulk limit /N (z — z) = ¢ fixed
b) outer edge (1 + z)e*?

c) complex eigenvalues close to the real line

i) weak non-Hermiticity : (1 — 7)N° fixed when 7 — 1

a) origin Nz = ¢ fixed, | (1 — 7)N = o2
b) bulk ditto

C) outer edge close to real axis
Re¢ = (z — (14 7))N?/?, Smé = yN2/3,

(1 —7)N'/3 = 2| (bulk already in strong limit)




Weak non-Hermiticity results: Brunel

UNIVERSITY

WEST LONDON

e standard asymptotic of Hermite & Laguerre gives:

A) B =2|KS, (z,u*) ~ [ dt e cos(t(z — u*))

[Fyodorov, Khoruzhenko, Sommers '98]

3 similar results for 6 = 4,1

[Efetov’97,+ Kolesnik’99; Kanzieper'02, Forrester, Nagao’'08]
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e standard asymptotic of Hermite & Laguerre gives:

A) B =2|KS, (z,u*) ~ [ dt e cos(t(z — u*))

[Fyodorov, Khoruzhenko, Sommers '98]

3 similar results for 6 = 4,1

[Efetov’97,+ Kolesnik’99; Kanzieper'02, Forrester, Nagao’'08]

B) 3=2|K% .. (2u*) ~ fol dt €71 J,(tz)J,(u*)) | [0sborn ‘04, GA '03]

essel

3 similar results for 5 = 4, 1 [GA'05; + Phillips, Sommers’10]
A&B) 5 =2
KS;,, (z,u") ~ [5°dt e=T T Ai(z + t + oh)Ai(u* +t + o))

[Bender'08+GA’'10; Garcia, Nishigaki, Verbaarschot’02]
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3 similar results for 6 = 4,1

[Efetov’97,+ Kolesnik’99; Kanzieper'02, Forrester, Nagao’'08]

B) 3=2|K%,, . (2,u*) ~ fol dt €7 J,(tz)J, (u*)) | [Osborn 04, GA 03]

3 similar results for 5 = 4, 1 [GA'05; + Phillips, Sommers’10]
A&B) 5 =2
KS;,, (z,u") ~ [5°dt e=T T Ai(z + t + oh)Ai(u* +t + o))

[Bender'08+GA’'10; Garcia, Nishigaki, Verbaarschot’02]

e sending o — 0 gives back kernelson R

16/19
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What is known about universality? UNIVERSITY

e universal Sine kernel on C in the bulk: heuristic proof

- 1.1.d. matrix elements [Fyodorov, Khoruzhenko, Sommers '98]
- 12 2k 2 ,
- harmonic V(z) = ==|2|° + >, gx(2*" + 2" ) [GA 03]

« universal parameter z — zmwp(x)
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[Osborn’04; GA'03 vs. Splittorff, Verbaarschot '04]
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same result from A) 3 = 2 and B) 8 = 2 [Bender08, +GA'10]
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- harmonic V(z) = ==|2|° + >, gx(2*" + 2" ) [GA 03]

* universal parameter z — zmp(x)

e Bessel kernel on C at the origin:
same result from two different (Gaussian) RMT: 2MM and 1MM

[Osborn’04; GA'03 vs. Splittorff, Verbaarschot '04]

e Airy Kernel on C at the soft edge close to R:

same result from A) 3 = 2 and B) 8 = 2 [Bender08, +GA'10]
- Hermite H;, and Laguerre L} have same edge asymptotic on C

e same kernels appear in Hermitian 2MM: parametric correlations

e How to get more & rigorous results for non-Gaussian weights?
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e trace squared ensembles: well studied on R [Khorchemsky’'92, David'97]

P(H) ~ exp | = TV (H) + (gTrV (H))?

- below a critical coupling g < g.: behavior unchanged = universal

e exactly solvable quartic non-Hermitian RMT
"Hubbard-Stratonovic”

exp[—TrV (H) + (¢TrV (H))?] = [dx e exp|—(1 + 2gz)TrV (H)]

and choose V (J) = JJ' 4 7/2(J% + JT 2)) Gauss:
— integrate A) or B) with x-dependent variance

- asymptotic depending on g remains to be done

e J more general deformations: — new universality classes
P, (H)=1+TV(H)) " ~ [ de w(z)Pcauss(H; x)
has power law tails and deformed correlations
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Conclusion & open problems UNIVERSITY

WEST LONDON

e 7 strong arguments for universality of weak-non-Hermiticit y
= one parameter deformation of real kernels:
- heuristics
- same results from different Gaussian RMTs

e How to gain rigorous & more general universality results?

- amend Riemann-Hilbert methods: 9-problem ?

[Its, Takhtajan '08; Balogh, Harnad '08]

- complex analysis tools from strong limit ?

[Berman et al. '08]
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