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Let {yn}Y_, be a stationary time series. A stochastic model of this series is
given by

Yn = B1Yn—1 1 B2Yn—2 + -+ + BpyYn—p + a0Nn + ®1Mp—1 + - - + Qglin—q
\ AR(p) MA(q)
ARMA (p,q)

7

(1)

where {n,} is GWN. Eq. (1)) is a causal IIR filter applied to the Gaussian white
noise.

Let B be a time shift operator: Bz, = z,,_1. EqQ. (1) can be written as

p q
(1 - 5kBk> Yn — (Z oszk) Uig (2)
k=1 k=0
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A “philosophy” of stochastic modelling

{yn} is our data, something that has been given to us and is an ordered sequ-
ence of measurement of some “real life” quantity. We do not know any mecha-
nism, derived form first principles, that has generated this time series. All we
know is the time series. We assume that the time series originates from some
random events, but that there is also a mechanism that shapes the output. It
may introduce regularities into the data, in particular correlations {(ynym). This
mechanism is represented by the coefficients 5, «r. We do not want to find
a “true” nature of the data. We merely want to find a model that reproduces the
data sufficiently well.
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The “random events” in question may include
e thermal noise contaminating a signal
e decisions of individual investors to buy or sell stocks
e decisions of shoppers to purchase goods
e changes in population of an ant colony, reflecting environmental variability
e number of sunspots
e etc

{nn} can represent almost anything, as long as we can reasonably assume that
this “anything” is modelled by equilibrium fluctuations. Even this assumption
can be relaxed: {n,} can represent any stationary series of events, although in
this case it no longer is a GWN, which, generally, shall not be covered in these
lectures.
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Example of an ARMA(3,2) stochastic model

wlhite noise -----
ARMA(@3,2) —— |

50 100 150 200 250

Copyright (© 2009-22 P. F. Géra



Correlation function

Correlation function is the most important quantity that is used in analysis of
linear models. For convenience, the correlation coefficient is used more frequ-
ently than the (not normalised) correlation function.

Theoretically the correlation function is calculated by averaging over realizations
of the stochastic process that “generated” the series.

(i) = 1T 1 N, .

In reality we have only a single realization of the time series, and therefore, the
correlation function estimated from the series differs from the theoretical corre-

lation function.
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Correlation function of the above process
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Power spectrum of the above process
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The goal of stochastic modelling

Given a stationary time series, its power spectrum and its correlation function,
calculated from the only realization available, estimate the parameters p, q, 5y,
ay, of the model (1).

By doing so, gain some insight on the mechanism that has generated the
series. If you are lucky, use this mechanism to predict future behaviour (not
necessarily the actual future values!) of the series.

© (or maybe ®)
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Processes AR(p)

If the moving average part in (1) vanishes, ¢ = 0, the model is called an Autore-
gressive Model of order p, AR(p):

Yn = B1Yn—1 + B2Yn—o + - + 5pyn—p + agnn (4)

We demand that all roots of the polynomial

1 — Bru— Bou® — - — BpuP = 0 (5)

lie outside the unit circle, as otherwise the model (4) may produce nonstationary
output.
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Autocorrelation function

Multiply both sides of (4) by y,,—,, and take the average over realizations:
<yn—myn> = 1 <yn—myn—1> + -+ Bp <yn—myn—p> + ag <yn—m77n> . (6)

Because y,,—, is statistically independent from a /ater noise, the last term in (6)
vanishes. Dividing by the variance, we get

pm = B1pm—1 + B2pm—2 + -+ + Bppm—p (7)

Copyright (© 2009-22 P. F. Géra 5-11



The general solution to a homogeneous difference equation has a form

D
=1

where A; are reciprocals of the roots of the polynomial ﬁ Because
Vit A<, A = e Tie?™; 7; > 0. Because the polynomial has real
coefficients, the constants A, in (8) can be chosen such that py, is real.

