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|. Linear kinetics and stochastic resonance

» Linear kinetics is easy to solve analytically.
Linear kinetics is a "skeletal" model of a few realistic
systems.
Linear kinetics is a final stage of many realistic,
dissipative processes.

» Gaussian white noise (GWN) corresponds to
equilibrium fluctuations.

Therefore. ..

» |t will be nice to show that Stochastic Resonance
(SR) is present in linear systems driven by GWN.

However. . .
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Linear kinetics is a "skeletal" model of a few realistic
systems.

Linear kinetics is a final stage of many realistic,
dissipative processes.

» Gaussian white noise (GWN) corresponds to
equilibrium fluctuations.

Therefore. ..

» It will be nice to show that Stochastic Resonance
(SR) is present in linear systems driven by GWN.
However. ..

» SR is a phenomenon that is essentially nonlinear.
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|. Linear kinetics and stochastic resonance

» Linear kinetics is easy to solve analytically.
Linear kinetics is a "skeletal" model of a few realistic
systems.
Linear kinetics is a final stage of many realistic,
dissipative processes.

» Gaussian white noise (GWN) corresponds to
equilibrium fluctuations.

Therefore. ..

» |t will be nice to show that Stochastic Resonance
(SR) is present in linear systems driven by GWN.

However. ..
» SR is a phenomenon that is essentially nonlinear.

Can there be a way around?
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There have been many attempts to show LSR. These

» required colored noises;

» required a special preparation of the system (or the
signal);

» LSR was present only for transient times;

» LSR did not survive averaging over the phase;

» the power spectra were divergent, etc.
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There have been many attempts to show LSR. These

» required colored noises;

» required a special preparation of the system (or the
signal);

» LSR was present only for transient times;

» LSR did not survive averaging over the phase;

» the power spectra were divergent, etc.

A robust linear stochastic resonance is still missing.
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There have been many attempts to show LSR. These

» required colored noises;

» required a special preparation of the system (or the
signal);

» LSR was present only for transient times;

» LSR did not survive averaging over the phase;

» the power spectra were divergent, etc.

A robust linear stochastic resonance is still missing.
Many say it is simply not there.
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There have been many attempts to show LSR. These

» required colored noises;

» required a special preparation of the system (or the
signal);

» LSR was present only for transient times;

» LSR did not survive averaging over the phase;

» the power spectra were divergent, etc.

A robust linear stochastic resonance is still missing.
Many say it is simply not there.
Orisnt't it?
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[I. A noisy logistic equation

The logistic equation
x = x(a— bx)

a > 0, is one of the best known population models. Its
noisy generalization

x = (1+ ot(t))x(a— bx)

has long since been discussed.

(1)

(@)
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[I. A noisy logistic equation

The logistic equation
x = x(a— bx) (1)

a > 0, is one of the best known population models. Its
noisy generalization

x =(1+0&(t))x(a— bx) (2)
has long since been discussed.
Lets admit that both the paramaters a, b fluctuate
X = (a+ pém(t))x — (b+ qa(t))x?. (3)

&m, &2 are GWNs, possibly correlated.
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If we make the substitution
_1
Y=x
Eq. (3) is formally converted to a linear equation

y =—(a+pém(t))y + b+ géa(t) .
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If we make the substitution
_1
Y=x
Eq. (3) is formally converted to a linear equation

y =—(a+pém(t))y + b+ géa(t) .

But can we do this substitution?
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If we make the substitution

1
y= x (4)

Eq. (3) is formally converted to a linear equation
y=—(a+pim(t))y + b+ géalt). (5)

But can we do this substitution?

It turns out we can! In [1] Mao et al. have shown that, in
Ito interpretation, if p = 0 (only one noise is present),
solutions to (3) remain bounded and positive almost
surely. This proof was later generalized in [2] (PFG) to the
case of p # 0.
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If we make the substitution

1
y= x (4)

Eq. (3) is formally converted to a linear equation
y=—(a+pim(t))y + b+ géalt). (5)

But can we do this substitution?