The autocorrelation function of an autoregressive process is a linear
combination of vanishing exponentials and damped harmonic oscillations:

pm =3 Aje”™ + Y AT sin(2n fm + ¢r) . (9)

*See Lecture 4, Eqgns. (27)—(289). Additionally, we assume that all the roots are single.
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Power spectrum of an AR(p) process

The power spectrum can be obtained immediately from the transfer function of
the corresponding IIR filter:

(10)
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Initialization

If we want to simulate an AR(p) process, we are supposed to know y_1,y_»>,...,y—p,. Actually,
this is not a problem, as any realizations initialized with different conditions, but driven by the

same noise, eventually converge to the same series. For convenience, we usually sety_1 = 0
etc.
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Two realizations of the same AR(p) process, differing in initial conditions, but driven by the same
noise.
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Process AR(1)

Yn = B1Yn—1 + aofn
—1 < B < 1. The correlation function (m > 0):

<ynyn—m> = B <yn—1yn—m> + ag <77nyn—m>
pm = B1Pm—1

pm = B1™ = (sgn(By))™ em !N IA1
(Note that In |31] < 0.)

(11)

(12)
(13)

(14)
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yn = 0.75y,_1 + 1n
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yn = —0.75y,—1 +1n
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From (10) we can easily get that for AR(1)

2
agn

P(f) = 1+ 5% — 281 cos(2nf)

(15)

the character of the process sfrongly depends on the sign of 3;.
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The Ornstein-Uhlenbeck process
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A “blue” noise
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Note

A process AR(1) is Markovian: vy, depends on y,—1 only (plus random noise), and not on any
previous values. If 0 < 81 < 1, the process is also called the Ornstein-Uhlenbeck process.

A general AR(p) process is non-Markovian. However, an AR(p) process can be embedded in
a p-dimensional space

[ Yn ] i Bl /82 ﬁS ce Bp—l /Bp 17T Yn—1 i [ Mn i
Yn1 1 0 0O ... 0 O Yo 0
Yn—2 = 0 1 0] 0] 0] Yn—-3 +OéO 0] (1 6)
| yn—p _ | O O O ST 1 O _ L yn—(p+1) - | O _
N —— ~ ~ S -~ ~ N—_——
Yn B Yn-1 M

Eq. describes a p-variate AR(1) process y, = By,_1 + aon,. This process is Marko-
vian: a non-Markovian autoregressive process AR(p) of a finite order in one dimension becomes

a Markovian process in p dimensions.
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Process AR(2)

Yn = B1Yn—1 + B2Yn—2 + aomn (17)

pi = B1pi—1 + Bopi—o (18)

The solution to (18) is either a sum of two vanishing exponentials, or damped
oscillations.
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Yule-Walker equations

Lets put m = 1 in Eq. (7):

p1 = B1p1—1 + Bopi—2+ ... Bpp1—p = B1 + Bop1 + ... Bppp—1, (19)

p; = p—; by stationarity. If we do so for m = 1,...,p, we get Yule-Walker
equations:
1 p1 op2 o opp1 [ [ B [ e1]
p:l 1 :0:1 ce pp:—Q 5:2 — P2 (20)
| Pp—1 Pp—2 Pp-3 - 1 1L Bp i | Pp |
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Theoretically, it we know the correlation function p,,, we can solve (20) for the
parameters of the process, 3;. In reality, we do not know the autocorrelation. All
we have is the “experimental” autocorrelation, calculated from the single realiza-
tion available:

1 N 1 X,
Tm = N — Z Yi—mYi / Nzglyz : (21)

If we substitute r, for p,, In Yule-Walker equations, we can calculate approxi-
mate values of the coefficients g,;.

Note that the matrix in (20) is symmetrix an (is supposed to be) positive-definite.
In terms of numerical linear algebra, this matrix is also small and there is no
need for using algorithms tailored for large matrices.
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Partial correlation

There is one serious problem: How do we know the order of the process, or the
dimension of (20])?

We can formally extend the Yule-Walker equation to the next order of correlations
by adding a row and a column:

[ 1 p1 p2 o pp—1 Pp B1 P1
p1 1 P11 T Pp—2 Pp—1 Ba | | P2 | (22)
| P Pp—1 Pp—2 - Pl 1 || Bp+1 | | Pp+1 |
Is it possible that 31, ..., 8y calculated either from (20) or from (22) are equal?

Yes, if and only if 8,11 = O.
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More formally, the autocorrelation of an AR(p) process has an infinite power
series expansion but it depends on p linearly independent functions only. Lets
assume that our process has an order k. Then Yule-Walker equations take the
form

1 p1 P2 o pe—1 | [ pr1 p1
P1 1 pL  PE—2 Pr2 | — | P2 | (23)
| Pk—1 Pk—2 PEk—3 - 1 || Yk | Pk |

v 1S called a partial autocorrelation function.