It turns out we can! In [1] Mao et al. have shown that, in
Ito interpretation, if p = 0 (only one noise is present),
solutions to (3) remain bounded and positive almost
surely. This proof was later generalized in [2] (PFQG) to the
case of p # 0.

We can divide by x without risking a division by zero
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The linear transmitter

The lucky thing is, we can solve the linear equation

y =—(a+pém(t))y + b+ qéa(t) (6)

exactly, provided we know what to do with the correlations
between the noises.
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The lucky thing is, we can solve the linear equation

y=—(a+pém(t))y + b+ qéal(t) (6)
exactly, provided we know what to do with the correlations
between the noises.

A parametric coupling between the dynamical variable
and the noise indicates a hidden nonlinearity.
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The linear transmitter

The lucky thing is, we can solve the linear equation

y =—(a+pém(t))y + b+ qéa(t) (6)

exactly, provided we know what to do with the correlations
between the noises.

A parametric coupling between the dynamical variable
and the noise indicates a hidden nonlinearity.

Eq. (6) is an effective equation of motion — a "true"
dynamics is nonlinear.
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Decomposing the noises

The GWNs &,, &m may be correlated:

< (1)¢

() =
(1) =

(&m

cé t—t’

(t))y=0o(t-1t),
cel[-1,1].
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Decomposing the noises

The GWNs &,, &m may be correlated:

(€a(t)ea(l)) = (Em(Dém(t)) =0(t 1),  (7a)
(Ga(tem(t)) = co(t—t), ce[-1,1].  (7b)

Following the approach originated in [3], we represent the
noises as linear combinations of independent GWNs:

Em(t) =
fa(t) =

where &, n are uncorrelated GWNs.

(1), (8a)
c&(t)y+v1—c2n(t), (8b)
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A couple of integrals

To calculate statistical properties of solutions to Eq. (5), we
need to know expectation values of three integrals:
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A couple of integrals

To calculate statistical properties of solutions to Eq. (5), we
need to know expectation values of three integrals:
The first is well-known [4] (Kubo)

(e [J et)e(t) o] ) = exp 3 J T2 o]

¢is a GWN and ¢ is a regular function.

(9)
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A couple of integrals

To calculate statistical properties of solutions to Eq. (5), we
need to know expectation values of three integrals:
The first is well-known [4] (Kubo)

(e [J et)e(t) o] ) = exp 3 J T2 o]

£ is a GWN and ¢ is a regular function.
The other two were calculated in [5] (PFG)

(9)

(st exp [y e(t)erdr|) = elt)exp |1 fy [ dr]

(et exp [fy e(te(t) at])
= [3(t — ) + et )e()] exp 1 i Lo () o]

(10)

(11)
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Excursion: A signal coupled multiplicatively
[5] (PFG)

y = —(a+pé(t)+Acos(Qt+¢))y+qecé(t)+gv1 — c2n(t)
(12)

Analytical results:
(1)) = o= Ja™ (1)) dyp =
~sepq [ye @ (Rsinjar) dt'. (13)
convergent for p < v/2a.
((y(t)y(t —7))) = (a complicated expression), (14)

convergent for p < \/a. Becomes stationary in the limit
t — o0.
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The constructive role of noise
The equation

y = —(a+p&(t)+Acos(Qt+p))y+qcé(t)+qv1 — c?n(t)
is, after a substitution

z=y-21, (15)

converted into

z=—(a+ p&(t) + Acos(Qt + )z — Fa
— %A cos(Qt + ¢) + gVl — c?n(t). (16)
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The constructive role of noise
The equation

y = —(a+p&(t)+Acos(Qt+p))y+qcé(t)+qv1 — c?n(t)
is, after a substitution

z=y-21, (15)

converted into

z=—(a+ p&(t) + Acos(Qt + )z — Fa
— %A cos(Qt + ¢) + gVl — c?n(t). (16)

Correlations between the noises effectively introduce an
additive signal!
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Numerical resulis
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Numerical power spectra of the process (12) for various input signal frequencies and correlations
between the noises. The input signal frequency equals Q = = /8 (panels (i)—(iii)) and Q@ = 27 (panels
(iv)—(vi)). The multiplicative and additive noises are uncorrelated (¢ = 0) on panels (i), (iv), partially

correlated (c = 1/2) on panels (i), (v), and fully correlated (c = 1) on panels (iii), (vi). Other parameters,

common for all panels,are a = 1/2,p = V/a/2,q=1/4, A= 1.
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Numerical results R
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Numerical power spectra of the process (12) for various input signal frequencies and correlations
between the noises. The input signal frequency equals Q = = /8 (panels (i)—(iii)) and Q@ = 27 (panels
(iv)—(vi)). The multiplicative and additive noises are uncorrelated (¢ = 0) on panels (i), (iv), partially
correlated (c = 1/2) on panels (i), (v), and fully correlated (c = 1) on panels (iii), (vi). Other parameters,

common for all panels,are a = 1/2,p = V/a/2,q=1/4, A= 1.
The higher harmonics present on panels (i)-(iii) indicate a nonlinear nature of
the coupling.



Back to the linear transmitter [6] (PFQG)

The formal solution to the equation (6) reads

y(t

f e—a(t=t) exp[ pft’ t//)dt//] %
(b +qeE(t) + gvT—cn(t)) ot

(17)
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Back to the linear transmitter [6] (PFG) M esonance

P. F. Géra

Motivation

The formal solution to the equation (6) reads The linear

transmitter

Linear Stochastic
y(t) = Jg e~ exp [—p [ (t")at"] x e
transmitter
(b +aeE(t) +qVT=n(t)) ot . (17) i
Signal-To-Noise Ratio
LSR — conclusions

The expectation value

The noisy logistic

equation
o b—%cpq . ,(a,1p2)t Summary
() = 255 (1 - entaie)
_ b—1cpg
IR (19

The expectation value exists if p < v2a.



The variance

The variance:

D= (y2(t) - () —

4b2p2—8abcpg-+ (422 —4a(1—c?)pP+(1-c?)p*) g2

2(a—p?)(p*—2a)?

The variance exists if p < \/a.

(19)
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H Li Stochasti
The variance Resonance.
P. F. Géra
The variance: Motivation
5 The Iingar
D — 2 t o t transmitter
<y ( )> <y( )> t—o0 Linear Stochastic
4b2p? —8abopq+ (427 —4a(1—c?)pP+(1-c?)p*) 2 (19) s
2(a—p?)(p?—2a)? ‘ e
;\neav Stochastic
The variance exists if p < v/a. T
The noisy logistic
equation
The limiting cases: Summary
bPpP+(a—30%)%q? D — __ (bpFag)?
D = AT a ovia 1.0\ - 2 142)2
2(a—p?)(a—1PP)? 2(a-pf)(a—3p%)
c=0 c==+1

The variance vanishes if c = +£1 and bp ¥ ag = 0.
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Linear Stochastic Resonance

Now add a signal:

y = —(a+p(t)y +qcé(t) + b+ qgv1—c2n(t)
+  Acos(Qt + ) (20)

We can analytically calculate the correlation function:

(y(Oy(t+7)) = () —

t—oo

A2 cos Qr A2p? —(a-1p?)r
7 (Eunraen Rl TP (s s R IR

(21)

D is given by Eq. (19) above.
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Summary

If c = 1, the SNR, as a function of g, the additive noise
strenght, has a maximum for bp — aq = 0.



Signal-To-Noise-Ratio

We can now calculate the power spectrum and the
Signal-To-Noise Ratio. For c =1,

2/2(a—p?)(a— 1 p?)[(a— 1p7)2+97)
SNR = 10'0910 Azpz(a 1p2 +2[ a_7p2)2 QZ](bp_aq)z

(22)

If c = 1, the SNR, as a function of g, the additive noise
strenght, has a maximum for bp — aq = 0.