For an AR(p) process, ;.. 7= 0 for £ < p and ¢, = O for & > p. This suggests
a procedure: increase the number of equations in (23) as long as ¢ 7= 0. If
P! — 0, then p = k' — 1.
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Example
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Estimated parameters: (A) p = 3: 81 = 0.415, (5> 0.003, 83 = 0.470

() =4 B1 = 0.474, B> = —0.149, B3 = 0.530, B84 = 0.015
"True” parameters: 3: 81 = 0.500, B>, = —0.125, 83 = 0.500
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How much do these models really differ?
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Reciprocals of roots of Eq. (9) (left) and the corresponding power spectra (right)
for the models presented on the preceding page.
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Akaike Information Criterion

Sometimes it is not absolutely clear which partial correlation is practically zero
and which is not. Several criteria have been proposed to decide in such cases.

It is obvious that the more parameters, or the higher the range of the AR(p)
process, the better the fit to the actual data. However, models with too many
parameters are “bad”. Therefore, Hirotugu Akaike has proposed a criterion that
pays for a better fit, but penalizes for too many parameters:
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_ 2p
AIC=InQ+ (24)

where p is the number of parameters, N is the sample size, and Q) is the residual
error

Jj=1

N-1 Py 2
Q= Z ('yn — Z ij ynj) (29)

n=0

where BJ(-p) 's are the parameters fitted under the assumption that the process
has the order p.

Note: The residual error is calculated from the least squares because the noise
is GWN.
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Akaike criterion in “ordinary” least squares

T
data  +
generating function -

y(x)
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Data points generated according to
yn, = 0.12523 4+ 0.2522 — 252, + 3.0+ 0.57,
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Results of the fits

y(X)

T T T
dane

1.00276 X2- 3.71561 x + 3.45878

T
+

AIC =1.003000

0.116057 x3 + 0.28466 X2 -2.51242 x + 3.01371 —— AIC =0.743705

4.0

Fitted curves of the third and fourth orders are indistinguishable in the plotted

range.
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How do we estimate the noise level?

We can do this from the power spectrum, in particular, from the power spectrum
at zero frequency. From (10) we get

2
Qg

P(0) = (26)

p 2"
1— > Bn
n=1

Calculating oz% Is now straightforward. Note that the denominator of the above
equation cannot vanish as all roots of Eq. must lie outside the unit circle.
However, a numerically calculated power spectrum carries some error with it.
For low order processes, we can calculate the noise level without calculating the
power spectrum first.
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Noise level in AR(1) process

For an AR(1) process

yn = B1Yn—1 + aonn (27)
we calculate

(Mnyn) = B1 (Mnyn—1) + a0 <777%> (28)

(mmyn—1) = O because y,,_1 cannot depend on future noises. <77%> = 1.

Further,

(vm) = B1 (Wn¥n—1) + a0 (Mayn) = B1 (Yynyn—1) + a3 (29)
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Finally
(yntn—1) = B1 (¥in—1) + @0 (MYn—1) (30)

The last term vanishes as before. By means of stationarity, <yg_1> = <y7%> and
eventually

of = (1 - 87) (v2) (31)
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Noise level in AR(2) process

For an AR(2) process we do as above, use the fact that (y,,_1yn—2) = (Ynyn—_1)
and finally obtain

o3 = (1 i1t P 6%) (42) (32)

The benefit of formulas like (31)), (32) is that the noise level can be estimated
directly from the variance of the process.
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What is it all good for?

We try to fit a stochastic model because
1. we want to get insight into the mechanism that has generated the process,

2. we want to do the forecasting.
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How do we forecast?

Having collected the time series {yn},,];[:_&, and having fitted an AR(p) model (4)

yn = B1Yn—1 + B2yn—2 + -+ + BpYn—p + @0nin

we generate the unknown, noises, from a random number generator. We
thus obtain a different realization of the process:

YN = PBiyn—1+ Boyn—2+ -+ Bpyn—p + aonn (33a)
UN+1 = B1Un + Boyn—1+ -+ Bpyn—_p+1 + aonn41  (33b)
UN+2 = PB1In4+1+ BN + -+ BpyN—pt2 + aonn42  (33¢)

Ui~ are the forecasts.
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Example of a forecast

03 o 2 T T T T T
: T T T T original series
0.1 - actual future values
0.0 a forecast
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0.2 ] I ] ]
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0.3 1 1 1 1 1 1
0 50 100 150 200 250 300
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Note

If you train your model on a known series and want to compare the forecasts
with actual values, you must never fit the parameters using values that will be

forecasted.
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