A (weaker) maximum is also present for all ¢ > 0.
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LSR — conclusions

» The LSR reported here is robust:

vV vy vy VY VY

needs GWN only;

does not require any special preparations;
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» The LSR reported here is robust:

» needs GWN only;
does not require any special preparations;
characterized by a clear maximum of the SNR;
persists to asymptotic times;
survives phase averaging;
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» Two factors are needed for the LSR:

1. The additive and multiplicative noises must be
correlated.

parametric coupling means a hidden nonlinearity.
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1. The additive and multiplicative noises must be
correlated.

2. A constant forcing, apart form the external signal,
must be present.
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The noisy logistic equation

We turn back to the noisy logistic equation:
X =(a+p&m(t)x — (b+ g&a(t))x>. (23)
The corresponding linear system can display a

vanishing variance and SR — can traces of those be
seen in the noisy logistic system?
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Results of [1] and [2] ensure that if x(0) > 0, the solution ™™™
remains positive and bounded almost surely. With that we  resonance

Resonance
can construct the Fokker-Planck equation — otherwise Tz g i
. T equation
we would not know how to normalize the probability ERE
. . 0 equation
distribution: Sy strs
Add a delechinistic
signal.. .
OP(x,t . b Summary
0l — 2 [(a— bx)xP(x, 1)]
102 242
+ 3z X207 — 2cpax + qPx?)P(x, 1)] .(24)

We adopt the following sign convention: sgn(pq) = +1.
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Stationary solutions

If |c| # 1,

B N x2(a—p?)/p?
Pal¥) = e rye e
_ x—cp
2(bp acq)arctan( mp)
Vi-c2p2q

X exp |—

(25)

» Normalizable if p < v/2a — the corresponding linear system has
a convergent mean.

> If p < \/a, Pst(x) goes to zero as x — 0" — the corresponding
linear system has a convergent variance. For v/a < p < v/2a,
Pst(x) is mildly divergent at zero.

» If normalizable, Psi(x) ~ x~* for x — oo for all values of
parameters.

Linear Stochastic
Resonance

P. F. Géra

Motivation

The linear
transmitter

Linear Stochastic
Resonance

The noisy logistic
equation

The Fokker—Planck
equation

Stationary solutions

The variance

Add a deterministic
signal...

Summary



Py

Pyx)

Pg(x)

9 9
M g=01 . q=05]
7t 7t R
6 6 R
5t B5t R
4t o’ b 4
3t 3t R
2t 2t R
1+ A 1 4
0 { . 0 . . .

0.0 05 10 15 20 00 05 10 15 20
9 T . T 9 T T
8 a=50 gl q=08]
7t 7t R
6f 6 R
5 25 B
at 1o El
3t 1 3t R
2t 2t R
1t 1t R
0 . . 0 . . .

0.0 05 10 15 20 00 05 10 15 20

x x

20 T T T
15t
10 b
05
0.0 . . n

00 05 10 15

Stationary  distributions
(25) in a strongly cor-
related case, ¢ = 0.99.
Clockwise, from top-left
q=0.1,9g=0.5,qg=0.6,
and ¢ = 5.0. Other
parameters, common for
all panels, are p = 0.5,
a=b=1.

Stationary distributions for
the uncorrelated (¢ = 0,
left panel) and a strongly
anticorrelated (¢ = —0.99,
right panel) cases. Other
parametersarea=b =1,
p=q=0.5.
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c = —1, p < v2a— normalizable stationary distribution:

B x2(a—p?)/p? 2(bp+aq)
Pa(x) =N (p+gx)2(atp?)/p? exp [PQ(P-FCIX)]

¢ = +1, any value of p such that bp — aqg = 0:

Pst(x) =46 (x - 6)

¢ = +1, bp — ag # 0 — no normalizable solution.

(26)
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qa
The variance <x2> — <x>2 determined form the distribution (25) as a function of the additive noise
strength, q. Main panel: p = 0.5, the curves, from bottom to top, correspond to ¢ = 0.99, ¢ = 0.90,
c¢=0.75¢=0.50,c = 0.25, ¢ = 0, and ¢ = —0.25, respectively. Inset: p = 1.1, the curves
correspond, from bottom to top, to ¢ = 0.99, ¢ = 0.98, ¢ = 0.97, ¢ = 0.96, ¢ = 0.95, and ¢ = 0.94,

respectively. Other parameters, common for all curves presented, are a = b = 1.



Add a deterministic signal. . .

...correspondng to, for example, seasonal changes in
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x = (a+p&ém(t))x— (b+Asin(Qt+¢)+qéa(t))x®. (28)
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...correspondng to, for example, seasonal changes in
the maximal population level:

x = (a+p&ém(t))x— (b+Asin(Qt+¢)+qéa(t))x®. (28)

The corresponding linear system displays a SR. Does the
noisy logistic system display it?

If so, is it related to the LSR?
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Add a deterministic signal. . .

...correspondng to, for example, seasonal changes in
the maximal population level:

x = (a+p&ém(t))x— (b+Asin(Qt+¢)+qéa(t))x®. (28)

The corresponding linear system displays a SR. Does the
noisy logistic system display it?

If so, is it related to the LSR?

Is it related to the minima of the variance?
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SNR [dB]

SNR [dB]

p=05

Stochastic resonance in the system (28).
The upper panel — the condition p < v/a
is satisfied, p = 0.5. The lower panel
— the conditon p < +/a is not satis-
fied, p = 1.1. Other parameters, com-
mon for the two panels, are a = b = 1,
A = 0.5, Q = 2. Curves presented cor-
respond, back to front, to ¢ = 1.0, 0.99,
0.9 (lower panel only), 0.75, 0.5, 0.25, 0.0,
and —0.25, respectively.
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p=05

Stochastic resonance in the system (28).
The upper panel — the condition p < v/a
is satisfied, p = 0.5. The lower panel
— the conditon p < +/a is not satis-
fied, p = 1.1. Other parameters, com-
mon for the two panels, are a = b = 1,
A = 0.5, Q = 2. Curves presented cor-
respond, back to front, to ¢ = 1.0, 0.99,
0.9 (lower panel only), 0.75, 0.5, 0.25, 0.0,
and —0.25, respectively.

One may expect that SR occurs where the
variance has its minimum. This is the case
when p < va.
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p=05

Stochastic resonance in the system (28).
The upper panel — the condition p < v/a
is satisfied, p = 0.5. The lower panel
— the conditon p < +/a is not satis-
fied, p = 1.1. Other parameters, com-
mon for the two panels, are a = b = 1,
A = 0.5, Q = 2. Curves presented cor-
respond, back to front, to ¢ = 1.0, 0.99,
0.9 (lower panel only), 0.75, 0.5, 0.25, 0.0,
and —0.25, respectively.

One may expect that SR occurs where the
variance has its minimum. This is the case
when p < va.

If Va < p < +2a, the system displays
a (weak) SR even in the regime where the
variance no longer displays a minimum.
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p=05

Stochastic resonance in the system (28).
The upper panel — the condition p < v/a
is satisfied, p = 0.5. The lower panel
— the conditon p < +/a is not satis-
fied, p = 1.1. Other parameters, com-
mon for the two panels, are a = b = 1,
A = 0.5, Q = 2. Curves presented cor-
respond, back to front, to ¢ = 1.0, 0.99,
0.9 (lower panel only), 0.75, 0.5, 0.25, 0.0,
and —0.25, respectively.

One may expect that SR occurs where the
variance has its minimum. This is the case
when p < va.

If Va < p < +2a, the system displays
a (weak) SR even in the regime where the
variance no longer displays a minimum.

The minimum of the variance and the SR
are different phenomena.
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» Correlations may induce surprising constructive
effects in linear systems
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» Correlations may induce surprising constructive
effects in linear systems

» Robust LSR is possible if the system is driven by
correlated additive and multiplicative GWNs

» Correlations influence the shape of stationary
distributions of the noisy logistic process
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Summary

» Correlations may induce surprising constructive
effects in linear systems

» Robust LSR is possible if the system is driven by
correlated additive and multiplicative GWNs

» Correlations influence the shape of stationary
distributions of the noisy logistic process

» Correlations lead to SR if the noisy logistic
system undergoes seasonal changes.
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